LOCAL MIXING AND INVARIANT MEASURES FOR
HOROSPHERICAL SUBGROUPS ON ABELIAN COVERS

HEE OH AND WENYU PAN

ABSTRACT. Abelian covers of hyperbolic 3-manifolds are ubiquitous. We prove
the local mixing theorem of the frame flow for abelian covers of closed hyper-
bolic 3-manifolds. We obtain a classification theorem for measures invariant
under the horospherical subgroup. We also describe applications to the prime
geodesic theorem as well as to other counting and equidistribution problems.
Our results are proved for any abelian cover of a homogeneous space I'g\G
where G is a rank one simple Lie group and I'gp < G is a convex cocompact
Zariski dense subgroup.

1. INTRODUCTION

1.1. Motivation. Let M be a closed hyperbolic 3-manifold. We can present M
as the quotient I'g\H? of the hyperbolic 3-space H? for some co-compact lattice
Iy of G = PSLy(C). The frame bundle F(M) is isomorphic to the homogeneous
space I'o\G and the frame flow on F(M) corresponds to the right multiplication

t/2 0
of a; = (eo e‘t/2> on Dp\G.

The strong mixing property of the frame flow [24] is well-known:

Theorem 1.1 (Strong mixing). For any v1,¢2 € L*(To\G),

hm /@[11 (zay)a(z) dx = /wldx /¢2 dxr

where dx denotes the G-invariant probability measure on T'o\G.

This mixing theorem and its effective refinements are of fundamental impor-
tance in homogeneous dynamics, and have many applications in various problems
in geometry and number theory.

One recent spectacular application was found in the resolution of the surface
subgroup conjecture by Kahn-Markovic [25]. Based on their work, as well as Wise’s,
Agol settled the virtually infinite betti number conjecture [1]:

Theorem 1.2. Any closed hyperbolic 3-manifold M = To\H? virtually has a Z%-
cover for any d > 1.

That is, after passing to a subgroup of finite index, I'y contains a normal subgroup
I with T'\I'g ~ Z¢, and hence the hyperbolic 3-manifold I'\H? is a regular cover of
M whose deck transformation group is isomorphic to Z<.

Oh was supported in part by NSF Grant #1361673.
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LOCAL MIXING ON ABELIAN COVERS 2

On the frame bundle of the Z?-cover I'\H?, the strong mixing property fails [24],
because for any 11,19 € C.(T\G),

lim 1(zag)e(x) de = 0.
t—o0 NG
The aim of this paper is to formulate and prove the local mizing property of

the frame flow for any abelian cover of a closed hyperbolic 3-manifold, or more
generally for any abelian cover of a convex cocompact rank one locally symmetric
space. The local mixing property is an appropriate substitute of the strong mixing
property in the setting of an infinite volume homogeneous space, and has similar
applications. We will establish a classification theorem for measures invariant under
the horospherical subgroup, extending the work of Babillot, Ledrappier and Sarig.
We will also describe applications to the prime geodesic theorem as well as other
counting and equidistribution problems.

1.2. Local limit theorem. In order to motivate our definition of the local mixing
property, we recall the classical local limit theorem on the Euclidean space R? [11]:

Theorem 1.3 (Local limit theorem). For any absolutely continuous compactly
supported probability measure . on R?, and any continuous function 1 on R* with
compact support,

lim nd/2/1/) dp™™ = c(p) /]Rd Y(x)dx

n—-+oo

where p*™ denotes the n-th convolution of p and c(p) > 0 is a constant depending
only on p.

The virtue of this theorem is that although the sequence p*" weakly converges

to zero, the re-normalized measure n%2u*" converges to a non-trivial locally finite
measure on RY, which is the Lebesgue measure in this case.

1.3. Local mixing theorem. Let G be a connected semisimple linear Lie group
and I' < G a discrete subgroup. Let {a: : t € R} be a one-parameter diagonalizable
subgroup of G, acting on I'\G by right translations. Denote by C.(I'\G) the space
of all continuous functions with compact support. For a compactly supported
probability measure p on T'\G, we consider the following family {u;} of probability
measures on I'\G translated by the flow a;: for ¢ € C.(T'\G),

pe () = Y(zar)dp(z).

G

We formulate the following notion, which is analogous to the local limit theorem
for R%:

Definition 1.4. A probability measure p on I'\G has the local mixing property for
{a¢} if there exist a positive function o on R~ and a non-trivial Radon measure
m on I'\G such that for any ¢ € C.(I'\G),

Jim_a(; /¢ ) djus(z /wdm
If I' < G is a lattice, then any absolutely continuous probability measure p has

the local mixing property for {a;} [24]. If ' = {e}, no probability measure has the
local mixing for {a;}.
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FIGURE 1. Z-covers of convex cocompact surfaces

We focus on the rank one situation in which case the action of a; induces the
geodesic flow on the corresponding locally symmetric space. Throughout the intro-
duction, suppose that G is a connected simple Lie group of real rank one, that is,
G is the group of orientation preserving isometries of a simply connected Riemma-
nian space X of rank one. Let Ty < G be a Zariski dense and convex cocompact
subgroup of G, i.e. its convex core, which is the quotient of the convex hull of the
limit set of I'g by I'g, is compact. For instance, I'y can be a cocompact lattice of
G. Let

I'<TIy
be a normal subgroup with Z%quotient. Then X := F\X is a regular cover of
Xp = I‘O\X whose group of deck transformations is isomorphic to Z¢. Let {a; €
G : t € R} be a one-parameter subgroup which is the lift of the geodesic flow G* on
the unit tangent bundle T'(X). When X is a real hyperbolic space, the a; action
on I'\G corresponds to the frame flow on the oriented frame bundle of X.

Denote by Pacc(I'\G) the space of compactly supported absolutely continuous
probability measures on I'\G with continuous densities.

Theorem 1.5 (Local mixing theorem). Any pu € Pacc(T\G) has the local mizing
property for {a;}: for ¢ € C.(T\G),
lim td/ze(D*‘s)t/wdut =c(u) - /walmBR+

t——+oo

where D is the volume entropy of X, & is the critical exzponent of T'g, mBR+ is
the Burger-Roblin measure on T\G for the expanding horospherical subgroup, and
c(w) > 0 is a constant depending on p.

We remark that the critical exponent ¢ of I'y is same as that of I' by [16].

Denote by dz a G-invariant measure on I'\G. Theorem 1.5 is deduced from
the following theorem, which describes the precise asymptotic of the correlation
functions.

Theorem 1.6. For 1,1y € C.(T'\G),

. /2 (D=5 o mPR (g )mBR- (4hy)
t_l}Hloo td 26 D t e ¢1(xat)¢2($) dr = (QWU)d/QmBMS(FO\G) .

BM

where mBMS s the Bowen-Margulis-Sullivan measure on To\G, mBR- is the Burger-
Roblin measure on T\G for the contracting horospherical subgroup, and o = op > 0
is a constant given in (3.16).
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For the trivial cover, i.e. when d = 0, this theorem was obtained by Winter [65],
based on the earlier work of Babillot [3].

If I'y < G is cocompact, then D = § and the measures mBR+ mBR- and mB
are all proportional to the invariant measure dx. Hence the following is a special
case of Theorem 1.6:

MS

Theorem 1.7. Let T\G be a 74 -cover of a compact rank one space I'oy\G. For
1,12 € C.(T\G), we have

tljinoc td/Z/z/)l(xat)wg(x) dr = W/wldx/wgdx.
Remark 1.8. (1) Let Sy be a compact hyperbolic surface of genus g and I'y <
PSLy(R) be a realization of the surface group m1(S,). Then I' := [T'g, IT'¢]
is a normal subgroup of I'y with Z29-quotient, and T'\H? is the homology
cover of S;. Theorem 1.7 is already new in this case.
(2) For any n > 2, there is a congruence lattice of SO(n, 1) admitting co-abelian
subgroups of infinite index ([39], [35], [36]). Moreover, such a congruence
lattice can be found in any arithmetic subgroup of SO(n,1) if n # 3, 7.
(3) An infinite abelian cover of a compact quotient I'g\G may exist only when
G is SO(n,1) or SU(n,1), since other rank one groups have Kazhdan’s
property T, which forces the vanishing of the first Betti number of any
lattice in G. On the other hand, there are plenty of normal subgroups of
a convex cocompact subgroup I'g of any G with Z%quotients; for instance,
if Ty is a Schottky group generated by g-elements, we have a Z%-cover of
To\G for any 1 <d < g.
(4) All of our results can be generalized to any co-abelian subgroup I' of T’y
as there exists a co-finite subgroup I'y < T'g, which is necessarily convex
cocompact and such that T'\I'; is isomorphic to Z¢ for some d > 0.

Remark 1.9. We expect Theorem 1.5 to hold in a greater generality where the
quotient group N := I'\I' is a finitely generated nilpotent group, and the exponent
d is the polynomial growth of N [7]: for a finite generating set S of N, there is
B > 1 such that f~1n? < #5™ < Bnd for all n > 1.

1.4. Ergodicity of the frame flow on abelian covers. We also establish the
following ergodic property of the A := {a;}-action on I'\G.

Theorem 1.10. The Bowen-Margulis-Sullivan measure m®MS on T\G is ergodic
for the A-action if and only if d < 2.

This strengthens the previous works of Rees [56] and Yue [66] on the equivalence
of the ergodicity of geodesic flow and the condition d < 2

1.5. Measure classification for a horospherical subgroup action. Let N
denote the contracting horospherical subgroup of G:

N={g€eG:a_1ga; — e as t — +00}.

Let M be the compact subgroup which is the centralizer of A, so that G/M is
isomorphic to the unit tangent bundle T*(X).

Let (I'\I'o)* denote the group of characters of the abelian group I'\I'g ~ Z9.
Babillot and Ledrappier constructed a family {m, : x € (I'\I'g)*} of N M-invariant
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Radon measures on I'\G ([4], [6]); see Def. 6.7 for a precise definition. Each m,, is
known to be N M-ergodic ([6], [51], [13]).

We show that m, is N-ergodic and deduce the following theorem from the classi-
fication result of N M-ergodic invariant measures due to Sarig and Ledrappier ([59],
[33]):

Theorem 1.11. Let Ty < G be cocompact and T'\Ty ~ Z¢. Any N-invariant
ergodic Radon measure on I'\G is proportional to m, for some x € (I'\I'g)*.

1.6. Prime geodesic theorems and holonomies. For T' > 0, let Py be the
collection of all primitive closed geodesics in Tl(X ) of length at most T'. To each
closed geodesic C', we can associate a conjugacy class h¢ in M, called the holonomy
class of C.

We normalize mBMS so that mBMS(Tg\G) = 1. We write f(T) ~ g¢(T) if
limyp_o f(T)/g(T) = 1.

Theorem 1.12. Let 2 C Tl(X) be a compact subset with BMS-negligible boundary
and £ € C(M) a class function. Then as T — oo,

H(enQ) T
C;T Wﬁ(hC) "~ (2r0) 25T m=3(Q) /M £dm

where dm is the probability Haar measure on M.

For d = 0, the above theorem was proved earlier in [38] (also [58] for I" lattice).
Indeed, given Theorem 1.6, the proof of [38] applies in the same way. Another
formulation of the prime geodesic theorem in this setting would be studying the
distribution of closed geodesics in T*(X,) satisfying some homological constraints.
An explicit main term in this setting was first described by Phillips and Sarnak
[49]. See also ([27], [28], [31], [47], [2]) for subsequent works.

1.7. Distribution of a discrete I'-orbit in H\G. Let H be either the trivial, a
horospherical or a symmetric subgroup of G (that is, H is the group of fixed points
of an involution of G). Another application of the local mixing result can be found
in the study of the distribution of a discrete I'-orbit on the quotient space H\G.
That this question can be approached by a mixing type result has been understood
first by Margulis [37] at least when H is compact. It was further developed by
Duke, Rudnick and Sarnak [17], and Eskin and McMullen [19] when T is a lattice.
See [57], [44], [40], [42] for generalizations to geometrically finite groups I'. The
following theorem extends especially the works of [44] and [40] to geometrically
infinite groups which are co-abelian subgroups of convex cocompact groups. We
give an explicit formula for a Borel measure M = Mr (see Def. 7.5) on H\G for
which the following holds:

Theorem 1.13. Suppose that [e]Tg C H\G is discrete and that [HNTy: HNT] <
oo. If Br is a well-rounded sequence of compact subsets in H\G with respect to M
(see Def. 7.6), then

#[e]l' N By ~ M(Br).

