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ABSTRACT. We establish an analogue of Ratner’s orbit closure theorem
for any connected closed subgroup generated by unipotent elements in
SO(d, 1) acting on the space I'\ SO(d, 1), assuming that the associated
hyperbolic manifold M = F\Hd is a convex cocompact manifold with
Fuchsian ends. For d = 3, this was proved earlier by McMullen, Mo-
hammadi and Oh. In a higher dimensional case, the possibility of accu-
mulation on closed orbits of intermediate subgroups causes very serious
obstacles, and surmounting these via the avoidance theorem (Theorem
7.13) is the heart of this paper.
Our results imply the following: for any k > 1,
(1) the closure of any k-horosphere in M is a properly immersed sub-
manifold;
(2) the closure of any geodesic (k + 1)-plane in M is a properly im-
mersed submanifold;
(3) an infinite sequence of maximal properly immersed geodesic (k+1)-
planes intersecting core M becomes dense in M.
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1. INTRODUCTION

Let G be a connected simple linear Lie group and I' < G be a discrete
subgroup. An element g € G is called unipotent if all of its eigenvalues are
one, and a closed subgroup of GG is called unipotent if all of its elements are
unipotent. Let U be a connected unipotent subgroup of G, or more generally,
any connected closed subgroup of G generated by unipotent elements in it.
We are interested in the action of U on the homogeneous space I'\G by right
translations.

If the volume of the homogeneous space I'\G is finite, i.e., if T is a lattice
in G, then Moore’s ergodicity theorem says that for almost all x € T'\G, zU
is dense in I'\G [31]. While this theorem does not provide any information
for a given point x, the celebrated Ratner’s orbit closure theorem, which
was a conjecture of Raghunathan, states that

(1.1) the closure of every U-orbit is homogeneous,

that is, for any # € I'\G, zU = zL for some connected closed subgroup
L < G containing U [37]. Ratner’s proof is based on her classification of
all U-invariant ergodic probability measures [36] and the work of Dani and
Margulis [11] on the non-divergence of unipotent flow. Prior to her work,
some important special cases of (1.1) were established by Margulis [21],
Dani-Margulis ([9], [10]) and Shah ([43], [42]) by topological methods. This
theorem is a fundamental result with numerous applications.

It is natural to ask if there exists a family of homogeneous spaces of in-
finite volume where an analogous orbit closure theorem holds. When the
volume of T'\G is infinite, the geometry of the associated locally symmet-
ric space turns out to play an important role in this question. The first
orbit closure theorem in the infinite volume case was established by Mc-
Mullen, Mohammadi, and Oh ([26], [27]) for a class of homogeneous spaces
I\ SO(3, 1) which arise as the frame bundles of convex cocompact hyperbolic
3-manifolds with Fuchsian ends.

Our goal in this paper is to show that a similar type of orbit closure
theorem holds in the higher dimensional analogues of these manifolds. We
present a complete hyperbolic d-manifold M = T'\H? as the quotient of the
hyperbolic space by the action of a discrete subgroup

I < G =S0°d,1) ~ Isom™ (H?)

where SO°(d, 1) denotes the identity component of SO(d,1). The geomet-
ric boundary of H¢ can be identified with the sphere S?~!. The limit set
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A C S%1 of T is the set of all accumulation points of an orbit 'z in the
compactification H? U S%! for z € H.
The convex core of M is a submanifold of M given by the quotient

core M = I'\ hull(A)

where hull(A) € H? is the smallest convex subset containing all geodesics in
H¢ connecting points in A. When core M is compact, M is called convex
cocompact.

‘\ / / pucns® =
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FIGURE 1. A convex cocompact hyperbolic manifold with
non-empty Fuchsian ends

Convex cocompact manifolds with Fuchsian ends. Following the ter-
minology introduced in [15], we define:

Definition 1.1. A convex cocompact hyperbolic d-manifold M is said to
have Fuchsian ends if core M has non-empty interior and has totally geodesic
boundary.

The term Fuchsian ends reflects the fact that each component of the
boundary of core M is a (d — 1)-dimensional closed hyperbolic manifold,
and each component of the complement M — core M is diffeomorphic to the
product S x (0, 00) for some closed hyperbolic (d —1)-manifold S (see Figure
1).

Convex cocompact hyperbolic d-manifolds with non-empty Fuchsian ends
can also be characterized as convex cocompact hyperbolic manifolds whose
limit sets satisfy:

o0
st —A =B
1=1

where B;’s are round balls with mutually disjoint closures (see Figure 2).
Hence for d = 2, any non-elementary convex cocompact hyperbolic surface
has Fuchsian ends. The double of the core of a convex cocompact hyperbolic
d-manifold with non-empty Fuchsian ends is a closed hyperbolic d-manifold.



4 MINJU LEE AND HEE OH

FIGURE 2. Limit set of a convex cocompact hyperbolic 4-
manifold with non-empty Fuchsian ends

Any convex cocompact hyperbolic manifold with non-empty Fuchsian
ends is constructed in the following way. Begin with a closed hyperbolic
d-manifold Ny with a fixed collection of finitely many, mutually disjoint,
properly embedded totally geodesic hypersurfaces. Cut Ny along those hy-
persurfaces to obtain a compact hyperbolic manifold W with totally geodesic
boundary hypersurfaces. There is a canonical procedure of extending each
boundary hypersurface to a Fuchsian end, which results in a convex cocom-
pact hyperbolic manifold M (with Fuchsian ends) which is diffeomorphic to
the interior of W.

By Mostow rigidity theorem, there are only countably infinitely many
convex cocompact hyperbolic manifolds with Fuchsian ends of dimension at
least 3. On the other hand, for a fixed closed hyperbolic d-manifold Ny with
infinitely many properly immersed geodesic hypersurfaces,' one can produce
infinitely many non-isometric convex compact hyperbolic d-manifolds with
non-empty Fuchsian ends; for each properly immersed geodesic hypersurface
f;(H1) for a totally geodesic immersion f; : He~! — AN, there is a finite
covering N of Ny such that f; lifts to H% ! — A with image S; being
properly imbedded in A; [17]. Cutting and pasting N; along S; as described
above produces a hyperbolic manifold M; with Fuchsian ends. When the
volumes of S; are distinct, M;’s are not isometric to each other.

Orbit closures. In the rest of the introduction, we assume that for d > 2,
M is a convex cocompact hyperbolic d-manifold with Fuchsian ends.