In the case where H is compact, I'g is cocompact, and Br is the Riemannian
ball in G/K = X, this result implies that for any o € X,

eDT

#{7(0) € I(0) : d(v(0), 0) <T} ~ e
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This was earlier obtained by Pollitcott and Sharp [52] (also see [18]). The novelty of
Theorem 1.13 lies in the treatment the homogeneous space H\G with non-compact
H and of sequence By of very general shape (e.g. sectors).

We present a concrete example: let Q = Q(z1,- - ,zn41) be a quadratic form
of signature (n,1) for n > 2, and let G = SO(Q) be the special orthogonal group
preserving ). Let I' be a normal subgroup of a Zariski dense convex cocompact
subgroup I'g with Z4-quotient.

Corollary 1.14. Let wy € R™! be a non-zero vector such that wol'y is discrete,
and [Stabr, (wo) : Stabr(wp)] < oo. Then for any norm || - || on R™"*1,

Té

#{’U S ’LUOF : H’UH < T} ~ CW

where ¢ > 0 depends only on T and || - ||.

In this case, the G-orbit woG is isomorphic to H\G where H is either SO(n—1,1),
SO(n) or MN according as Q(w) > 0, Q(w) < 0, or Q(w) = 0. Under this
isomorphism, the norm balls give rise to a well-rounded family of compact subsets,
say Br and the explicit computation of the M-measure of By C H\G gives the
above asymptotic.

1.8. Discussion of the proof. The proof of Theorem 1.6 is based on extending
the symbolic dynamics approach of studying the geodesic flow on Tl(XO) as the
suspension flow on ¥ x R/ ~ for a subshift of finite type (X,0). The a; flow on a
Z%-cover T'\G can be studied via the suspension flow on

Y= xZIx M xR/~

where the equivalence is defined via the shift map o : ¥ — 3, the first return
time map 7 : ¥ — R, the Z%coordinate map f : ¥ — Z? and the holonomy map
0 : 3 — M. The asymptotic behavior of the correlation function of the suspension
flow on ¥ with respect to the BMS measure can then be investigated using analytic
properties of the associated Ruelle transfer operators L, , of three parameters
s € Civ e Zd7u € M where Z% and M denote the unitary dual of Z% and of
M respectively (see Def. 3.2). The key ingredient is to show that on the plane
R(s) > §, the map
s (1= Lgy,) "

is holomorphic except for a simple pole at s = §, which occurs only when both v
and p are trivial. To each element v € T'y we can associate the length ¢(y) € R and
the Frobenius element f(v) € Z¢ and the holonomy representation 6(y) € M. Our
proof of the desired analytic properties of (1 — Ly, )" is based on the study of
the generalized length spectrum of I'y relative to I':

GL(To,T) := {(£(), f(7),0(7)) € R x Z% x M =y € To}.

The correlation function for the BMS measure can then be expressed in terms of
the operator (1 — L, #)*1 via an appropriate Laplace/Fourier transform. We then
perform the necessary Fourier analysis to extract the main term coming from the
residue. Finally we can deduce the precise asymptotic of the correlation function for
the Haar measure from that for the BMS measure using ideas originated in Roblin’s
work (see Theorem 4.10). In order to prove Theorem 1.11, we first deduce from
Theorem 1.6 and the closing lemma that the group generated by the generalized
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length spectrum GL(I'g,T') is dense in R x Z< x M. Using this, we show that for any
generalized BMS measure mp on I'\G, any N-invariant measurable function on IT'\G
is invariant by I'\I'g on the left and by AM on the right. Then the AM-ergodicity
of mr, considered as a measure on '\ G, implies Theorem 1.11, since the transverse
measure of a Babillot-Ledrappier measure m,, equals to the transverse measure of
some generalized BMS measure.

1.9. Organization. The paper is organized as follows. In section 2, we introduce
the suspension model for the frame flow on abelian covers. In section 3, we inves-
tigate the analytic properties of the Ruelle transfer operators Ly, ,. In section 4,
we deduce the asymptotic behavior of the correlation functions of the suspension
flow with respect to the BMS measure from the study of the transfer operators
made in section 3, and prove Theorem 1.6. In section 5, we study the ergodicity of
the frame flow with respect to generalized BMS-measures. In section 6, we discuss
the ergodicity of the Babillot-Ledrappier measures for the horospherical subgroup
action, and deduce a measure classification invariant under the horospherical sub-
group. Applications to the prime geodesic theorem, and to other counting theorems
1.12 and 1.13 are discussed in the final section 7.

Acknowlegment. We would like to thank Curt McMullen for useful comments.

2. SUSPENSION MODEL FOR THE FRAME FLOW ON ABELIAN COVERS

2.1. Set-up and Notations. Unless mentioned otherwise, we use the notation
and assumptions made in this section throughout the paper. Let G be a connected
simple linear Lie group of real rank one and K a maximal compact subgroup of G.
Let X = G /K Dbe the associated simply connected Riemmanian symmetric space
and let O (X) be its geometric boundary. Choosing a unit tangent vector v, at
0:= [K] € G/K, the unit tangent bundle T'(X) can be identified with G/M where
M is the stabilizer subgroup of v,. We let d denote the right K-invariant and left
G-invariant distance function on G which induces the Riemannian metric on X
which we will also denote by d. Let A = {a;} < G be the one-parameter subgroup
of semisimple elements whose right translation action on G/M gives the geodesic
flow. Then M equals to the centralizer of A in K. We denote by N* and N~ the
expanding and the contracting horospherical subgroups of G for the action of a;:

Nt ={g€G:aga;' — east— +oo}.

We denote by D > 0 the volume entropy of X, i.e.

D= lim log Vol(B(o,T))
T—o00 T

where B(o,T) = {z € X : d(0o,z) < T}. For instance, if X = H", then D =n — 1.

For a discrete subgroup I'y < G, we denote by A(Tg) the limit set of Ty, which
is the set of all accumulation points in X U d(X) of an orbit of Ty in X.

Let T'y be a Zariski dense and convex cocompact subgroup of G; this means that
the convex hull of A(T") is compact modulo T".

Let I' < T'y be a normal subgroup with

M\ ~ z%

Set Xg = FO\X and X = F\X So we may identify Tl(XO) = To\G/M and
T'(X) = I'\G/M. The critical exponents of I" and Ty coincide [16], which we will
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denote by §. Then 0 < § < D, and 6 = D if and only if Iy is co-compact in G by
Sullivan [64]. As I is normal, we have A(T") = A(Ty).

We recall the construction of the Bowen-Margulis-Sullivan measure m
Burger-Roblin measures mBR+ on T'y\G.

We let {m, : z € X} and {v, : © € X} be Dg-invariant conformal densities
of dimensions D and § respectively, unique up to scalings. They are called the
Lebesgue density and the Patterson-Sullivan density, respectively.

The notation f¢ (2, y) denotes the Busemann function for £ € 8()2)7 and z,y € X.
The Hopf parametrization of TI(X') as (82(5() — Diagonal) x R is given by

urs (utu", s = By (0,u))
where u* € 9(X) are the forward and the backward end points of the geodesic
determined by u and 8,-(o,u) = B,-(o,7(u)) for the canonical projection 7 :
TH(X) = X.

Using this parametrization, the following defines locally finite Borel measures on
T(X):

BMS and

deMS(u) — 9Byt (0u)+38, *(O’“)dz/o(qu)dl/o(Ui)dS;
dmBR+ () = ePPut () +68,- (0.0) gy (4 ) du, (u™ ) ds;
dmBR= (1) = Pt (W) +DB,— (0:w) gy (4 F)dm, (u™)ds;
dl’ﬁHaar(U) _ D,Bu+(0 u)+D,6 —(Oau)dm ( +)dmo< _)dS'

They are left I'g-invariant measures on T'(X) = G/M. We will use the same
notation for their M-invariant lifts to G, which are, respectively, right AM, N*M,
N~M and G-invariant. By abuse of notation, the induced measures on I'g\G will
be denoted by mBMS mBRx mHaar peghectively. If I'g is cocompact in G, these
measures are all equal to each other, being simply the Haar measure. In general,
only mBMS ig a finite measure on I'o\G. An important feature of m®MS is that it
is the unique measure of maximal entropy (which is 6) as a measure on T*(Xp).

Since the measures MBMS mBR= mHaar gre a]] Iinvariant as I' < I'g, they also
induce measures on I'\G for Wthh we will use the same notation mBMS mBR+ mHaar
respectively.

We will normalize mBMS so that

mEMS(P\ @) = 1
which can be done by rescaling v,.

Remark 2.1. We remark that {v,} is also the unique I'-invariant conformal density
of dimension 6 whose support is A(T'), up to a constant multiple; this can be
deduced from [48, Prop. 11.10, Thm. 11.17]). Therefore the BMS-measures and
BR measures on I'\G can be defined canonically without the reference to T'y.

2.2. Markov sections and suspension space ¥7. Denote by {2y the non-wandering
set of the geodesic flow {a;} in I'o\\G/M, i.e.

{z : for any neighborhood U of z,Ua;, NU # @ for some t; — co}.

The set €y coincides with the support of mPMS and is a hyperbolic set for the
geodesic flow. In this subsection, we recall the well-known construction of a subshift
of finite type and its suspension space which gives a symbolic space model for
(Qo,at) (see [47], [9], [23], [54], [52] for a general reference). For each z € Q,
the strong unstable manifold W**(z), the strong stable manifold W*°(z), the weak



LOCAL MIXING ON ABELIAN COVERS 9

unstable manifold W*(z) and the weak stable manifold W#(z) are respectively given
by the sets zN*, 2N~ ,2NTA, and 2N~ A in ['g\G/M respectively.

Consider a finite set 21, . .., zx in Qg and choose small compact neighborhoods U;
and S; of z; in W3%(z;) NQg and W**(z;) NQ respectively such that U; = int"(U;)
and S; = int®(.S;). Here int“(U;) denotes the interior of U; in the set W*"(z;) N Qg
and int®(S;) is defined similarly. For z € U; and y € S;, we write [z, y] for the unique
local intersection of W*%(x) and W*(y). We call the following sets rectangles:

R, = [UZ,SIJ = {[Z‘,y] S Ui,y (S SZ}

and denote their interiors by int(R;) = [int*(U;), int*(S;)]. Note that U; = [U;, z;] C
R;.

Given a disjoint union R = U;R; of rectangles such that RA = )y, the first
return time 7 : R — Ry and the first return map P : R — R are given by

T(x) :=inf{t > 0:2a; € R} and P(z):= za,(y).

The associated transition matrix A is the k x k& matrix given by

A — { 1 ifint(R) NP~ lint(R,y,) # 0

0 otherwise.

Fix € > 0 much smaller than the injectivity radius of I'o\G. By Ratner [54]
and Bowen [9], we have a Markov section for the flow a; of size €, that is, a family
R ={Ry,..., R} of disjoint rectangles satisfying the following;:

(1) Qo = Ui Riag g
(2) the diameter of each R; is at most €, and
(3) for any i # j, at least one of R; N Rjap,q or Rj N R; a[o ¢ is empty.
(4) P([int" U;,z]) D [Int"U;,P(x)] and P([z,Int*S;])) C [P(zx),Int*S;] for
any = € int(R;) N P~ L(int(R;)).
(5) A is aperiodic, i.e. for some N > 1, all the entries of AN are positive.
Set R :=UR; and U := UU,.

Let ¥ be the space of bi-infinite sequences = € {1,. .., k}Z such that A

for all I. We denote by T the space of one sided sequences

=1

TIT)41

T ={(@i)iz0 : Agsws, = 1 for all i >0}

Non-negative coordinates of x € ¥ will be referred to as future coordinates of x.
A function on ¥ which depends only on future coordinates can be regarded as a
function on X F.

We will write o : ¥ — X for the shift map (oz); = z;+1. By abuse of notation
we will also denote by o the shift map acting on X7.

For 8 € (0,1), we can give a metric dg on ¥ (resp. on 1) by

da(z,z') = Binf{\j\:xﬁéx;}_

Definition 2.2 (The map ¢ : ¥ — R). Let R be the set of z € R such that
Pmy € int(R) for all m € Z. For x € R, we obtain a sequence w = w(z) € ¥ such
that P*z € R,, for all k € Z. The set 3 := {w(z) : # € R} is a residual set in
Y. This map = — w(z) is injective on R as the distinct pair of geodemcs diverge
from each other either in positive or negative time. We can extend w™ Y > Ra
continuous surjective function ¢ : ¥ — R, which intertwines ¢ and P.
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Definition 2.3 (The map ¢t : &t — U). Let U be the set of u € U such that
6™y € int"(U) for all m € NU {0}. Similarly to the above, we can define an
injective map U — X%, and then a continuous surjection ¢* : ¥+ — U.