The homogeneous space I'\G can be regarded as the bundle F M of ori-
ented frames over M. Let A = {a; : t € R} < G denote the one parameter
subgroup of diagonalizable elements whose right translation actions on I'\G

1Any closed arithmetic hyperbolic manifold has infinitely many properly immersed
geodesic hypersurfaces provided it has at least one. This is due to the presence of Hecke
operators [39].
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correspond to the frame flow. Let N ~ R?%! denote the contracting horo-
spherical subgroup:

N={geG:a_gay —east— +oo}.
We denote by RF M the renormalized frame bundle of M:
RF M :={x € '\G: zA is bounded},
and also set
RF; M :={z € T\G : 7A" is bounded}
where A = {a; : t > 0}. When Vol(M) < oo, we have
RFM =RF;. M =T\G.

In general, RF M projects into core M (but not surjective in general) and
RF; M projects onto M under the basepoint projection I'\G — M. The
sets RF M and RF 1 M are precisely non-wandering sets for the actions of
A and N respectively [48].

For a connected closed subgroup U < N, we denote by H(U) the smallest
closed simple Lie subgroup of G which contains both U and A. If U ~ R¥,
then H(U) ~ SO°(k + 1,1). A connected closed subgroup of G generated
by one-parameter unipotent subgroups is, up to conjugation, of the form
U < N or H(U) for some U < N (Corollary 3.8).

We set Fyy := RF4 M - H(U), which is a closed subset. It is easy
to see that if x ¢ RF. M (resp. = ¢ Fy), then zU (resp. zH(U)) is
closed in I'\G. On the other hand, for almost all x € RFy M, zU is dense
in RF; M, with respect to a unique N-invariant locally finite measureon
RF M, called the Burger-Roblin measure; this was shown by Mohammadi-
Oh [30] for d = 3 and by Maucourant-Schapira for general d > 3 [29] (see
section 12).

Orbit closures are relatively homogeneous. We define the following
collection of closed connected subgroups of G:

for some z € RFL M, zL is closed in I'\G }

Lo = {L = H(U)C: and Staby,(z) is Zariski dense in L

where U < U < N and C is a closed subgroup of the centralizer of H (ﬁ)
We also define:

Qu :={vLv™': L € Ly and v € N}.

In view of the previous discussion, the following theorem gives a classi-
fication of orbit closures for all connected closed subgroups of G generated
by unipotent one-parameter subgroups:

Theorem 1.2. Let M = T\H? be a convex cocompact hyperbolic mani-
fold with Fuchsian ends, and let U < N be a non-trivial connected closed
subgroup.
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(1) (H(U)-orbit closures) For any x € REM - H(U),

where xL is a closed orbit of some L € L.
(2) (U-orbit closures) For any z € RF; M,

2U = 2L NRF; M

where xL is a closed orbit of some L € Q.

(3) (Equidistributions) Let z;L; be a sequence of closed orbits intersect-
ing RF M, where x; € RFL M and L; € Qp. Assume that no infi-
nite subsequence of x;L; is contained in a subset of the form yoLoD
where yoLg is a closed orbit of Ly € Ly with dim Ly < dim G and D
is a compact subset of the normalizer N(U) of U. Then?

11— 00
Remark 1.3. (1) fzx € Fyuy—RFM-H(U), then zH(U) is contained
in an end component of M under the projection I'\G — M, and its
closure is not relatively homogeneous in Fpy (). More precisely,

rH(U)=2zLVTH(U)
for some L € Ly, and some one-parameter semigroup V1 < N (see
Theorem 11.5).

(2) If M has empty ends, i.e., if M is compact, Theorem 1.2(1) and
(2) are special cases of Ratner’s theorem [37], also proved by Shah
[44] independently, and Theorem 1.2(3) follows from Mozes-Shah
equidistribution theorem [32].

Theorem 1.2(1) and (2) can also be presented as follows in a unified
manner:

Corollary 1.4. Let H < G be a connected closed subgroup generated by
unipotent elements in it. Assume that H is normalized by A. For any
x € RF M, the closure of xH is homogeneous in RF M, that is,

(1.2) zHNRFM =2LNRFM
where xL is a closed orbit of some L € Qgnn.

Remark 1.5. If ' is contained in G(Q) for some Q-structure of G, and [¢]L is
a closed orbit appearing in Corollary 1.4, then L is defined by the condition

that gLg~" is the smallest connected Q-subgroup of G containing gHg™.

2For a sequence of subsets Y,, in a topological space X such that ¥ = limsup, Y, =
lim inf Y, we write Y = lim,, oo Yy, where limsup, Y, = U, N,,>, Ym and liminf, Y, =
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Generic points. Denote by 4(U) the set of all points x € RF M such
that z is not contained in any closed orbit of a proper reductive algebraic
subgroup of G containing U. Theorem 1.2(2) implies that for any x € 4(U),

Geodesic planes, horospheres and spheres. We state implications of
our main theorems on the closures of geodesic planes and horospheres of the
manifold M, as well as on the T'-orbit closures of spheres in S%~1.

A geodesic k-plane P in M is the image of a totally geodesic immersion
f : H* — M, or equivalently, the image of a geodesic k-subspace of H?
under the covering map H? — M. If f factors through the covering map
H* — To\H¥ for a convex cocompact hyperbolic k-manifold with Fuchsian
ends, we call P = f (Hk) a convex cocompact geodesic k-plane with Fuchsian
ends.

Theorem 1.6. Let M = T'\H? be a convex cocompact hyperbolic manifold
with Fuchsian ends, and let P be a geodesic k-plane of M for some k > 2.

(1) If P intersects core M, then P is a properly immersed convex co-
compact geodesic m-plane with Fuchsian ends for some m > k.

(2) Otherwise, P is contained in some Fuchsian end E = Sy x (0,00) of
M, and either P is properly immersed or P is diffeomorphic to the
product S x [0,00) for a closed geodesic m-plane S of Sy for some
Ek<m<d-1.

In particular, the closure of a geodesic plane of dimension at least 2 is a
properly immersed submanifold of M (possibly with boundary).

We also obtain:

Theorem 1.7. (1) Any infinite sequence of maximal properly immersed
geodesic planes P; of dim P; > 2 intersecting core M becomes dense
in M, ie.,

lim P, =M
1—00

where the limit is taken in the Hausdorff topology on the space of all
closed subsets in M.

(2) There are only countably many properly immersed geodesic planes of
dimension at least 2 intersecting core M.

(3) If Vol(M) = oo, there are only finitely many maximal properly im-
mersed bounded geodesic planes of dimension at least 2.

In fact, Theorem 1.7(3) holds for any convex cocompact hyperbolic d-
manifold (see Remark 18.3).

A k-horosphere in H? is a Euclidean sphere of dimension k which is tan-
gent to a point in S '. A k-horosphere in M is simply the image of a
k-horosphere in H¢ under the covering map H? — M = I'\H¢.

Theorem 1.8. Let x be a k-horosphere of M for k > 1. Then either
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(1) x is properly immersed; or

(2) X is a properly immersed m-dimensional submanifold, parallel to a
convexr cocompact geodesic m-plane of M with Fuchsian ends for
somem >k + 1.

By abuse of notation, let m denote both base point projection maps G —
H? and I'\G — M where we consider an element g € G as an oriented frame
over H?. Let H' = SO°(k+1,1)SO(d —k —1), 1 < k < d—2. The quotient
space G/H' parametrizes all oriented k-spheres in S9!, which we denote
by C*. For each H'-orbit gH' C G, the image m(gH') C H is an oriented
geodesic (k + 1)-plane and the boundary d(m(gH’)) C S?! is an oriented
k-sphere. Passing to the quotient space I'\G, this gives bijections among:

(1) the space of all closed H'-orbits zH' C T'\G for = € RF M;
(2) the space of all oriented properly immersed geodesic (k + 1)-planes
P in M intersecting core M;
(3) the space of all closed T-orbits of oriented k-spheres C' € C*¥ with
#CNA>2
If U := H' N N, then any k-horosphere in M is given by 7(zU) for some
x e \G.
In view of these correspondences, Theorems 1.6, 1.7 and 1.8 follow from
Theorem 1.2, Theorem 11.5, and Corollary 5.8.
We also obtain the following description on I'-orbits of spheres of any
positive dimension.

Corollary 1.9. Let 1 <k <d-—2.

(1) Let C € C* with #C N A > 2. Then there exists a sphere S € C™
such that I'S s closed in C™ and

ITC={DecCt:DNA#0, DCTS}.

(2) Let C; € C* be an infinite sequence of spheres with #C; A > 2 such
that T'C; is closed in CF. Assume that T'C; is mazimal in the sense
that there is no proper sphere S C S1 which properly contains C;
and that 'S is closed. Then as i — 00,

lim I'C; = {D e C¥: DN A # 0}

71— 00
where the limit is taken in the Hausdorff topology on the space of all
closed subsets in CF.

(3) If A # S, there are only finitely many mazimal closed T-orbits of
spheres of positive dimension contained in A.

Remark 1.10. (1) The main results of this paper for d = 3 were proved
by McMullen, Mohammadi, and Oh ([26], [27]). We refer to [26]
for counterexamples to Theorem 1.2 for a certain family of quasi-
Fuchsian 3-manifolds.

(2) A convex cocompact hyperbolic 3-manifold with Fuchsian ends (which
was referred to as a rigid acylindrical hyperbolic 3-manifold in [26])
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has a huge deformation space parametrized by the product of the Te-
ichmuller spaces of the boundary components of core M (cf. [18]).
Any convex cocompact acylindrical hyperbolic 3-manifold is a quasi-
conformal conjugation of a rigid acylindrical hyperbolic 3-manifold
[25]. An analogue of Theorem 1.2(1) was obtained for all convex
cocompact acylindrical hyperbolic 3-manifolds in [28] and for all ge-
ometrically finite acylindrical hyperbolic 3-manifolds in [4].

(3) For d > 4, Kerckhoff and Storm showed that a convex cocompact
hyperbolic manifold M = I'\H¢ with non-empty Fuchsian ends does
not allow any non-trivial deformation, in the sense that the repre-
sentation of I' into G is infinitesimally rigid [15].

Acknowledgement We would like to thank Nimish Shah for making his un-
published notes, containing most of his proof of Theorems 1.2(1) and (2) for
the finite volume case, available to us. We would also like to thank Gregory
Margulis, Curt McMullen, and Amir Mohammadi for useful conversations.
Finally, Oh would like to thank Joy Kim for her encouragement.

2. OUTLINE OF THE PROOF

We will explain the strategy of our proof of Theorem 1.2 with an emphasis
on the difference between finite and infinite volume case and the difference
between dimension 3 and higher case.

Thick recurrence of unipotent flows. Let Uy = {u; : t € R} be a one-
parameter subgroup of N. The main obstacle of carrying out unipotent
dynamics in a homogeneous space of infinite volume is the scarcity of recur-
rence of unipotent flow. In a compact homogeneous space, every Up-orbit
stays in a compact set for the obvious reason. Already in a noncompact ho-
mogeneous space of finite volume, understanding the recurrence of Up-orbit
is a non-trivial issue. Margulis showed that any Uy-orbit is recurrent to a
compact subset [19], and Dani-Margulis showed that for any = € I'\G, and
for any € > 0, there exists a compact subset 2 C I'\G such that

Htel0,T] :2u € Q} > (1 —¢e)T

for all large T > 1, where ¢ denotes the Lebesgue measure on R [11]. This
non-divergence of unipotent flows is an important ingredient of Ratner’s
orbit closure theorem [37].

In contrast, when I'\G has infinite volume, for any compact subset Q2 C
I'\G, and for almost all x (with respect to any Borel measure p on R),

p{t € [0,T) : zus € Q} = o(T)

for all 7> 1 [1].

Nonetheless, the pivotal reason that we can work with convex cocompact
hyperbolic manifolds of non-empty Fuchsian ends is the following thick re-
currence property that they possess: there exists k£ > 1, depending only on
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the systole of the double of core M, such that for any x € RF M, the return
time
T(z) :={t e R:2u; € RFM}
is k-thick, in the sense that for any A > 0,
(2.1) T(x) N ([—kX, =AU [N kA]) # 0.

This recurrence property was first observed by McMullen, Mohammadi
and Oh [26] in the case of dimension 3 in order to get an additional invari-
ance of a relative Uyp-minimal subset with respect to RF M by studying the
polynomial divergence property of Up-orbits of two nearby RF M-points.

Beyond d = 3. In a higher dimensional case, the possible presence of
closed orbits of intermediate subgroups introduces a variety of serious hur-
dles. Roughly speaking, calling the collection of all such closed orbits as the
singular set and its complement as the generic set, one of the main new in-
gredients of this paper is the avoidance of the singular set along the k-thick
recurrence of Uy-orbits to RF M for a sequence of RF M-points limiting at
a generic point. Its analogue in the finite volume case was proved by Dani-
Margulis [12] and also independently by Shah [41] based on the linearization
methods.