For 3 sufficiently close to 1, the embeddings ¢ and (' are Lipschitz. We fix such
a (3 once and for all. The space C3(X) (resp. C(X")) of dg-Lipschitz functions on
¥ (resp. on X1) is a Banach space with the usual Lipschitz norm

¥(@) ~ ()|
dg(z,y)
We denote 70 ( € C3(X) by 7 by abusing the notation.
We form the suspension
YT =3 xR/(x,s) ~ (ox,s — 7(z))

and the suspension flow on X7 is given by [(x, s)] — [(z,t + $)]. The map [(z,t)] —
¢(x)a; is a semi-conjugacy X7 — )y intertwining the suspension flow and the
geodesic flow a;.

For g € Cp(X), called the potential function, the pressure of g is defined as

Prs(g) == sup ( / gdp + entr0pyu(0)>

(2.4) |[1]|a; = sup|¢| + sup
TFY

m

over all o-invariant Borel probability measures p on ¥, where entropyﬂ(a) denotes
the measure theoretic entropy of ¢ with respect to u. The critical exponent §
is the unique positive number such that Pr(—d7) = 0. Let v denote the unique
equilibrium measure for —47, i.e. § [ 7dv = entropy, (o).

The BMS measure mBMS on © ~ ¥7 being the unique probability measure of
maximal entropy for the geodesic flow, corresponds to the measure locally given by

ﬁ(du x ds) where ds is the Lebesgue measure on R.

For a map g on ¥ or on X7 and n > 1, we write
gn(x) = g(x) + g(o(x)) + - + g(a" V().

2.3. Z? x R-suspension space ©57. Note that X is a regular Z?-cover of the con-
vex cocompact manifold Xo. Let p denote the canonical projection map T*(X) —
T'(Xo). Then

Qx =p Qo) ~ Z% x Q
is the support of the BMS measure in Tl(X ). We enumerate the group of deck
transformation I'\I'g for the covering map X — X as {D¢ : £ € Z?} so that
De¢, 0 D¢, = De¢, 1¢,. Note D¢ acts on I'\G/M as well as on I'\G.

Definition 2.5. Fix a precompact and connected fundamental domain F C T\G/M
for the Z%action on T'(X).
(1) We define the Z?-coordinate of 2 € T'(X) relative to F to be the unique
¢ € Z% such that x € D¢(F), and write £(z : t) for the Z%-coordinate of
Tayt.
(2) Choose a continuous section, say s, from R into F. Define f : ¥ — Z? as
follows: for x € %,

f(@) =&(so((x) : 7(x)),
that is, the Z?-coordinate of s(¢(z))a, ().
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Note that f(z) depends only on the two coordinates zg and z1, and if o™ (x) = x,
then f,(x) is the Frobenius element of the closed geodesic in T! (Xo) given by x.
Consider the suspension space

Ef"r =X X Zd X R/(:Evas) ~ (a(x),{ + f(x)a s — T(x))
with the suspension flow [(x, &, s)] — [(x,&, s +t)]. The map X/™ — Qx given by
[(,&,8)] = De(s o ((x))ar

is a Lipschitz surjective map intertwining the suspension flow and the geodesic flow.
If o™(x) = x, then

($,§,8 +Tn($)) ~ (a"(x),€+fn(a:),s) = ($7§ + fn($),3)

Hence [(x, &, s)] gives rise to a periodic orbit if and only if 6" (x) = z and f,,(z) =0
for some n € N.

2.4. Z% x M x R-suspension space ©/%7. The homogeneous space I'\G is a
principal M-bundle over T*(X) = I'\G/M. Now take a smooth section S : s(R) —
I'\G by trivializing the bundle locally.

Definition 2.6. Define 6 : X — M as follows: for x € X, 6(x) € M is the unique
element satisfying

(Soso()(w)ar(z) = Dy@m)(Soso C)(a(w))@(m)_l.

We choose the section S a bit more carefully so that the resulting holonomy map
6 depends only on future coordinates: first trivialize the bundle over each s(Uj;)
and extend the trivialization to s(R;) by requiring (Sos)([u, s1]) and (Sos)([u, s2])
be forward asymptotic for all v € U; and s1,s2 € 5.

If # € ¥ has period n, then 6,(z)~! is in the same conjugacy class as the
holonomy associated to the closed geodesic ¢(z)A.

We set 2 to be the preimage of Qx under the projection I'\G — I'\G/M; this is
precisely the support of mEMS defined as a measure on I'\G in the previous section.
Consider the suspension space

HOT =N x 28 x M x R/(z,&,m,s) ~ (o, + f(x),0" (z)m, s — 7(z))
with the suspension flow [(z,&,m, s)] — [(z,&,m, s +1)]. Now the map 7 : £/07 —
Q given by

[(z,&,m,1)] = D¢ (S oso((x))may
is a Lipschitz surjective map intertwining the suspension flow and the a;-flow.

The BMS measure mPMS on Q corresponds to the measure locally given by the
product of v and the Haar measure on Z¢ x M x R:

deMS _

7, (dvdEdmds).

1
[ rdv
3. ANALYTIC PROPERTIES OF RUELLE OPERATORS L, , ,

We continue the setup and notations from section 2 for G,I', Ty, X, M, 7,0, 0 etc.
In particular, I" is a normal subgroup of a Zariski dense convex cocompact subgroup
Iy with I'\I'g ~ Z9 for some d > 0. We note that the functions 7 : ¥ — R+ and
6 : > — M depend only on future coordinates, and hence we may regard them as
functions on XV.
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For ¢ € C(X™), the Ruelle operator Ly : Cg(X1) — Cg(Xt) is defined by
Ly(g)(x) = Y e *Wg(y).

o(y)=z
The Ruelle-Perron-Frobenius theorem implies the following (cf. [47]):

Theorem 3.1. (1) 1 is the unique eigenvalue of the mazimum modulus of L.,
and the corresponding eigenfunction h € Cg(X) is positive.
(2) The remainder of the spectrum of Ls, is contained in a disc of radius strictly
smaller than 1.
(3) There exists a unique probability measure p on X7 such that L} (p) = p,
i.e. [Lsrpdp = [dp, and hdp = dv.

3.1. Three-parameter Ruelle operators on vector-valued functions. De-
note by M the unitary dual of M, i.e. the space of all irreducible unitary repre-
sentations (u, W) of M up to isomorphism. As M is compact, they are precisely
irreducible finite dimensional representations of M. We write u = 1 for the trivial
representation. Similarly, 74 denotes the unitary dual of Z?¢. We identify 7% with
T .= (R/(27Z))? via the isomorphism T — Z% given by x,(£) = ¢“*€). In our
study of the correlation function of the suspension flow on Q2 = £ x Z x M xR/ ~
with respect to the BMS measure, an understanding of the spectrum of three pa-
rameter Ruelle operators indexed by triples (z,v,u) € C x T¢ x M will play a
crucial role.

Definition 3.2. For each triple (z,v, (1, W)) € C x T x M, define the transfer
operator
(3.3) Lo, :Ca(ET,W) = Ca(E=t, W)
by

Lowu(9)(z) = Y e 77T 00(y)g(y),

o(y)=x

where C(XT, W) denotes the Banach space of W-valued Lipschitz maps with Lip-
schitz norm defined analogously as (2.4) using a Hermitian norm on W.

We write L, , for L., and L, for L, for simplicity.
Denoting the center of M by Z (M), the following is well-known:

Lemma 3.4. The group Z(M) is at most 1-dimensional and
M = Z(M)[M, M.

Hence we may identify Z(M) with M/[M, M]. We denote by [m] € Z(M) =
M/[M, M] for the projection of m € M. If y is one-dimensional, then u is deter-
mined by |zary. If Z(M) is non-trivial, then Z(M) ~ R/(27Z), which we may
identify with [0, 27), and hence any one dimensional unitary representation u is of
the form x,(m) = eI™! for some integer p € Z. In this case, we write L., for

Lo u-

3.2. Spectrum of Ruelle operators. The aim of this subsection is to prove
Theorem 3.14 on analytic properties of L5yt ... We denote by Fix(o™) the set of
y € X1 fixed by ¢™. The following proposition is a key ingredient in understanding
the spectrum of Lsist v,,’s.
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Proposition 3.5. (1) There exists y € X7 such that {(c™(y),0.(y)) € TT x
M :n € N} is dense in X7 x M.
(2) There exists y € Fix(c™) for some n with f,(y) = 0 such that [0,(y)]
generates a dense subgroup in Z(M).

Proof. Claim (1) follows from the existence of a dense A% orbit in Qy € T (X,)
which is a consequence of the A-ergodicity of mBMS on Qg [65] (cf. Appendix of
this paper). The claim (2) is non-trivial only when Z(M) is non-trivial; in this
case, Z(M) = SO(2) by Lemma 3.4. Applying the work of Prasad and Rapinchuk
[53] to I', we obtain a hyperbolic element v € I' that is conjugate to a,m, € AM
and m. generates a dense subset in Z(M) = M/[M, M]. The element 7 defines
a closed geodesic in Qy which again yields an element y € Fix(c™), fn(y) = 0 and
[0, (y)] = [m~] for some n. This implies the claim. O

Lemma 3.6. The subgroup generated by U,>1{(7.(y), fn(y)) € R x Z¢ : y €
Fix(c™)} is dense in R x Z7.

Proof. Denote by H the subgroup in concern. The projection of H to Z? is surjec-
tive by the construction of f. Therefore it suffices to show that H N (R x {0}) is
R. This follows because the length spectrum of I' is non-arithmetic [29]. g

We will denote by (L 4,,,) the spectral radius of the operator L, ,, , on Cg(XT, W).

Proposition 3.7. Let (u, W) € M, and (t,v) € R x T,

(1) We have oo(Lsiit,vpn) < 1.
(2) If 00(Lstit,v,n) = 1, then Lsyit v, has a simple eigenvalue of modulus one
and p is 1-dimensional.

Proof. (1) and the first part of (2) follow from Theorems 8.1 and 8.3 of [47].
Suppose 0o(Lsit,v,u) = 1. Then for some w € Cg(X+, W) and b € R,

,'b
Lsyitopw = e w.

Using the convexity argument (as in p.54 of [47]), it follows that
TGN (9 (y) Jw(y) = ePw(o(y))
for all y € ¥F. In other words,
T TWN =D (y) = w(@(y)) ~ w(o(y))-
Consider the function g on X+ x M:
9(y,m) = p(m) " w(y).
Then

9(o (), 0(y)m) = p(m) ™ u(O(y)~Hw(o(y))

= p(m ™) Tt W)=y ( i(=t-r(y)+{v.f(y))=b)

g(y,m).

Writing wg := g(y, e), we have that for all n, g(¢™(y), 6, (y)) lies in the compact set
{e"wy : a € R}.

Let y be an element such that the set {(0"(y), 0, (y)) : n € N} is dense in X7 x M
given by Proposition 3.5. It follows that g(XT x M) C {e*®wp}. This implies that
w is 1-dimensional. (]

y)=e
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We will use the following simple observation by considering the reversing the
orientation of a closed geodesic in T (Xy):

Lemma 3.8. For any y € Fix(c™), there exists y' € Fix(c™) such that 1,(y) =
T(Y'), fa(y) = =fuly') and [0,.(y)] = [0 (y)]-

We will repeatedly use the following result of Pollicott [50, Prop. 2]: let ¥ = u+
iv € C3(X™,C) and consider the complex Ruelle operator Ly, given by Ly (h)(z) =
2o (y)=z e?@h(y). Suppose that £,1 = 1.

Lemma 3.9. For 0 < a <27, Ly has an eigenvalue et tPro (W) if and only if there
exists w € C(X1) such that
Vv-a=w-—-woo+L

where L : ¥ — 277 is a lattice function.

Proposition 3.10. If Lsiit ., has an eigenvalue e for some (v,u) € T4 x M,
then there exists some integer p € Z such that u(m) = el for all m € M, and
Unez{tmn(y) — plbn(y)] + na : y € Fix(e")} C 7Z.

Proof. Assume that Lt ., ,, has eigenvalue e'®. By Proposition 3.7, p is 1-dimensional,
i.e. u(m) = el for some integer p € Z. Therefore for g € C5(SF, C),

Lotitwn(g)(z) = Z e~ CHOTWIH(V. JW)FPIOW] g ()
o(y)==

By Lemma 3.9, the function
—t-7(y) + (v, f(y)) + pO(y)]

is cohomologous to a function a + L(y) where L : ¥* — 277 is a lattice function.
Fixing any y € Fix(c"), we have

=t Ta(y) + (v; fu(y)) + pl0n(y)] — na € 272
By Lemma 3.8, we have y' € Fix(o™) with f.(¢') = —fn(v), Ta(y) = 7 (¥') and
[0 (9)] = [0n(y")]-

—t-7n(y) = (v, fu(y)) + PlOn(y)] — na € 27 Z.