Road map for induction. Roughly speaking,® Theorem 1.2 is proved by
induction on the co-dimension of U in N. For each i = 1,2, 3, let us say that
(7)m holds, if Theorem 1.2(i) is true for all U satisfying co-dimpy (U) < m.
We show that the validity of (2),, and (3),, implies that of (1),,41, the
validity of (1)1, (2)m, and (3),, implies that of (2),,+1 and the validity of
(Dm+1, (2)m+1, and (3),, implies that of (3),,+1. In order to give an outline
of the proof of (1),,+1, we suppose that co-dimy(U) < m + 1. Let

F:=RF; M-H(U), F*:=Interior(F), and OF := F — F"™.
Let x € F* N RF M, and consider

X :=zH(U)CF.

The strategy in proving (1),,+1 for X consists of two steps:
(1) (Find) Find a closed L-orbit xoL with o9 € F* N RF M such that
xoL N F contained in X for some L € Ly;
(2) (Enlarge) If X ¢ xoL C(H(U)),* then enlarge xoL to a bigger closed
orbit z1L so that x4 LN F C X where z1 € F*NRF M and L € Ly

for some U < N containing L N N properly.

3To be precise, we need to carry out induction on the co-dimension of U in LNN
whenever zU is contained in a closed orbit zgL for some L € Ly as formulated in Theorem
14.1.

4The notation C(S) denotes the identity component of the centralizer of S
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The enlargement process must end after finitely many steps because of
dimension reason. Finding a closed orbit as in (1) is based on the study of
the relative U-minimal sets and the unipotent blow up argument using the
polynomial divergence of U-orbits of nearby RF M-points. To explain the
enlargement step, suppose that we are given an intermediate closed L-orbit
with zgLNF C X by the step (1), and a one-parameter subgroup Uy = {u;}
of U such that zoUy is dense in gL N RFL M. As L is reductive, the Lie
algebra of G' can be decomposed into the Ad(L)-invariant subspaces [ @ [+
where [ denotes the Lie algebra of L. Suppose that we could arrange a
sequence xgg; — g in X for some g; — e such that writing g; = ¢;r; with
¢; € L and 7; € exp(It), the following conditions are satisfied:

o xol; € RF M,
e 1 & N(Up).
Then the k-thick return property of zof; € RF M along Uy yields a se-
quence u; € Up such that

xoliuy;, = x1 € REMNaxol and u;lriuti — v
for some element v € N — L. This gives us a point

v € X.

(2.2) If we could guarantee that x1 is a generic point for U in xoL,

then ;U must be equal to 2oL N RF; M by induction hypothesis (2),,
since the co-dimension of U inside L N N is at most m. Then

x1oU = 21Uv = 2oL NRF; M C X.

Using the A-invariance of X and the fact that the double coset AvA
contains a one-parameter unipotent subsemigroup V', we can put 2oLV N
F inside X.

(2.3) Assuming that xg € F* N RFL M,

we can promote VT to a one-parameter subgroup V, and find an orbit of
a bigger unipotent subgroup U := (L N N)V inside X. This enables us to
use the induction hypothesis (2),, to complete the enlargement step. Note
that if z1 is not generic for U in x¢L, the closure of z1U may be stuck in a
smaller closed orbit inside 2oL, in which case 1Uv may not be bigger than
xoL in terms of the dimension, resulting in no progress.

We now explain how we establish (2.2).

SFor the dimension d = 3, L is either the entire SO°(3, 1) in which case we are done, or
L =H(U)=1S0°2,1). In the latter case, (2.2) is automatic as U is a horocyclic subgroup
of L.
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Avoidance of the singular set along the thick return time. Let Uy =
{u} be a one parameter subgroup of U. We denote by .#(Up) the union of
all closed orbits zL where x € RF; M and L € Qp, is a proper subgroup of
G. This set is called the singular set for Uy. Its complement in RF M is
denoted by ¢(Up), and called the set of generic elements of Uy. We have

S () = |J T\IX(H,Up)
Hexx
where 7 is the countable collection of all proper connected closed subgroups
H of G containing a unipotent element such that I'\I'H is closed and H NT
is Zariski dense in H, and X (H,Uy) := {g € G : gUpg~ ' C H} (Proposition
5.10). We define £ = &y, to be the collection of all subsets of . (Up) which
are of the form
| JI\TH; D; N RF M

where H; € A is a finite collection, and D; is a compact subset of X (H;, Up).
The following avoidance theorem is one of the main ingredients of our proof:
let k be given by (2.1) for M = T'\H%:

Theorem 2.1 (Avoidance theorem). There exists a sequence of compact
subsets B C Ey C --- in £ with

[e.e]
S (Ug) NRFM = | E;
j=1
satisfying the following: for each j € N and for any compact subset F C
RFM — Eji1, there exists an open neighborhood O; = O;(F) of Ej such
that for any x € F, the following set

(2.4) {teR:2u, € RFM — O;}
s 2k-thick.

It is crucial that the thickness size of the set (2.4), which is given by 2k
here, can be controlled independently of the compact subsets E; for appli-
cations in the orbit closure theorem. If E; does not intersect any closed
orbit of a proper subgroup of G, then obtaining F;;; and O; is much sim-
pler. In general, F/; may intersect infinitely many intermediate closed orbits,
and our proof is based on a careful analysis on the graded intersections of
those closed orbits and a combinatorial argument, which we call an induc-
tive search argument. This process is quite delicate, compared to the finite
volume case treated in ([12], [41]) in which case the set {t : zu; € RF M},
being equal to R, possesses the Lebesgue measure which can be used to
measure the time outside of a neighborhood of F;’s.

We deduce the following from Theorem 2.1:

Theorem 2.2 (Accumulation on a generic point). Suppose that (2),, and
(3)m hold in Theorem 1.2. Then the following holds for any connected closed
subgroup U < N with co-dimy(U) = m + 1: Let Uy = {us : t € R} be a
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one-parameter subgroup of U, and let x; € RF M be a sequence converging
to xg € 4(Upy) as i — oo. Then for any given sequence T; — oo,

(2.5) limsup{x;u;;, € REM : T; < |t;| < 2kT;}
1—00
contains a sequence {y; : j =1,2,---} such that lim SUP; 00 YU contains a

point in 4 (Up).5

Again, it is important that 2k is independent of x; here. We prove two
independent but related versions of Theorem 2.2 in section 15 depending on
the relative location of x; for the set RF M; we use Proposition 15.1 for the
proof of (1),,+1 and Proposition 15.2 for the proofs of (2),,+1 and (3)m41.