Adding the above two terms, we get —2t7,(y) + 2p[0,,(y)] — 2na € 27Z. This proves
the claim. 0]

Theorem 3.11. Let (t,v, ) € R x T¢ x M.
(1) If Ls ;. has an eigenvalue e, then v = 0 mod 7Z%. Furthermore, if = 1
and v # 0, then €' = —1; if u # 1, then a is an irrational multiple of 7.
(2) Let t #0. If Lsyit v, has an eigenvalue €', then v =0 mod 778 and a is
an irrational multiple of m.
In each case, € is a mazimal simple eigenvalue.

2mat

Proof. Suppose e
1 = P (=97) the eigenvalue is maximal simple by the complex RPF theorem (see
[47, Thm. 4.5]). First note that u is one-dimensional; u(m) = el™l for some
integer p € Z. By Lemma 3.9, we have for any y € Fix(c"),

(3.12) (v, fa(y)) + plOn(y)] — na € 27Z.

is an eigenvalue of Lst ., for some a € R. Since |e*™| =
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Using Lemma 3.8, we get

*<’U, fn(y)> +p[0n(y)] —na € 2.

By subtracting one from the other, we get (v, fr(v)) C 7Z. As U {fn(y) : y €
Fix(c™)} generates Z, it follows that v = 0 mod 7Z9.

Now we prove the rest of (1). Suppose p = 0 and v # 0. It follows from from
(3.12) that

na € nZ for all n € N with Fix(c") # 0.

Since the transition matrix A is aperiodic, {n € N : Fix(¢™) # (0} contains all
sufficiently large integers. Therefore ¢ = 0 or 7. However ¢ = 0 implies v = 0.
Hence a = 7.
Suppose p # 0. Then
p0n(y)] — na € 7Z.

Since {[0,(y)] : y € Fix(c™)} generates Z(M) by [22, Thm. 1.9], a must be an
irrational multiple of 7. This shows (1).

In order to show (2), if a were a rational multiple of m and ¢ # 0, it follows from
Proposition 3.10 that for some integer p, the union U,>1{t7,(y) — p[f.(y)] : v €
Fix(o™)} would be contained in ¢nZ for some g € Q. If p =0 or Z(M) = {e}, this
contradicts Lemma 3.6. Otherwise, we get U,,>1{e?*™®=#l0n Wl .y ¢ Fix(o™)} C
F for some finite subgroup F of {¢’ : § € [0,27)}. This contradicts [22, Thm.
1.9]. =

The following result from the analytic perturbation theory of bounded linear
operators is an important ingredient in our subsequent analysis.

Theorem 3.13 (Perturbation theorem). [26] Let B(V') be the Banach algebra of
bounded linear operators on a complex Banach space V. If Ly € B(V') has a simple
isolated eigenvalue Ao with a corresponding eigenvector vy, then for any € > 0, there
exists n > 0 such that if L € B(V) with ||L — Lo|| < n then L has a simple isolated
eigenvalue AN(L) and corresponding eigenvector v(L) with A(Lg) = Ao, v(Lo) = vo
and such that
(1) L— ML), L — v(L) are analytic for ||[L — Lo|| < n;
(2) for ||L — Lol <n, |ML)—Xo| < € and spec(L) —A(L) C {z € C: |z—Xo| >
€}. Moreover if spec(Lg) — {Xo} is contained in the interior of a circle C
centered at 0 and n > 0 is sufficiently small, then spec(L) — A(L) is also
contained in the interior of C'.

Finally we are ready to prove:
Theorem 3.14. Let p € M. Consider the map

(ssw) ERXRY > > L= (1= Losisw)

n=0

(1) Let u# 1. For any (t,v) € R x T%, there exists a neighborhood O C R x T¢
of (t,v) and an analytic map

(s,w) € O+ Hy,, € Hom(Cs(X1,C),Cs(2T,C))
such that (1—Lsyis ) " agrees with Hy , on O\{(s,w) : w = 0 mod wZ%}.
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(2) Let = 1. For any (t,v) € R\{0} x T¢, there exists a neighborhood © C
R x T? of (t,v) and an analytic map

(s,w) € O+ Hy, € Hom(Cs(XT,C),Cu(ET,C))

such that (1—Leisw,) " agrees with Hy , on O\{(s,w) : w = 0 mod nZ%}.
(3) Let = 1. There exists a neighborhood O C R x R? of (0,0) such that for
all non-zero (s,w) € O, we have
P.
1-L i8,Ww =50 S, w
( s+is,w) [ + Qs
where Asyisw @5 the unique eigenvalue of Lsiisw of mazimum modulus
obtained by the perturbation theorem 3.13, Ps ., and Qs 4, are analytic maps

from O to Hom(Cs(X+,C),Cs(=T,C)).

Proof. If oo(Lsyitw,u) < 1, then, by the perturbation theorem 3.13, there is a
neighborhood O of (¢,v) in R x R? such that 00(Ls+tis,w,u) < 1 for any (s,w) € O.
This implies that Y57 ( L¥, .. ., converges absolutely and hence analytic on O.

Now suppose o (Lstit,v,u) = 1. In any of the following three case (1) pu # 1, (2)
p=1landt#0or (3) p=11t=0,v€ T\{0}, by Theorem 3.11, Ls4 1, has a
simple eigenvalue e'® of maximum modulus with a some irrational multiple 7 or 7.
By Theorem 3.13, there exists a neighborhood © C R x R? of (¢,v) such that for
any (s,w) € O, Ls1is,w,, can be written as

Lé-{—is,w,u = /\6+is,w,;tp5+is,'w,u + N6+is,'w,u
where Asyis,wy is the simple maximal eigenvalue of Ls s w,uy Pstis,w iS the eigen-
projection to the eigenspace associated to Astis,w,u and oo(Nstis,w ) < 1. More-
ovVer, Astis,wus Pstisw,ps Notis,w,pu are analytic on O. Hence for all n € N,

n _\n n
S+is,w,u >\6+’L-S7U7HU.P6+7;51U)1M + N5+is,w,/_t'

By choosing O sufficiently small, we have N§'tisw, L, converges absolutely on O,
and the map

P(S—i—is,w,u n
(315) m + zn: N6+is,w7ﬂ

is analytic on O. Note that on O\{(s,w) : w = 0mod 7Z?}, by Proposition
3.7 and Theorem (3.11), the spectral radius of Lsyisw,, is strictly less than 1.
Hence > L}, ., converges absolutely on this set. We have (3.15) agrees with
(1 = Lstiswpu) ' on O\{(s,w) : w = 0mod wZ%}.

Suppose (t,v,p) = (0,0,1). Then the map > Ay ;. = (1— Notiswp) L is
analytic on O — {(0,0)} and hence (3.15) is analytic on @ — {(0,0)}. This finishes
the proof. O

3.3. Asymptotic expansion. For each u € R? close to 0, there exists a unique
P(u) eR
such that the pressure of the function = — —P(u)r(x) + (u, f(x)) on ¥ is 0.
Moreover P(0) = §, VP(0) = 0, the map v — P(u) is analytic, and the matrix
V2P(0) = (%(0))01“1 is a positive definite matrix (cf. [52, Lem. 8]).
Set

(3.16) o = det(V2P(0))'/4.
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Let

g

1,.t72 2 d/2
C(0) :/ e 2 VPO gy = (> :
Rd

Remark 3.17. Tt follows from ([28] and [55]) that, for Xy compact, the distribution

%\/;) as x ranges over the image of F in T'(Xy) converges to the distribution of a

multivariable Gaussian random variable N on R? with a positive definite covariance
matrix Cov(N) = V2P(0).

Definition 3.18. Let £ be the family of functions on T x R which are of the
form ® ® u where ® € Cg(X7) and u € C.(R).

In the rest of this subsection, we fix (yu, W) € M and w € W.
For each T > 1 and ® ® u € L, define the W-valued functions
QXLZ)’T(@ ®@u) and Quur(P®u)

on ©F x Z% x M as follows: for (z,&,m) € X7 x Z4 x M,

QU (@ ®u)(x, & m)

1 , .
=5 e Tt(t) ( / el<”’5>Lg‘_it7v7“(@hu(m)w)(z)dv) dt
teR veTd
and
QM,’LU,T((I) 0y U) (JJ, ga m)
1 —iTt+{v,€) 7
= — R TI (A LY it o, (@hu(m)w)(z) | dodt.
27 J(t,v)erx T4 7; ot

Here a(t) = [, e **u(s)ds. We set Qr = Qq,1,7 and QW = Q(lnl)T
Theorem 3.19. Let ® ®u € L and (x,&,m) € 2 x Z% x M.
(1) For each T >0,

>7QY) +(@ @ u)(@,6,m) = Quur(® ®u)(z,€,m)

n

where the convergence is uniform on compact subsets.

(2) We have
TETOO TY2Q7r(® @ u)(z,&,m) = 12(}))721(/0);)(@11)/1(33)

where the convergence is uniform on compact subsets.
(8) For any non-trivial (u, W) € M and w,w’ € W, we have
: d/2 A
T1—1>I-f-loo<T Q#,w,T(q)(g)u)(x?gvm)vw > 0

where the convergence is uniform on compact subsets.

Proof. In proving this theorem, we may assume that the Fourier transform @ be-
longs to CY(R) for some N > £ 42 (see [5, Lemma 2.4]). For (1), it is sufficient to
show that [|@(t) =, n L5t (Phu(m)w)(z)]| is dominated by a single absolutely
integrable function of (¢,v) almost everywhere.
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We have
(3.20) [a(t) Y L it.0 e (Php(m)) ()

n>N
<] N s ull - 11D L it (Phps(m)w) ()]
n=0

When p is nontrivial, 3572 Lg_;, ,, , agrees almost everywhere with the operator
Hs_jt 4, which is described in Theorem 3.14. Noting that ||Hs_;t »,,.[ is bounded
on compact sets (e.g. supp(@) X T%), we have

(3.20) < [[(@hpu(m)w)z| - a(t)],

verifying (1) for the case when p is nontrivial. We refer to Step 7 of [32, Appendix]
for the proof of (1) for u trivial.
To prove (2), consider the function

F(t,v) =9y Ly, (®h)(2)
n>0

so that .
= _— / e Tt (t)F(t,v)dvdt.
27 (v,t)ETIXR

Let O C R x R? be a neighborhood of (0,0) as in Theorem 3.14 (3) and choose
any C*°-function £(t,v) = K1(t)k2(v) supported in O.

Since F(t,v) is analytic outside O and 4 € CV(R), the following value of the
Fourier transform is at most O(T~V):

(3.21) /tER et (/uer a(t)(1 — &(v,t))F(t,v)dv) dt =O0(T™N).

‘We now need to estimate

/tE]R o (/er U HE(E, 'v)dv) dt.

This can be done almost identically to Step 5 in the appendix of [32]; we give a
brief sketch of their arguments here for readers’ convenience. On O, we can write
) Pro(Ph)(z)

1-— )\57it,v
where As_;.4, Pr» and Qy , are as described in Theorem 3.14 (3).

Applying Weierstrass preparation theorem to 1—As_;; ,,, we have that for (¢,v) €
0,

(3.22) 1= Xs—it,o = A(t,0) (0 — it — P(v)),

where A is non-vanishing and analytic in O, by replacing O by a smaller neighbor-
hood if necessary.

We have P(0) = 6, P(v) = P(0) — 20'V2P(0)v + o(||v||?) for v small, and
A(0,0) = —%\515: [ 7dv. Set R(v) =6 — P(v).

For (t,v) € O, set

QT((I) (24 U)(l’,f, m)

F(t,v) = s + Qt,0(Ph)(2)

(3.23) a(t,v) =
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Suppose for now that a(t,v) is of the form ¢, (t)b(v). Using 1/z = — [ eT'=dT”
for R(z) < 0, we get

/ et (/ w(t)k(t,v)F(t, v)dv) dt
teR veTd
) i(€,v)
:/ e~ iTt (/ ‘Wm) dt +O(T™V)
teR verd it — R(v)
— / efiTt (/ a(t, ,U)ei<f,7j> / e(itR(’U))T/dT/dU> dt + O(TfN)
teR veTd 0
— / / efi(TfT/)t </ a(t’v)ei@m)R(U)T'dv) dth/ + O(TfN)
0 teR veTd

[e.¢] X ; T/2 ~ T//)
—— [ ey [ e m O o) < - [ e
T/2 veTd —00

(6, S ) — Ry (T=T7) oy N

/ b(— eV VI-T VT-T dvdT" + O(T~™).
VT-T7

ve/T—T"Td

1 4
Using R(v) = 3v*V2P(0)v+o(||[v]|?), and C(0) = [ e 2" VEPO) gy the above
is asymptotic to

/ T/Q(T — T2/ (T")C(0)b(0)dT" = T~2(27¢, (0)C(0)b(0) + o(1)).

By approximating a(t, v) by a sum of functions of the form ¢, (0)b(v) using Taylor
series expansion, one obtains the following estimation:

(3.24)
im 7% e Tt u(t)k(t,v v)dv :727rﬁ(0)6'(0) x
lim T z/teR g (/ver ()k(t,v) F (2, )d) 5, P(@h)h(@).

T—o00
Therefore, putting (3.21) and (3.24) together, we deduce

Jim T2Qr (@ © w)(z,&,m) = wp@h)h(x),

verifying (2).
For (3), we have

<QHJD,T(337 5; m)((I) ® u)7 w/>

1 , )
=— e~ Tta(t) / V(T — Ls_it o)~ H(@hpu(m)w)(z), w')dvdt.
27T Jier veTd

Hence by Theorem 3.14, and the assumption that 4 is of class C (N > d/2 + 2),
the Fourier transform decays as:

(Quwr(z,&,m)(@ @ u),w') = O(TN)

which implies (3). O



LOCAL MIXING ON ABELIAN COVERS 20

4. LOCAL MIXING AND MATRIX COEFFICIENTS FOR LOCAL FUNCTIONS

We retain the assumptions and notations from section 3. Recall the BMS mea-
sure mPMS on T'\G, and its support @ C T'\G. In this section, we study the
asymptotic behavior of the correlation functions

(@, Po)maris = / br (g () dmBNS ()

and

(a1, o) = i (wag)(x)dm™ (z)

na
for 11,19 € C.(T\G).

4.1. Correlation functions for (Q, a;, mBM%). We use the suspension flow model

for (€, as, mBMS) which was constructed in Section 2. That is, we identify the right
translation action of a; on Q with the suspension flow on

2T =N xZix M xR/ ~

where ~ is given by ((x,&,m,s) = (ox,,& + f(z),07(x)m, s — 7(z)).
We write

Q=2xZ'xMxR, QF:=%txZxMxR

and
QF =2t xZIx M xR/ ~.

Consider the product measure on Q:

dM := dvdédmds).

L
[ Tdv
Recall that the BMS measure mBMS on Q corresponds to the measure M on
2507 induced by M.
Definition 4.1. Let F, be the family of functions on QF which are of the form
U(z,&m, s) = B(x)de, (§)u(s) (p(m)ws, wa)

where ® € C3(XT), u € C.(R), & € Z%, (u, W) € M and wy,ws € W are unit
vectors. We will write ¥ = ® ® dgy ® u @ (p(-)w1, wa).

For Wy, ¥y € C.(Q7), define
R02) 1= Y [ 106w 6om s+ 1) ale & m, ) Bz, €,
n=0 Q

where (o (z,&,m, 5) = (0"(2),§ + ful@), 0 (2)m, s — T ().
Lemma 4.2. Let Uy = ®@5¢, @u® (u(-)wy, ws) € Fo. Then for any ¥y € C.(QF),

I(9q,¥,) =

ety [ VG = €. (Quanis(® © )€, m), wa)dedp(a)dsdim.
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Proof. Since dv(x) = h(z)dp(z), we have

/le/' It(\Ifl,\Ilg) =

Z / \Ill(O'nl',f + fn(x)a agl(x)ma s — Tn(x)) \IIZ(x,gamv s = t)h(x)dp(x)dsdmdf
n=0

Since dp is an eigenmeasure of Ls with eigenvalue 1,

[ wsr@iee) = [ F@idpta).
>+ >+

Using this, the above is equal to

Z/ Vi@ &m,s) Y e W (@ h)(y)g, (€~ Faly))

oy=x
w(s — b+ 70 () (O (y)m)wn, wa)dp(x) € dsdm.
Using the 1dent1ty 55( (Y ) (27r)d Jpa €962 W) dw and the Fourier inversion
formula of w: u(t f e*'4(s)ds, the above is again equal to

ﬁ / Uy (2, €0 — €, ) - (Quus 1 o(B @ ) (s €, ), wa)dedp()dsdm.

This proves the claim. ([l

Proposition 4.3. For U1, Uy € C,(Q), we have

1 N

(4.4) lim t¥21,(0,, ) = M(T,)M(T5).

t—+o00 (2mo)d/2

Proof. Let ¥, € C,(Q).

Step 1: Let F be the space of functions which are finite linear combinations of
functions from Fy. We first show (4.4) holds for any Us € F. It suffices to consider
the case where

\112(x7€a m, S) = CI)(Q:) ® 550 (g) ® u(s) . </~"(m)w1’w2> € Fo.
Let
Fi(z,&,m,s) =

£d/2

W‘I’l(%& -&m, 3)<Qu,w1,t78(q> ®u)(x,&,m), ws).

Then Lemma 4.2 gives
21,02, 02) = [ Fi(o, 6,6, 5)dp(a)dsdgdim.

We consider two cases. First suppose p = 1. Then Theorem 3.19(2) implies that
Fi(z,&,m, s) is dominated by a constant multiple of ¥; and converges pointwise to
an L'-integrable function on €:

Tranana C0)a(0)p(@h)h(2) V1 (x,& — & m, s).
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Hence by the dominated convergence theorem,
lim tY21, (0, U,)
t—o0

1 A~
WWC(O)U(O)P(‘I’h)/‘I’l(%ﬁo —&,m, s)h(x)dp(x)dsdEdm

= gfg)d /\IfldM-/\Ilng.

Plugging C(0) = (27/c)%? in the above, we get

1 - N
td/zlt(\:[ll,\pg) ~ W/\IlldM/\Psz

Now suppose p is non-trivial. Then dM(¥3) = 0. On the other hand, Theo-
rem 3.19(3) implies that Fp converges to 0 pointwise, and is dominated by ¥;.
Therefore, by the dominated convergence theorem, we get

A t2 L (W1, W) = 0

proving the claim.
As a consequence, we have

(4.5) lim sup t4/2 |1, (U, Uy)| < oo
t

for any ¥y € C'C(Q) and ¥y € F.
Step 2: Let Uy € C.(QT) be a general function. For any ¢ > 0, there exist
Fy,wy € F such that for any (z,£,m,s) € QF,

(46) |\I/2(m,§,m,s) - FQ(xagama S)l S € w2(x,€,m,s).

First to find F5, the Peter-Weyl theorem implies that Ua(x, £, m, s) can be approx-
imated by a linear combination of functions of form

H(l‘, E’ 5)<u(m)w1, w2>

for k € Co(XF x 2% x R) and (u, W) € M and wy,wa € W unit vectors. As
74 is discrete, xk can be approximated by linear combinations of functions of form
c(z, s)0¢, with c(z,s) € Co(ET x R). Now ¢(x,s) can be approximated by linear
combinations of functions of form ®(x)u(s) with ® € C3(X") and u € C°(R) by
the Stone-Weierstrauss theorem. This gives that for any € > 0, we can find F; € F
such that
sup |Wo(z,&,m, s) — Fa(x,&,m, s)| <e.
Now let O be the union of the supports of Fy and ¥s, O’ be the 1-neighborhood
of O, and let k := || F2||oc + || ¥2[lcc + 1. We can then find we € F such that wy =k
on  and wy = 0 outside Q. Then for any (z,£,m, s) € Qr,

‘\112(1:,57771,75) - FQ(I’,E,W’L,S)‘ < Ew?(xa§7m75)

as required in (4.6).
Step 3: By Step (1) and (2), we have

lim sup |td/2It(\Ill,\I/2) - td/zft(\IJthﬂ < elim suptd/Q\It(\Ill,wQﬂ < ecp,

where cg := limsup, t%2|I; (¥, ws)| < co.
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Hence
li%ntd/QIt(\Ill, y)
=lim tY2L, (0, Fy) + Ole)

_ 1
 (27m0)d/2
_ 1
 (27m0)d/2

since M(Fy) = M(Wy) + O(e). )
As € > 0 is arbitrary, this proves the claim for any ¥y € C.(QT). O

Theorem 4.7. Let 11,19 € C.(2). Then
1
Jim 42 /w1<gat)wz(g)deMS(g) = @ro)i2 mPMS (41 )mBS (4hy).

Proof. For each i = 1,2, let ¥; € C,(2) be the lift of 1; to Q so that
1/)1[(1'7 §m, 5)] - Z ;o Cn(xa §,m, s)-

neZ

M(W1)M(Fy) + O(e)

M(21)M(3) + O(e),

We assume that the support of 1o (and hence of ¥3) is small enough so that
Uy (¢™(x,&,m,s)) =0 for all n # 0 if (z,£,m,s) € supp(¥s).
We first claim that for all large ¢ > 1,

(4.8) /1/11 ga)ha(g)dmPM3 (g) = I,(Wq, ¥y).
Using the unfolding,

/ r (gar) s (g)dmPMS (g)

Z / ‘1’104 (m,g,m,ert)~\Ilg(:c,§,m,s)d|\~/|
supp(¥2)

n=—oo

Z/ W10C7l(x7§7m78+t)'W2(x7§7m78)dM
n=0"7$

3 [ W (@, 6 mus 1) Ua(e,Em, s) M
n=1 &

The first term of the last equation is I;(¥1, ¥3). For the second term, note that for
any (xafa m, S) € supp(\I/2),

Uy o ¢ (@, &my s+ 1) = Wi(07" (), € — ful@), 0, (2)m, s+t + 7 ()
which is 0 if ¢ is large enough, as 7, (x) > 0.
Therefore the second term is 0 for ¢ large enough, proving the claim (4.8). There-
fore if Wy, Wy € C.(QT), Theorem 4.7 follows from Proposition 4.3.
Let Uq,¥, € CC(Q). Then for any ¢ > 0, we can find a sufficiently large & > 1,
Fi, Fy,wr, and wy in C,(Q) such that for all (x,&,m,s) € Q,

W0 M@, & m, ) = Filw, €+ fu(@), 0 (2)m, 5 = (@)
<€ w2, & — fu(x), 0, (2)m, s — Ti,(x)).
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We then deduce by applying the previous case to F; and w; that

lim ¢/2 / ¥n(gan )z (g)dmPMS g)
=1lim t¥2 1, (W, Uy)
=1im t4/21,(¥; o ¢*, Wy 0 ¢F)
=lim (td/2It(F1, Fy) + O(e - tY2(L,(F1,w2) + L(Fy,w1) + It<w17w2))))
M(T1)M(T3) 4+ Ofe).

1
T (2mo)d/2
As M(¥;) = mPMS(y);) and € > 0 is arbitrary, this finishes the proof. O

Remark 4.9. We remark that the methods of our proof of Theorem 4.7 can be
extended to other Gibbs measures on I'\G.

4.2. Correlation functions for (I'\G, a;, m#¥). We can deduce the asymptotic

of the correlation functions for the Haar measure Theorem 1.6 from that for the
BMS measure Theorem 4.7 via the following theorem:

Theorem 4.10. Suppose that there exists a function J : (0,00) — (0,00) such that
for any 1,42 € C.(T\G),

(411) lim J(t / 1 (gas) o (g)dmPMS () = mBMS (g, ) mBMS (455).

t——+o00

Then for any 1,12 € Co.(T\G),

(412)  lim J(£)ePO / 1 (gar)a(g)dm™a (g) = mBR+ (4 )mBR- ().

t—+oo

The main idea of this theorem appeared first in Roblin’s thesis [57] and was
further developed and used in ([44], [40], [45]). The key ingredients of the arguments
are the product structures of the measures mPMS and mt22" and the study of the
transversal intersections for the translates of horospherical pieces by the flow a;.
The verbatim repetition of the proof of [45, Theorem 5.8] while replacing H by
N~ AM proves Theorem 4.10.

Using theorem 4.10, we deduce the following from Theorem 4.7:

Theorem 4.13. Let ¢1,99 € C.(T\G). Then

o d/2 (D-8)t Haar, y _ MPRF (3h1)mPR-(3h)
tl}I-Poot € ne wl(gat)w2(g) dm (g> - (27r0)d/2mBMS(F0\G)'

Theorems 1.5 and 1.7 are consequences of this theorem: if p € Paec(T\G), then
dpy = 1hy dmt2ar for some 1py € C.(I'\G) with [ 1) dmfa2" = 1. Hence

/ brdpy = / 1(ga)s(g) dmPe (g).