Comparison with the finite volume case. If I'\G is compact, the ap-
proach of Dani-Margulis [12] shows that if x; converges to x € ¢4(Up), then
for any € > 0, we can find a sequence of compact subsets 1 C Fy C -+ in
&, and neighborhoods O; of Ej such that . (Uo) = U Ej, z; € Uj<;410;j
and for all > j and T' > 0,

Ht e [0,T]: zjuy € 05} < 5T.
This implies that for all ¢ > 1,

(2.6) ({t €10,T) sz € | J 05} < eT.
J<i

In particular, the limsup set in (2.5) always contains an element of ¢ (Uj),
without using induction hypothesis. This is the reason why (3),, is not
needed in obtaining (1),,+1 and (2),,41 in Theorem 19.1 for the finite volume
case.”

In comparison, we are able to get a generic point in Theorem 2.2 only
with the help of the induction hypothesis (2),, and (3),, and after taking
the limsup of the U-orbits of all accumulating points from the 2k-thick sets
obtained in Theorem 2.1.

Generic points in F'* as limits of RF M-points. In the inductive argu-
ment, it is important to find a closed orbit zgL based at a point xg € F* in
order to promote a semi-group V' to a group V as described following (2.3).
Another reason why this is critical is the following: implementing Theorem
2.2 (more precisely, its versions Theorems 15.1 and 15.2) requires having a
sequence of RF M-points of X accumulating on a generic point of x¢L with
respect to Uy.

6Here we allow a constant sequence y; = y in which case limsup,_, ., y;U is understood
as yU and hence y € 4(Up).

"We give a summary of our proof for the case when I'\G is compact and has at least one
SO°(d — 1,1) closed orbit in the appendix to help readers understand the whole scheme
of the proof.
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The advantage of having a closed orbit xo L with g € F*NRF MN¥Y(Uy)
is that x¢ can be approximated by a sequence of RF M-points in F* N X
(Lemmas 8.3 and 8.7).

We also point out that we use the ergodicity theorem obtained in [30] and
[29] to guarantee that there are many Up-generic points in any closed orbit
zoL as above.

Existence of a compact orbit in any noncompact closed orbit. In
our setting, I'\G always contains a closed orbit zL for some = € RF M and
a proper subgroup L € Ly; namely those compact orbits of SO°(d — 1,1)
over the boundary of core M. Moreover, if :COL is a noncompact closed orbit
for some 29 € RFM and dim(L N N) > 2, then zoL contains a compact
orbit L of some L € Ly (Proposition 5.16). This fact was crucially used in
deducing (2),+1 from (1)m41, (2)m and (3)m, in Theorem 1.2 (more precisely,
in Theorem 14.1).

Organization of the paper.

e In section 3, we set up notations for certain Lie subgroups of G,
review some basic facts and gather preliminaries about them and
geodesic planes of M.

e In section 4, for each unipotent subgroup U of GG, we define the min-
imal H (U)-invariant closed subset Fy;ry C I'\G containing RF M
and study its properties for a convex cocompact hyperbolic manifold
of non-empty Fuchsian ends.

e In section 5, we define the singular set .(U,zoL) for a closed or-
bit oL C I'\G, and prove a structure theorem and a countability
theorem for a general convex cocompact manifold.

e In section 6, we prove Proposition 6.3, based on a combinatorial
lemma 6.4, called an inductive search lemma. This proposition is
used in the proof of Theorem 7.13 (Avoidance theorem).

e In section 7, we construct families of triples of intervals which satisfy
the hypothesis of Proposition 6.3, by making a careful analysis of the
graded intersections of the singular set and the linearization, and
prove Theorem 7.13 from which Theorem 2.1 is deduced.

e In section 8, we prove several geometric lemmas which are needed
to modify a sequence limiting on a generic point to a sequence of
RF M-points which still converges to a generic point.

e In section 9, we study the unipotent blowup lemmas using quasi-
regular maps and properties of thick subsets.

e In section 10, we study the translates of relative U-minimal sets Y
into the orbit closure of an RF M point; the results in this section
are used in the step of finding a closed orbit in a given H(U)-orbit
closure.

e In section 11, we describe closures of orbits contained in the bound-
ary of FH(U) .
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e In section 12, we review the ergodicity theorem of [30] and [29] and
deduce the density of almost all orbits of a connected unipotent
subgroup in RF M.

e In section 13, the minimality of a horospherical subgroup action is
obtained in the presence of compact factors.

e In section 14, we begin to prove Theorem 1.2; the base case m = 0
is addressed and the orbit closure of a singular U-orbit is classified
under the induction hypothesis.

e In section 15 we prove two propositions on how to get an additional
invariance from Theorem 7.13; the results in this section are used
in the step of enlarging a closed orbit to a larger one inside a given
U-invariant orbit closure in the proof of Theorem 1.2.

o We prove (1)m+1, (2)m+1 and (3)m+1 respectively in sections 16, 17
and 18.

e In the appendix, we give an outline of our proof in the case when
I'\G is compact with at least one SO°(d — 1, 1)-closed orbit.

3. LIE SUBGROUPS AND GEODESIC PLANES

Let G denote the connected simple Lie group SO°(d, 1) for d > 2. In this
section, we fix notation and recall some background about Lie subgroups of
G and geodesic planes of a hyperbolic d-manifold.

As a Lie group, we have G ~ Isom™ (H?). In order to present a family
of subgroups of G explicitly, we fix a quadratic form Q(z1, - ,zq11) =
221%q41 + 25 + 25 + - - - + 22, and identify G = SO°(Q). The Lie algebra of
G is then given as:

so(d,1) = {X €slg11(R) : X'Q + QX = 0}

where
0 0 1
Q= 0 Idg—y O
1 0 0

A subset S C G is said to be Zariski closed if .S is defined as the zero set
{(xij) € G :p1(zij) = - - = pe(wi;) = 0} for a finite collection of polynomials
with real coefficients in variables (x;;) € Mgy1(R). The Zariski closure of
a subset S C G means the smallest Zariski closed subset of G' containing
S. A connected sugroup L < G is algebraic if L is equal to the identity
component of its Zariski closure.
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Subgroups of G. Inside G, we have the following subgroups:
K={geG:g'g=1dgs1} =~ SO(d),

e’ 0 0
A=<as=| 0 Idg_qy O :sEeR S,
0 0 e’

M = the centralizer of A in K ~ SO(d — 1),
N~ = {expu(z) : z € RS},
Nt ={exput(z):x € R},

where
0 2zt 0 0 0 O
u(z)=10 0 -z and ut(z)=(z 0 0
0 0 O 0 —at 0

The Lie algebra of M consists of matrices of the form

0 0 O
m(C)=10 C 0
0 0 O
where C' € My_1(R) is a skew-symmetric matrix, i.e., Ct = —C.

The subgroups N~ and Nt are respectively the contracting and expand-
ing horospherical subgroups of G for the action of A. We have the Iwasawa
decomposition G = KANT. As we will be using the subgroup N~ fre-
quently, we simply write N = N~. We often identify the subgroup N* with
R via the map exp u®(x) — . For a connected closed subgroup U < N,
we use the notation U~ for the orthogonal complement of U in N as a vector
subgroup of N, and U? = U™ for the transpose of U. We use the notation
By (r) to denote the ball of radius r centered at 0 in U for the Euclidean
metric on N = R4 1,

We consider the upper-half space model of H* = Rt x R%!, so that its
boundary is given by S¥~! = {co} U ({0} x R%"1). Set 0 = (1,0,---,0), and
fix a standard basis eg,eq,- - ,eq_1 at TO(Hd). The map

(31) g (9607 T aged—l)g(o)

gives an identification of G with the oriented frame bundle F H?. The stabi-
lizer of 0 and ey in G are equal to K and M respectively, and hence the map
(3.1) induces the identifications of the hyperbolic space H¢ and the unit tan-
gent bundle T' H? with G/K and G/M respectively. The action of G on the
hyperbolic space H* = G/K extends continuously to the compactification
Sty He.

If g € G corresponds to a frame (vg, -+ ,v4-1) € F H?, we define gt, ¢~ €
S%! to be the forward and backward end points of the directed geodesic
tangent to vg respectively. The right translation action of A on G = FH?
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defines the frame flow and we have
gt = lim 7(gay)

t—*+oo

where 7 : G = FH? — H¢ is the basepoint projection.

For the identity element e = Idgy1 € G, note that et = oo, and e~ = 0,
and hence gt = g(o0) and g~ = ¢(0). The subgroup M A fixes both points 0
and oo, and the horospherical subgroup NV fixes 0o, and the restriction of the
map g — g(0) to N defines an isomorphism N — R9~! given by u~(z) ~ .

For each non-trivial connected subgroup U < N, we denote by

H(U)

the smallest simple closed Lie subgroup of G containing A and U. It is
generated by U and the transpose of U.

For a subset S C G, we denote by Ng(S) and Cg(S) the normalizer of
S and the centralizer of S respectively. We denote by N(S) and C(S) the
identity components of Ng(S) and Cg/(.S) respectively.

Example 3.1. Fix the standard basis eq,--- ,eq_1 of R For 1 < k <
d — 1, define U, to be the connected subgroup of N spanned by eq, - ,eg.
The following can be checked directly:

H(Uk) = <Uk,U]$> ~ SOO(k + 1, 1);

C(H(Uy)) ~SO(d — k — 1);
NG(H(Up)) ~ O(k +1,1)0(d — k — 1) N G;
N(H(Uy)) ~ SO°(k + 1,1)SO(d — k — 1).

We set
H'(U) == N(H(U)) = H{U) C(H(V)),

which is a connected reductive algebraic subgroup of G with compact center.

The adjoint action of M on N corresponds to the standard action of
SO(d — 1) on R4~L. Tt follows that any connected closed subgroup U < N
is conjugate to Uy and H(U) is conjugate to H(Uy) by an element of M,
where k = dim(U).

We set
(3.2) C1(U) := C(H(U)) = MNC(U), and Co(U) := MNC(UL) c H(U).
Lemma 3.2. We have

N(U)=NAC(U)Cq(U) and C(U) = N C1(U).

Proof. For the first claim, it suffices to show that for U = Uy, N(U) =
NASO(k)SO(d — 1 — k). It is easy to check that @ := NAC(U)Cz(U)
normalizes U. Let g € N(U). We claim that g € Q). Using the decomposition
G = KAN, we may assume that g € K. Then Ug(co) = gU(o0) = g(o0)
since U(oo) = oo. Since co € S~ is the unique fixed point of U, it follows
g(o0) = 0o0. As M = Stabg (o), we get g € M. Now gU(0) = Ug(0) =
U(0). As U(0) = RF, gR*¥ = RF. Therefore, as ¢ € M, we also have
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gR1=k — RA=1=F "and consequently g € O(k) O(d — 1 — k). This shows
that NASO(k)SO(d—1—k) CN(U) Cc NAO(k)O(d—1—k). AsN(U) is
connected, this implies the claim.

For the second claim, note first that N C1(U) < C(U). Now let g €
C(U). Since C(U) < N(U) = AN C1(U) C2(U), we can write g = acanc; €
ACo(U)N Cy(U). Since ncy commutes with U, it follows acy € C(U). Now
observe that the adjoint action of @ on U is a dilation and the adjoint action
of cg on U is a multiplication by an orthogonal matrix. Therefore we get
a = co = e, finishing the proof. ([l

Denote by g = Lie(G) the Lie algebra of G. By a one-parameter sub-
semigroup of G, we mean a set of the form {exp(t{) € G : t > 0} for some
non-zero & € g. Note that the product AU+ Co(U) is a subgroup of G.

Lemma 3.3. An unbounded one-parameter subsemigroup S of AU+ Cy(U)
is one of the following form:

{exp(t€a) exp(t&c) :t > 0}

{(v exp(tﬁA)v_l) exp(t&c) : t > 0};

{exp(t&y) exp(t&c) : t > 0}
for some €4 € Lie(A) — {0},éc € Lie(Cao(U)),v € UL — {e}, and & €
Lie(U*) — {0}.
Proof. Let ¢ € Lie(AU* Cy(U)) be such that S = {exp(t£) : t > 0}. Write
¢ = & + & where & € Lie(AU') and ¢ € Lie(Cy(U)). Since AU com-

mutes with Co(U), exp(t§) = exp(t&y) exp(t{c) for any t € R. Hence we
only need to show that either & € Lie(U*) or

(3.3) fexp(téo) : £ > 0} = {vexp(t€a)v™ : ¢ > 0}
for some v € U+ and &4 € Lie(A). Now if & ¢ Lie(U"), then writing
a ot 0
o= 0 041 —z | €Lie(AUY)
0 0 —a
with a # 0, a direct computation shows that & = v€ v~ where
0 —at/a 0 a 0 0
logv=[ 0 04-1 =x/a and 4 = 0 Og—1 O ,
0 0 0 0 0 —a
proving (3.3). O

Lemma 3.4. If v; — oo in UL, then limsup, ., viAv;1 contains one-
parameter subgroup of UL,
Proof. Writing v; = expu™(x;) for 2; € R4™!, we have
e (1=l (e — e 22
viasv;1 =10 Idg—1 (1—e%)x;
0 0 e ®
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Passing to a subsequence, x;/| ;|| converges to some unit vector xo as i —

co. For any r € R, if we set s; := log(1 — 7||a;]|7!), then the sequence
vias;v; * converges to expu~(rag). Therefore the set V := {expu~(rzo) :
r € R} < Ut gives the desired subgroup. ([

The complementary subspaces bﬁ and ht. If L is a reductive Lie
subgroup of G with [ = Lie(L), the restriction of the adjoint representation
of G to L is completely reducible, and hence there exists an Ad(L)-invariant
complementary subspace [+ so that

g=1I[® It

It follows from the inverse function theorem that the map L x [ — G given
by (g,X) + gexp X is a local diffeomorphism onto an open neighborhood
of e in G.