BR— (1h5)
(270)2/ZmBMS (T\G) *

For Theorem 1.7, note that when I'y < G is cocompact, all the measures mBR+,

BR_ BMS N : Haar _ 1
m and m coincide with m . Hence ¢, = Bro) 2w (To\G) depends only

Hence Theorem 1.5 follows if we put a(t) = t%/2e(P=9t and ¢, :=

on .
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5. THE A-ERGODICITY OF GENERALIZED BMS MEASURES

In this section, let I' be a non-elementary discrete subgroup of G = Isom+(X' ),
and 2 C I'\G/M denote the non-wandering set of the geodesic flow {a;}.

5.1. GeneralizeNd BMS-measures. Let F' be a I-invariant Holder continuous
function on T'(X ). Let x : I' = R be an additive character of I'.
For all x # y € X, we define

Yy o d(z,y) _
/ F::/ F(vay)dt

where v is the unique unit tangent vector based at x such that va; is a vector based
at y. The Gibbs cocycle for the potential F is a map Cp : 0 XxXxX >R

defined by
IS &
(& x,y) = Cpele,y) = lim ’ F—| F
where t — & is any geodesic ray toward the point &.
Definition 5.1. For o € R, a twisted conformal density of dimension o for (T, F :X)

is a family of finite measures {v, : z € X1} on 9(X) such that forany v € T, 2,y € X
and ¢ € 9(X),

d
PY*,LLJC = 67X(FY),ufyaj and ,U’H’,' (5) = e_cﬁfu,g(xvy).

The twisted critical exponent o, 5 of (T, F,x) is given by

1 (o) _
lim sup - log Z exp | x(v) + / F].
o

e YET,n—1<d(o.y(0))<n
When x is trivial, we simply write it as dp z. It can be seen that 51“713 < 51“715% for
any character x of IT'.
Suppose that

5F,F‘,X < Q.
Then there exists a twisted conformal density of dimension or. 5 for (T, F,x)
whose support is precisely the limit set of I'; we call it a twisted Patterson-Sullivan
density, or a twisted PS density for brevity. Denote ¢+ : T*(X) — T'(X) to be the
flip map, v — —v. It is shown in [48, Proposition 11.8] that Op fryy = Op oy —y- We
define the following generalized BMS measure:

Definition 5.2 (Generalized BMS measures). Let {y, : 2 € XVand {p:x e X}
be twisted PS densities for (I', I, x) and (I', F'ot, —x) respectively. Set do = op. f . .
A generalized BMS measure m = mr on TY(X) = G/M associated to the pair
{pz : x € X} and {p, : © € X} is defined by
(5.3) dm(u) = eCF—s0.ut (W) FChous5.u (O’u)duo(u+)d,ug(u7)ds
using the Hopf parametrization of T'(X).

By abuse of notation, we use the notation m for the M-lift of m to G.

As x and —yx cancels with each other, we can check that the measure mr is
I-invariant. It induces
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e an A-invariant measure mlt on I'\G/M supported on € and
e an AM-invariant measure mr on I'\G.
When there is no ambiguity about I', we will drop the subscript I" for simplicity.
When F = 0 and y is the trivial character, m is precisely equal to the BMS measure
mBMS on T\G defined in section 2.

5.2. The A-ergodicity of generalized BMS measures. The generalized Sulli-
van’s dichotomy says that the dynamical system (I'\G//M, A, mT) is either conser-
vative and ergodic, or completely dissipative and non-ergodic [48].

We will extend this dichotomy for the A-action on (I'\G, m) using the density of
the transitivity group shown by Winter.

Definition 5.4 (Transitivity group). Fix g € Q. We define the transitivity sub-
group Hr(g) < AM as follows: ma € Hr(g) if and only if there is a sequence
hi € NTUNT,i=1,...,k and v € I such that

Yghiho ... h. € Q forall 0 <r <k, and
Yyghihe ... hy = gam.

Lemma 5.5. [65, Theorem 3.14] Let ' be Zariski dense. The transitivity group
Hr(g) is dense in AM for any g € Q.

Theorem 5.6. Suppose that T' is Zariski dense. Let m be a generalized BMS-
measure on T\G associated to (I, F,x). If (T\G/M,A,m") is conservative, then
(T\G, A, m) is conservative and ergodic.

In particular, if T is of divergence type, then (I'\G, A, mBMS) is conservative and
ergodic.

Proof. Since the A-action on (I'\G/M, m') is conservative and I'\G is a principal
M-bundle over T\G/M, it follows that the A-action on (I'\G, m) is conservative as
well: we can decompose I'\G as Q¢ U Qp where Q¢ and Qp are respectively the
conservative and the dissipative parts of the A-action, that is, x € Q¢ iff za;, comes
back to a compact subset for some t; — co. Note that QoM is the conservative
part for the geodesic flow, and must have the full mBMS_measure by the assumption.
Since a; and M commutes, Q- = Qo M, hence the claim follows.

We will now prove the A-ergodicity using the conservativity of the A-action,
following Sullivan’s argument which is based on Hopf’s ratio ergodic theorem (see
also [57], [12]).

Fix a positive Lipschitz map p : T\G — R with [pdm = 1; fix 0 € Q and
fix a positive continuous non-increasing function r on R~y which is affine on each
[n,n+1] and r(n) = 1/(2"m(B(o,n+1))). Then g — r(d(o, g(0))) is Lipschitz and
belongs to L'(m); so by normalizing it, we get a function p with desired properties
(see [48, Ch 5] for more details).

By the conservativity,

+oo
/ p(zay)dt = £o0
0

for m-almost all z € T'\G.
Now by the conservativity of the A-action, we can apply the Hopf ratio theorem
which says for any ¢ € C.(T'\G),
. fOT (way)dt
lim =—F%————
T—*o0 fO p(xat)dt
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converges almost everywhere to an L'-function ¢F, and ¥ = ¢~ almost every-
where. Moreover the A-action is ergodic if and only if 1/~1i is constant almost
everywhere.

Using the uniform continuity of ¢ and p, we can first show that the limit functions
z/;i coincide a.e. with an NT and N~ invariant measurable function z/NJ Denote
by 1* the lift to ¢ to G. Consider the Borel sigma algebra B(G) on G, and define
subalgebras ¥4 := {B € B(G) : B=TBN*} and ¥ :=%_AY,. That is, B € %
if and only if there exist By € ¥4 such that m(BABL) = 0. It is shown in [65,
Thm.4.3] that the density of the transitivity group and the ergodicity of AM-action
on (T'\G, ) implies that ¥ is trivial (we note that the proof of [65, Thm.4.3] does
not require the finiteness of m). Both conditions are satisfied under our hypothesis
by Lemma 5.5 and the ergodicity of the system (I'\G /M, A, m') as remarked before.
It now follows that 1* coincides with a constant function almost everywhere. This
proves the A-ergodicity on (I'\G, m).

The last part follows since (I'\G /M, A, mBM3) is conservative and ergodic when
T is of divergence type [64]. ]

Corollary 5.7. Let I'g be a Zariski dense convex cocompact subgroup of G. Let F
be a T'g-invariant Holder continuous function on X and x : I'go — R be a character.
Suppose 51“0 Py < 00

(1) If mp, is a generalized BMS-measure on To\G associated to (To, F',x), then
(To\G, A, mr,) is ergodic and conservative.

(2) Let T < Ty be a normal subgroup with T\Ty = Z%, and x = 0 be the trivial
character. Let mr be the measure on T\G induced by the generalized BMS-
measure mr, on G associated to (Tg, F,0). Then (U\G, A, mr) is ergodic
and conservative if and only if d < 2.

Proof. Since I'y is convex cocompact, mlto on I'g\G/M is compactly supported and
hence conservative. Therefore Theorem 5.6 shows the claim (1).

For (2), denote by m} the measure on I'\G/M induced by mr,. The A-action on
(T\G/M, mlt) is ergodic and conservative if and only if d = 1,2 ([56],[66]). Hence
(2) again follows from Theorem 5.6. O

Theorem 1.10 is a special case of Corolloary 5.7(2).

6. BABILLOT-LEDRAPPIER MEASURES AND MEASURE CLASSIFICATION

Let G be a connected simple linear Lie group of rank one. Let Iy be a discrete
subgroup of G. For a subset S of G and € > 0, let S¢ denote the intersection of S
and the e-ball of e in G. We also use the notation Sp() to denote the set Sce for
some constant C' > 0 depending only on G and T'y.

6.1. Closing lemma. Let
B(e) .= (NN N N_NTAM)M_A..

Lemma 6.1 (Closing lemma). [38, Lemma 3.1] There exist To > 1, and ¢y > 0
depending only on G for which the following holds: if

goB(e)arm N~ygoB(e) #
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for some T > Ty, 0 < € < €, m € M, go € G and v € G, then there exists
g € goB(2¢) such that

v = gagmog "
where ag € A and mg € M satisfy ag € ar Aoy and mg € mMoe)-

6.2. Generalized length spectrum. In the rest of this section, let I be a normal
subgroup of a Zariski dense convex cocompact subgroup I'g of G. For v € Iy, we
have v = gamg~! for some g € G, am € AM. The element g is determined in G /M,
and m is determined only up to conjugation in M. Fix a section £L = N*tAN~ for
G/M. Let

Iy ={y€Ty:vy=gamg * for some g € L}.

For v € I'y;, there are unique g € £,1(y) € Ry and m, € M such that

Y = gaiymag

For v € Ty, we write f(y) € I'\I'g for its image under the projection map
Iy — I'\I'g. Hence we can write

L f(v)g = Lgayym..

Definition 6.2. The generalized length spectrum GL(Ty,T") of Iy relative to T" is
defined as

g‘C(F07F) = {(f(’)/)val('y)am’y) € F\FO X Ax M : v e FS}

Proposition 6.3. Suppose that T' is a normal subgroup of Ty and that (T\G,ay)
satisfies the topological mizing property: for any two open subsets U,V C T'\G,

UatﬂV#V)

for all sufficiently large t > 1. Then the subgroup generated by GL(T'o,T') is dense
in \I'g x Ax M.

Proof. Consider (¢,ar,m) € T'\I'g x A x M. The assumption on the topological
mixing property implies that for any small € > 0, there is T, > 0 such that

T'B(e)ymar NTEB(e) # 0

for all T > T.. That is, for all T' > T, there exist g1, go € B(€) such that gymar =
&vge for some v € I'. Set vg := &y € T'o; so f(v0) = & The closing lemma 6.1
implies that there exists g € B(2€) such that vo = gan,m.,g~* with ar,_7 € Ao(e)
and m., = mMo).

Hence for any € > 0 and for any (¢,ar,m) € T\I'g x A x M for T sufficiently
large, we can find v € T'§ such that (f(7), a;(), my) is within an O(e)-neighborhood
of (§,ar, m). This proves the claim. |

We deduce the following from Proposition 6.3 and Theorem 1.6:

Corollary 6.4. Suppose that I' is a co-abelian subgroup of I'y. Then the group
generated by GL(T,T') is dense in T\I'g x A x M.
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6.3. The N~ -ergodicity of generalized BMS measures. Let F be aTy-invariant
Hélder continuous function on T* (X) and x : Ty — R be a character. Suppose
6F0,F,X < oo. Let mr, be a generalized BMS-measure on G associated to (T, F, x).
By Corollary 5.7, the induced measure mp, on I'g\G is A-ergodic. We denote by

m = mr

the AM-invariant measure on I'\G induced by mr,.

Note that any essentially N~ -invariant measurable function ¢ in (I'\G,m) is
almost everywhere equal to a measurable N~ -invariant function [67].

Define H = H(m) to be the set of (§,a,m) € I'\I'y x A x M such that for all
N~ -invariant measurable function ¢ in L>*(I'\G, m),

Y(z) = (£ zam)

for m-almost all z € T'\G.

It is easy to check that H is a closed subgroup.

Proposition 6.5. IfI' < Ty is co-abelian, then
H(m) =T\T'p x A x M.
Proof. By Corollary 6.4, it suffices to show that
GL(Ty,T) C H.
Fix (f(7), ai(y), my) € GL(To,T), that is, for some unique g € L,
f(7)Tg = Tgayyms.

Let m : I'\G — I'y\G be the canonical projection. Let [g] = I'g and let B(w[g], €)
denote the e-ball around 7[g]. Let p > 0 be such that for any x € B(n|[g], ¢/p) and
any 0 <t < 2{(y), we have

d(zas, w[glas) < €/2.

Fix € > 0, and set 6, = Si(e) C T'\G be the set of z’s such that w(z)a; €
B(wlg], ¢/p) for some ¢ € [kE(v), (k + 1)£(7)).
Since mq is A-ergodic,
m(T\G — U 6&) = 0.

Let x € 6. By replacing g by ga; for some 0 <t < £(v), we have
d(xane(+),&lg]) < €/2 and d(xagey)1o(y), El9]ae)) < €/2.

Since &[glag,y = f(7)Elglm?
G-invariant,

and the metric d is right M-invariant and left

d(xake(y) e El9laecy)) = dF () @areiy) e mqs €lg))-
Hence
d(f(’y)fla:a(kﬂ)g(w)mv,xau(ﬂ) <e.

Since the product map N~ x Ax M x N* — G is a diffeomorphism onto an open
neighborhood of e in G, there exist an element n~amn™ € NO_(E)AO(E)MO(e)NS(G)
such that

TApp(y) = a:f(7)71a(k+1)g(7)m7n7amn+.
Set
a* = 2@ 1)em)yma)n” (Asnyemy) € TN
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and
Tiu(x) := ()" ' ayyymyam.
Note
x = Tk($)@k@(7)n+a;€1(,y) € Tk(as)Ng(e,ke).
Now suppose that (f(v),a,,m,) ¢ H, that is, there exists an N~ -invariant
measurable function ¢ € L°°(m), a compact set W with m(W) > 0, and ¢y > 0
such that ¢(zh) = ¢(x) for all z € W and h € N~ and

Y(z) > w(f(v)‘lwvmw) +é€o
for all x € W. Since x* € N~, we have for all x € W,

U(@) > o(f(7) "z aymy) + €.
If we consider a sequence of non-negative continuous functions 75 with integral one
and which is supported in (AM)s, then as § — 0, the convolution 1 * 75 converges
to ¢ almost everywhere. By replacing ¢ with ¢ % ns for small §, we may assume
that ¢ is continuous for the AM-action. Moreover, using Luzin’s theorem, we may
assume that 1 is uniformly continuous on W by replacing W by a smaller subset
if necessary.

Since

Ti(x) = f(’y)flx*ag(v)m,yam =T
as k — oo and am € (AM)o(). we will get a contradiction if we can find x € W
with Ty (z) € W for an arbitrarily large k.
Hence it remains to prove the following claim:
(1) limpym{z e WN& : Ti(z) ¢ W}) =0;
(2) limsup, m(W N &) > 0.

Note that T}, maps x to f('y)’1xa(k+1)g(7)mﬂ,a_kg(7)am. Since m is AM-invariant,
['\Tp-invariant, and n~ € G, there exists # = #(e) > 1 such that m(T 1(Q)) <
km(Q) for any Borel set @ C T\G and any k > 1

Since for x € &, d(x,T(x)) — 0, we have

m({z € WN & : Th(z) ¢ W}) < m(T;{ (WG, — W) < k-m(WG, — W)

for small small > 0 which goes to 0 as k — oco.

Now as W is a compact subset, we have m(WG,, — W) — 0 as n — 0, and hence
the first claim follows.

For the second claim, suppose the claim fails. Note that for any ¢ > 0, there
exists k € N such that 7#=1(B(w[g],€))a_; C Sy. Hence we have

limsup m(W N7~ (B(r[g], €)a_¢) = 0.
t
This would mean that
1 S
lim sup — / / 1B(x[g),e) (m(z)as)dmdt = 0.
s sJo Jw

However, by the Fubini theorem, the Birkhoff ergodic theorem (as mq is A-ergodic)
and the Lebesgue dominated covergence theorem, we deduce

%/0 /W 1B(x[g),e) (7 (x)a;)dmdt :/W é /Ok 15(x(g],0) ((2)ay)dtdm
—mo(B(7g, €))m(W).

Therefore this proves the claim. [
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Theorem 6.6. If T'\I'y is abelian, then the N~ -action on (I'\G,m) is ergodic, i.e.
any N~ -invariant measurable function on (I'\G, m) is a constant.

Proof. Since H = H(m) = I'\I'y x A x M by Proposition 6.5, any N~ -invariant
measurable function ¢ on (I'\G,m) gives rise an AM N ~-invariant function ¢ on
(Fo\G, mro). _

Since mr, is A-ergodic, 1 is constant mp, almost everywhere. It follows that ¢
is constant m-almost everywhere. Therefore the claim is proved. O

6.4. Babillot-Ledrappier measures. Since I'y is convex cocompact, we have
6F07X <0

for any character x of I'y (see [48, Proof of Prop. 11.8]).

Suppose that T' is co-abelian in Ty, and consider the space (I'\I'g)* of characters
of Ty which vanish on T'. Fix a character y € (I'\I'g)*. There exists a unique
twisted PS density {1, » : € X} for (Ig,0, x) supported on A(T'g) [48, Corollary
11.13).

Definition 6.7. Define the following measure on T (X) using the Hopf parametriza-
tion:
diny (u) = e’FoxPut (0,u)+ DB, ~ (O’U)dluxyo(u"')dmo(u_)ds,

where dm, is the Lebesgue density on d(X).

One can check that the measure m, satisfies the following properties:
(1) identifying T'(X) with G/M, fm,, is N~ -invariant (i.c., Lebesgue measures
on each N~ leaf) and quasi A-invariant;
(2) as x vanishes on I', m, is I-invariant;
(3) for any v € (I'\Tg)*, 7.m, = e X,
Denote by m, the M N~ -invariant measure on I'\G induced by m,; we call it a
Babillot-Ledrappier measure. When y = 0 is the trivial character, mg coincides
with the Burger-Roblin mesure mPR- up to a constant multiple.
Consider the generalized BMS measure mr, on I'\G associated to the pair {gty » }
and {pt—y }. Then mr, and m, have the same transverse measure

eroxBur gy (ut)dsdm.

Hence the N~ -ergodicity of m, is equivalent to the N~ -ergodicity of mr.
Using Theorem 6.6, we obtain:

Theorem 6.8. For each x € (I'\I'g)*, the measure m,, is N~ -ergodic.

Moreover when T'g is cocompact, Sarig [59] and Ledrappier [33, Corollary 1.4]
showed that any N~ M invariant ergodic measure on I'\G is one of m, ’s, by showing
that such a measure should be A-quasi-invariant and then using the classification
of Babillot on N~ M-invariant and A-quasi-invariant measures [4].

Theorem 6.9. Suppose that 'y < G is cocompact and that T' < Ty is co-abelian.
Then any N~ -invariant ergodic measure is proportional to my, for some x € (I'\I'g)*.

Proof. If v is an ergodic N ~-invariant measure on I'\G, then the average v* :=
f A Msvdm is an ergodic N~ M invariant measure, and hence is proportional to m,
for some x € (I'\I'p)* by the afore-mentioned results ([59], [33]). As m, is N~ -
ergodic by Theorem 6.8, it follows that for almost all m € M, m,v is proportional
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to m,. Pick one such m € M. Since m, is M-invariant, we have v is proportional
to (m~1).m, = m,. O

7. APPLICATIONS TO COUNTING AND EQUIDISTRIBUTION PROBLEMS

As before, let T' be a normal subgroup of a Zariski dense convex cocompact
subgroup I'y of G with I'\I'y ~ Z? for some d > 0. We describe counting and
equidistribution results for I" orbits which can be deduced from Theorems 4.7 and
4.13. The deduction process is well-understood (see [44], [40], and [38]).

7.1. Equidistribution of translates. Let H be an expanding horospherical sub-
group or a symmetric subgroup of G. Recall the definition the PS measure on
gH/(HN M) C G/M =T"(X):

~ 1)
dfigii(gh) = ™o duy((gh)¥).
We denote by figy the H N M invariant lift to the orbit gH.

Theorem 7.1. Let H be the expanding horospherical subgroup or a symmetric
subgroup of G, and let x =Tg € T\G. Let U C H be a small open subset such that
u > xu is injective on U. Suppose that it (0(gU)) = 0. Then we have

i (9U)

o 4d)2 ~PS HH
tlggot /qu(Fguat)d,uH (gu) = (270)/2

mBMS (1/})

and

. d/2 (D—d)t _ iy (gU) BR+
tliglot e / Y(zua)du = 7(27m)d/2 (W).

The assumption on H being either symmetric or horospherical ensures the wave
front property of [19] which can be used to establish, as ¢ — oo,

(7.2) / V(T guay)disy (gu) ~ (aih, pu.)mevs and / Y(ruay)du =~ (a1, pu,e)
U U

where py. € C.(I'\G) is an e-approximation of U, and ~ means that the ratio of
the two terms is of size 14 O(e). Therefore the estimates on the matrix coefficients
in Theorems 4.7 and 1.6 can be used to establish Theorem 7.1. We refer to [44,
Sec. 3] and [40] for more details.

Suppose that Tog\I'gH is closed. This implies that T\T'H is closed too. Then
figy induces locally finite Borel measures pp> ; and ppS; on To\['cH and T\I'H
respectively.

As Iy is convex cocompact, pups 5 is compactly supported [44, Theorem 6.3]. If
HNT < HNTy is of finite index, the measure ,uP is albo compactly supported.
In this case, by applying Theorem 7.1 to the support of MF ", we get the following:

Theorem 7.3. Suppose that T'o\['oH is closed and that [HNTy : HNT] < o0
Then

PS
i 13/2(D=0)t ~prw BR.
(7.4) Jim 1 | wtleihar)an = @i @)
In the case when H = K and Ty is torsion free, we have KNI' = KNI’y = {e}, and
Theorem 7.3 provides the equidistribution of Riemannian spheres S; with respect
to (\G, mBR+) as t — .
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7.2. Distribution of a discrete I'-orbit on H\G. Let H be either a symmetric
subgroup, a horospherical subgroup or the trivial subgroup of G. Consider the
homogeneous space H\G and suppose [e]I'y is discrete in H\G. Recall that v, €
T!(X) is a vector whose stabilizer is M.

Definition 7.5. (1) Define a Borel measure M = Mp ¢ on G as follows: for
Y e C(G),
1

M =

(2) For H symmetric or horospherical, we have either G = HATK or G =

HATK U HA™K. Define a Borel measure M = Mp g on H\G as
follows: if G = HATK and ¢ € C.(H\G),

/ W(kyagks) et 2 duy (ky v} )dtdy, (k3 1v))).
kiatko€EKATK

|N1F:SH

Al ot 4d/2 —1 -
M) = hbs [ b ().

IfG=HA*KUHA K and ¢ € C.(H\G),

|M1F:SH 4
M) =Y et 12y ([e]agk)dtdy, (k1 vF).
Z (27r0)d/2 attk€EATK
For a compact subset B C H\G, define Bf = BU, and B = Ny, Bu if
H # {e}. For H = {e}, set B = U.BU, and B = Ny, u,cv.u1Bus.

Definition 7.6. Let By be a family of compact subsets in H\G. We say Br is
well-rounded with respect to M = Mp i\ if

(1) M(Br) = 00 as T — o0;
M(BF .—B71.)

M = O

(2) limsup,_,qlimsupy_,q

The following theorem can be proved using the equidistribution theorem 7.3 for
H symmetric or horospherical, and Theorem 1.6 for H trivial (see [42, Sec. 6]).

Theorem 7.7. Suppose that [e]Ty is discrete and that [HNTy : HNT| < oo. If
{Br} is a sequence of compact subsets in H\G which are well-rounded with respect
to Mp ma, then as T — oo,

#le]l' N By ~ My m\a(Br).
This was shown in [44] and [40] for d = 0.

7.3. Distribution of circles. We also state the following result on the asymptotic
distribution of a I'-orbit of a circle whose proof can be obtained in the same way
as in [43] using Theorem 1.6 (see also [30], [34], [46]).

Theorem 7.8. Let G = PSLy(C). Let Cy be a circle in the complex plane C such
that P :=Ty(Cy) is discrete in the space of circles in C. Suppose that Stabr(Cyp) =
Stabr,(Co). There exists ¢ > 0 such that for any compact subset E C C whose
boundary is rectifiable, we have

T5

#{CEPCNE £V v(C) ST}~ e

H(E)

where H? is the §-dimensional Hausdorff measure of the limit set of T' (with respect
to the Fuclidean metric).
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7.4. Joint equidistribution of closed geodesics and holonomies. Recall X =
I\ X. A primitive closed geodesic C' in T*(X) is a compact set of the form
M\LgAM/M =T\I'gA(v,)

for some g € G. The length of a closed geodesic C = I'\I'gAM /M is given as the
co-volume of AM Ng~'Tgin AM.