Let U = Uy. Denote by hy C g the Lie algebra of H(U), by u' the sub-
space Lie(U%), and by (ut)? its transpose. Then hé can be given explicitly
as follows:

(3.4) b = ut @ (uh)' @ mo
where mg is given by

0 Y
{mcy:o=( 9 1) ZeMi®).2' = -2 € M1 ®)}

to see this, it is enough to check that dim(g) = dim(hy) +dim(h5) and that
b is Ad(H(U))-invariant, which can be done by direct computation.
Similarly, setting b := Lie(H'(U)), bt is given by

(3.5) bt =ut & (uh) & mg

where
m( = {m(C’) :C = (_(})/t }(;)} .

Lemma 3.5. If r; — e in expht — C(H(U)), then either r; ¢ N(U) for all
i, orr; ¢ N(UY) for all i, by passing to a subsequence.

Proof. By Lemma 3.2 and (3.5), there exists a neighborhood O of 0 in g
such that

N(U)NNUT) Nexp(ht N O) c C(H(V)).

Hence the claim follows. O
Reductive subgroups of G.

Definition 3.6. For a connected reductive algebraic subgroup L < G, we
denote by L,. the maximal connected normal semisimple subgroup of L
with no compact factors.
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A connected reductive algebraic subgroup L of GG is an almost direct
product

(3.6) L = L,.CT

where C' is a connected semisimple compact normal subgroup of L and T'
is the central torus of L. If L contains a unipotent element, then L, is
non-trivial, and simple, containing a conjugate of A, and the center of L is
compact.

Proposition 3.7. If L < G is a connected reductive algebraic subgroup
normalized by A and containing a unipotent element, then

L=H(U)C

where U < N is a non-trivial connected subgroup and C is a closed subgroup
of C(H(U)). In particular, L. and N(Ly.) are equal to H(U) and H'(U)
respectively.

Proof. If L is normalized by A, then so is L,.. Therefore it suffices to prove
that a connected non-compact simple Lie subgroup H < G normalized by A
is of the form H = H(U) where U < N is a non-trivial connected subgroup.

First, consider the case when A < H. Let bh be the Lie algebra of H, and
a be the Lie algebra of A. Since b is simple, its root space decomposition
for the adjoint action of a is of the form b = 3(a) ® ut @ u~ where u* are
the sum of all positive and negative root subspaces respectively and 3(a) is
the centralizer of a. Since the sum of all negative root subspaces for the
adjoint action of a on g is Lie(N ™), it follows that U := exp(u™) < N~ and
H=H(U).

Now for the general case, H contains a conjugate gAg~" for some g € G.
Hence g~'Hg = H(U). Since H(U) contains both A and g~ Ag, they must
be conjugate within H(U), so A = h=tg~1Agh for some h € H(U). Hence
gh € Ng(A) = AM. Therefore H = gH(U)g~! is equal to mH(U)m~" for
some m € M. Since m normalizes N and mH (U)m~! = H(mUm™1), the
claim follows. O

Corollary 3.8. Any connected closed subgroup L of G generated by unipo-
tent elements is conjugate to either U or H(U) for some non-trivial con-
nected subgroup U < N.

Proof. The subgroup S admits a Levi decomposition L = SV where S is
a connected semisimple subgroup with no compact factors and V is the
unipotent radical of S [41, Lemma 2.9]. If S is trivial, the claim follows since
any connected unipotent subgroup can be conjugate into N. Suppose that
S is not-trivial. Then S = H(U) for some non-trivial U < N by Proposition
3.7. Unless V is trivial, the normalizer of V' is contained in a conjugate of
NAM, in particular, it cannot contain H(U). Hence V = {e}. O
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Totally geodesic immersed planes. Let I' be a discrete, torsion free,
non-elementary, subgroup of G, and consider the associated hyperbolic man-
ifold
M =T\H?=T\G/K.

We refer to [35] for basic properties of hyperbolic manifolds. As in the
introduction, we denote by A the limit set of I" and by core M the convex
core of M. Note that core M contains all bounded geodesics in M.

We denote by F M ~ T'\G the bundle of all oriented orthonormal frames
over M. We denote by

(3.7) m:T\G - M =I\G/K
the base-point projection. By abuse of notation, we also denote by
(3.8) m:G—H =G/K
the base-point projection. For g € G, [g] denotes its image under the cover-
ing map G — I'\G.
Fix 1 <k <d-2and let
(3.9)
H = H(Uy) ~SO°(k+1,1) and H'= H'(Uj) ~ SO°(k+1,1)-SO(d—k—1).

Let Cp := R¥U{oo} denote the unique oriented k-sphere in S~ stabilized
by H'. Then Sy = hull(Cp) is the unique oriented totally geodesic subspace
of H? stabilized by H’, and Sy = Cy. We note that H’ (resp. H) consists of
all oriented frames (vg,--- ,v4-1) € G (resp. (vo, - ,Vk,€kt1, " s€4d—1) €
G) such that the k-tuple (vo, - - - ,vy) is tangent to Sp, compatible with the
orientation of Sy. The group G acts transitively on the space of all oriented
k spheres in S%~! giving rise to the isomorphisms of G/H' with

C* = the space of all oriented k-spheres in S9!
and with
the space of all oriented totally geodesic (k 4 1)-planes of H,

We discuss the fundamental group of an immersed geodesic k-plane S C
M. Choose a totally geodesic subspace S of ]Ijld which covers S. Then
S = ¢Sy for some g € G, and the stabilizer of S in G is equal to gH’g~!.
We have

ng{’yEF:’yS:g}:FﬁgH’gfl
and get an immersion f : T 5\5’ — M with image S. Consider the projection
map
(3.10) p:gH g7t — gHg™L.