For each closed geodesic C' = T\I'¢AM /M, we write £(C) for the length of C,
and denote by h¢ the unique M-conjugacy class associated to the holonomy class
of C: I'gmaycy = I'gmhc. We also write L¢ for the length measure on C

Let M€ denote the space of conjugacy classes of M. For T' > 0, define

Gr(T) :={C : C is a closed geodesic in T*(X), £(C) < T}.

For each T' > 0, we define the measure pr on the product space (I'\G/M) x M°:
for ¢ € C(I'\G/M) and any class function & € C’(M)

pr &) = > Lo@W)élhe).
Cegr(T)
We also define a measure np by
med = > De)(he),
Cegr(T)
where D¢ (1)) = £(C) 1L ().

Given Theorem 1.6, the following can be deduced in the same way as the proof
of Theorem 5.1 in [38].

Theorem 7.9. For any bounded i) € C(T'\G/M) and a class function § € C(M),
we have, as T — oo,

e’ BMS
MT(ZZJ@@NW' / £dm
and s
€ mBMS(
e ©8) ~ o STy / sdm.

Theorem 1.12 is an easy consequence of this.

REFERENCES

[1] 1. Agol. Virtual properties of 3-manifolds. Extended version of submission to Proceedings of
the 2014 ICM.

[2] N. Anantharaman. Precise counting results for closed orbits of Anosov flows. Ann. Sci. Ecole
Norm. Sup. (4) 33, (2000), no.1, 33-56.

[3] M. Babillot. On the mizing property for hyperbolic systems. Israel J. Math. 129 (2002), 61-76.

[4] M. Babillot. On the classification of invariant measures for horospherical foliations on nilpo-
tent covers of negatively curved manifolds. in Random walks and geometry (V.A. Kaimanovich,
Ed) de Gruyter, Berlin 2004, p. 319-335.

[5] M. Babillot and F. Ledrappier. Lalley’s theorem on periodic orbits of hyperbolic flows. Ergodic
Theory Dynam. Systems 18 (1998), no. 1, 17-39.

[6] M. Babillot and F. Ledrappier Geodesic paths and horocycle flows on Abelian covers. Lie
groups and Ergodic theory (mumbai, 1996), 1-32, TIFR.

[7] H. Bass The degree of polynomial growth of finitely generated nilpotent groups. Proc. LMS,
Vol 25 (1972), 603-614

[8] F. Bonahon Bouts des variétés hyperboliques de dimension 3. Annn. of Math. (2), 124, (1986)
71-158



LOCAL MIXING ON ABELIAN COVERS 35

[9] R. Bowen. Equilibrium states and the ergodic theory of Anosov diffeomorphisms. LMN 470,
Springer-Verlag (1975).

[10] R. Bowen and D. Ruelle. The ergodic theory of Aziom A flows. Invent. Math., Vol 29 (1975)
181-202.

[11] L. Breiman. Probability. Addison-Wesley (1968).

[12] K. Corlette and A. Iozzi Limit sets of discrete groups of isometries of exotic hyperbolic spaces.
Trans. AMS (1999), no 4. 1507-1530.

[13] Y. Coudene. Hyperbolic systems on nilpotent covers. Bull. Soc. Math. France, Vol 131 (2003),
267287

[14] Y. Coudene. Cocycles and stable foliations of Aziom A flows. Ergodic Theory Dynam. Sys-
tems 21 (2001), no. 3, 767-775.

[15] D. Dolgopyat. On decay of correlations in Anosov flows. Ann. of Math. Vol 147 (1998), no.
2, 357-390.

[16] R. Dougall and R. Sharp Amenability, critical exponents of subgroups and growth of closed
geodesics. Math. Ann, Vol 365 (2016), 1359-1377

[17] W. Duke, Z. Rudnick and P. Sarnak. Density of integer points on affine homogeneous vari-
eties. Duke Math. J. 71 (1993), no. 1, 143-179.

[18] C. Epstein. The spectral theory of geometrically periodic hyperbolic 3-manifolds. Mem. AMS
58 (335), 1-161, 1985

[19] A. Eskin and C. McMullen. Mizing, counting, and equidistribution in Lie groups. Duke Math.
J. 71 (1993), no. 1, 181-209.

[20] M. Feldman. Ergodic equivalence relations, cohomology and Von Neumann algebras I. Trans
AMS 234 (1977) 289-307.

[21] W. H. Gottschalk and G. A. Hedland. Topological Dynamics. Amer. Math. Soc. Coll. Publ.
no. 36 (1955).

[22] Y. Guivarch and A. Raugi. Actions of large semigroups and random walks on isometric
extensions of boundaries. Ann. Sci. Ecole Norm. Sup. (4) 40 (2007), no. 2, 209-249.

(23] B. Hasselblatt (editor) and A. Katok (editor). Handbook of Dynamical Systems. Vol. 1A,
North-Holland, Amsterdam, 2002.

[24] R. Howe and C. Moore. Asymptotic properties of unitary representations. J. Funct. Anal.,
72-96, 1979.

[25] J. Kahn and V. Markovic. . Immersing almost geodesic surfaces in a closed hyperbolic three
manifold. Ann. of Math. (2) 175 (2012), no. 3, 1127-1190.

[26] T. Kato. Perturbation theory for linear operators. Berlin Heidelberg New York: Springer
1966.

[27] A. Katsuda and T. Sunada. Homology and closed geodesics in a compact Riemann surface.
Amer. J. Math. 109, 145-156 (1987).

[28] A. Katsuda and T. Sunada. Closed orbits in homology classes. Publ. Math. IHES 71, 5-32
(1990).

[29] 1. Kim. Length spectrum in rank one symmetric space is not arithmetic. Proceedings of the
American Mathematical Society, 134(12):3691-3696, 2006.

[30] A. Kontorovich and H. Oh. Apollonian circle packings and closed horospheres on hyperbolic
3-manifolds. J. Amer. Math. Soc. 24 (2011), no. 3, 603-648.

[31] S. Lalley. Closed geodesics in homology class on surfaces of variable negative curvature. Duke
Math J. 58 (1989), 795-821

[32] F. Ledrappier and O. Sarig. Unique ergodicity for non-uniquely ergodic horocycle flows. Dis-
crete and Cont Dyn systems, Vol 16, (2006), no. 2, 411-433.

[33] F. Ledrappier. Invariant measures for the stable foliation on negatively curved periodic man-
ifolds. Annales de D'institut Fourier, Vol 58 (2008), 85-105.

[34] M. Lee and H. Oh. Effective circle count for Apollonian packings and closed horospheres.
GAFA, Vol 23 (2013), 580-621.

[35] J-S. Li and J. Millson. On the first betti number of a hyperbolic manifold with an arithemetic
fundamental group. Duke Math. J. Vol 71 (1993), 365-401.

[36] A. Lubotzky. Eigenvalues of the Laplacian, the first Betti number and the congruence sub-
group problem. Ann. of Math. Vol 144 (1996), 441-452.

[37] G. Margulis. On some aspects of the theory of Anosov systems. Springer-Verlag, 2004

[38] G. Margulis, A. Mohammadi and H. Oh. Closed geodesics and holonomies for Kleinian
manifolds. Geom. Funct. Anal. 24 (2014), no. 5, 1608-1636.



LOCAL MIXING ON ABELIAN COVERS 36

[39] J. Milson. On the first Betti number of a constant negatively curved manifold. Ann. of Math.
Vol 104 (1976), 235-247.

[40] A. Mohammadi and H. Oh. Matriz coefficients, counting and primes for orbits of geometri-
cally finite groups. Journal of EMS 17 (2015), no. 4, 837-897.

[41] A. Mohammadi and H. Oh. Ergodicity of unipotent flows and Kleinian groups. Journal of
AMS, Vol 28 (2015), 531-577.

[42] H. Oh. Harmonic analysis, ergodic theory and counting for thin groups. Thin groups and
superstrong approximation, 179-210, Math. Sci. Res. Inst. Publ., 61, Cambridge Univ. Press,
Cambridge, 2014.

[43] H. Oh and N. Shah. The asymptotic distribution of circles in the orbits of Kleinian groups.
Invent. Math. 187 (2012), no. 1, 1-35.

[44] H. Oh and N. Shah. Equidistribution and counting for orbits of geometrically finite hyperbolic
groups. J. Amer. Math. Soc. 26 (2013), no. 2, 511-562.

[45] H. Oh and D. Winter. Uniform exponential mizing and resonance free regions for convex
cocompact congruence subgroups of SL2(Z). J. Amer. Math. Soc. 29 (2016), no. 4, 1069-1115.

[46] W. Pan. Effective equidistribution of circles in the limit sets of Kleinian groups. Preprint.
arXiv: 1602.00318.

[47] W. Parry and M. Pollicott. Zeta functions and the periodic orbit structure of hyperbolic
dynamics. Asterisque, 187-188 (1990).

[48] F. Paulin, M. Pollicott and B. Schapira Equilibrium states in negative curvature Asterisque,
Vol 373, 2015.

[49] R. Phillips and P. Sarnak. Geodesics in homology classes. Duke Math. J. 55, 287-297 (1987).

[50] M. Pollicott. A complex Ruelle-Perron-Frobenius theorem and two counterezamples. Ergodic
Theory Dynam. Systems 4 (1984), no. 1, 135-146.

[51] M. Pollicott. Z4-covers of horophere foliations. Discrete Cont Dyn Sys 6 (2000), no. 1, 147-
154.

[52] M. Pollicott and R. Sharp. Orbital counting for some discrete groups acting on simply con-
nected manifolds with negative curvature. Inventiones 117, 275-301 (1994).

[53] G. Prasad and A. Rapinchuk. Ezistence of R-regular elements in Zariski-dense subgroups.
MRL (10), 21-32, 2003.

[54] M. Ratner. Markov partitions for Anosov flows on n-dimensional manifolds. Israel J. Math.,
Vol 15 (1973), 92-114.

[55] M. Ratner. The central limit theorem for geodesic flows on n-dimensional manifolds of neg-
ative curvature. Israel J. Math., Vol 16 (1973), 181-197

[56] M. Rees. Checking ergodicity of some geodesic flows with infinite Gibbs measure. Ergodic
Theory Dynamical Systems 1 (1981), no. 1, 107-133.

[57] T. Roblin. Ergodicité et équidistribution en courbure négative. Mém. Soc. Math. Fr. (N.S.),
(95):vi+96, 2003.

[58] P. Sarnak and M. Wakayama. Equidistribution of holonomy about closed geodesics. Duke
Math. Journal., Vol 100 (1999)1-57

[59] O. Sarig. Invariant Radon measures for horocycle flows on abelian covers. Invent. Math. 157
(2004), no. 3, 519-551.

[60] K. Schmidt. Cocycles on ergodic transformation groups. Macmillan lectures in math, Vol 1,
Macmillan Company of india, 1977.

[61] K. Schmidt. Algebraic ideas in ergoidc theory. Conf. board Math Sci of AMS Vol 76 (1989).

[62] R. Sharp. Closed orbits in homology classes for Anosov flows. Ergodic Theory Dynam. Sys-
tems 13, (1993), no. 2, 387-408.

[63] L. Stoyanov. Spectra of Ruelle transfer operators for aziom A flows. Nonlinearity, 24 (2011),
no. 4, 1089-1120.

[64] D. Sullivan. The density at infinity of a discrete group of hyperbolic motions. IHES. Publ.
Math 50, (1979), 171-202.

[65] D. Winter. Mizing of frame flow for rank one locally symmetric spaces and measure classi-
fication. Israel J of Math 201 (2015), no. 1, 467-507.

[66] C. Yue. The ergodicity of discrete isometry groups on manifolds of variable curvature. Trans.
AMS. Vol 348 (1996), 4965-5005.

[67] R. Zimmer. Ergodic theory of semisimple Lie groups. Monographs in Mathematics, 81.
Birkh&user Verlag, Basel, 1984. x4209 pp. ISBN: 3-7643-3184-4.



LOCAL MIXING ON ABELIAN COVERS 37

MATHEMATICS DEPARTMENT, YALE UNIVERSITY, NEW HAVEN, CT 06511 AND KOREA INSTITUTE
FOR ADVANCED STUDY, SEOUL, KOREA
E-mail address: hee.oh@yale.edu

MATHEMATICS DEPARTMENT, YALE UNIVERSITY, NEW HAVEN, CT 06511
E-mail address: wenyu.pan@yale.edu