Then p is injective on I'g and
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is an isomorphism, since g C(H)g™! acts trivially on S. Hence f gives an
immersion

(3.11) fipT\S = M
with image S. We say S properly immersed if f is a proper map.

Proposition 3.9. Let x € T\G, and set S := w(xH') C M. Then
(1) zH' is closed in T\G if and only if S is properly immersed in M.
(2) If M is convex cocompact and S is properly immersed, then S is
conver cocompact and

05N A= A(p(T3))
for any geodesic subspace S c H* which covers S.

Proof. Choose a representative g € GG of x and consider the totally geo-
desic subspace S := gSy. Then S = Im(f) as f given by (3.11). Now
the closedness of zH' in T'\G is equivalent to the properness of the map
(H'Ng~'T'g)\H' — T'\G induced from map h ~ xh. This in turn is equiv-
alent to the properness of the induced map (H' N g~ 'Tg)\H'/(H' N K) —
I'\G/K. If A is the image of H'Ng~'T'g under the projection map H' — H,
then the natural injective map A\H/H N K — (H' Ng~Tg)\H'/H' N K is
an isomorphism. Since

pLe)\S = p(Ls)\gH/(H N K) ~ A\H/(H N K),

the first claim follows. The second claim follows from [33, Theorem 4.7].
(]

4. HYPERBOLIC MANIFOLDS WITH FUCHSIAN ENDS AND THICK RETURN
TIME

In this section, we study the closed H(U)-invariant subset Fp ) =
RF. M - H(U) when M = I'\H? is a convex cocompact manifold with
Fuchsian ends. At the end of the section, we address the global thickness of
the return time of any one-parameter subgroup of N to RF M.

Definition 4.1. A convex cocompact hyperbolic manifold M = F\Hd is
said to have non-empty Fuchsian ends if one of the following equivalent
conditions holds:

(1) its convex core has non-empty interior and non-empty totally geo-
desic boundary.
(2) the domain of discontinuity of I'

o0
Q:=s"'-A=JB
i=1
is a dense union of infinitely many round balls with mutually disjoint
closures.
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In the whole section, let M be a convex cocompact hyperbolic manifold
of non-empty Fuchsian ends.

Renormalized frame bundle. The renormalized frame bundle RF M C
F M is defined as the following AM-invariant subset
RFM = {[g] e T\G : gF € A} = {z € I'\G : 24 is bounded}

i.e., the closed set consisting of all oriented frames (vg, -+ ,v4—1) such that
the complete geodesic through vy is contained in core M.
Unless mentioned otherwise®, we set A = {a; : t > 0}. We define

RF, M ={[g) eT\G:g" € A} = {z € T\G : AT is bounded}

which is a closed N AM-invariant subset. As m(zNA) = n(2G) = M for
any = € I'\G, we have 7(RF; M) = M.

Lemma 4.2. For x € RF; M, AT meets RF M.

Proof. Take any sequence a; — oo in AT. Since xA™ is bounded, xa; con-
verges to some zg € tAT by passing to a subsequence. On the other hand,
as A = liminfa; 'A%, we have z9A C limsup(za;)(a; 'AT) C xAT. Since
z € RFL M, zAT is bounded, so is zgA. Hence g € RF M as desired. O

H(U)-invariant subsets: FH(U),FI”;(U), OFy ). Fix a non-trivial con-
nected subgroup U < N, and consider the associated subgroups H(U) and
H'(U) as defined in section 3.

We define

We denote by F;fI(U) the interior of Fy(r) and by 0Fp () the boundary
of Frr). When there is no room for confusion, we will omit the subscript
H(U) and simply write F, F* and OF.

If C C S%! denotes the oriented k-sphere stabilized by H(U), then g €
Fy) if and only if gC' N A # (). Therefore the closedness of Fy @ follows
from the compactness of A. The set Fyy) is also H '(U)-invariant, since
RF; M is M-invariant and C(H(U)) is contained in M. For g € G, we
denote by Cy = Cypy C S%=! the sphere given by the boundary of the
geodesic plane w(gH (U)). Then hull C, = w(g(H(U)), and Cy = gH(U)" =
gH(U)™ where H(U)* = {h* : h € H(U)}. Tt follows that

Lemma 4.3. Fiz v = [g] € I'\G. Let L be a closed subgroup of G such
that the closure of mw(gL) in HY U SY! does not meet A. Then the map
L — xL C T\G given by ¢ — x{ is a proper map, and hence xL is closed.

8At certain places, we use notation A" for any subsemigroup of A
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Proof. Suppose that xf; converges to some [go] € T'\G for some sequence
¢; — oo in L. Then there exists v; € I' such that d(~v;7(g¥;),7(g0)) =
d(m(gls),vim(g0)) — 0 as i — co. As gl; — 0o, v;w(go) converges to a limit
point £ € A, after passing to a subsequence. Hence w(gL) N A # 0. O

This lemma implies that if z ¢ RFy M (resp. = ¢ Fy(yy) , then 2U
(resp. H (U)) is closed for any closed subgroup U < N.

Lemma 4.4. If M is a convex cocompact hyperbolic manifold of non-empty
Fuchsian ends, then

Frwy ={z € T\G : n(zH(U)) N core M # }.
Proof. Denote by @ the subset on the right-hand side of the above equality.
To show Fry C @, let z € Fyy). By modifying it using an element of

H(U), we may assume that z € RF; M. By Lemma 4.2, zA* contains
xg € RFM. Since zpA is bounded, m(zgA) is a bounded geodesic, and
hence

m(x0A) C w(xH(U)) N core M
because core M contains all bounded geodesics. Therefore x € Q). To show
the other inclusion @@ C Fp(r), we use the hypothesis on M. Suppose
r = [g] ¢ Fgw). Then Cy N A = (), and hence C; must be contained
in a connected component, say B;, of Q. Hence 7(¢gH (U)) = hull(Cy) is
contained in the interior of hull(B;), which is disjoint from hull(A), by the
convexity of B;. Therefore the orbit I'r(gH (U)) is a closed subset of H,
disjoint from hull(A). Hence x ¢ @, proving the claim. O

Note also that

(4.3) RFM-H(U)={[gl e \G: #C, N A > 2}
={z e\G: n(zH(U)) Ncore M # 0}

This can be seen using the fact that for any two distinct points {7, € Cy,
there exists h € H(U) such that gh(oo) = T and gh(0) = £ this fact is
clear if H(U) = H(Uy) for some k, and a general case follows since H(U) =
mH (U,)m ™" for some m € M, and M fixes both 0 and oo.

Denote by M* the interior of the core of M and by FijI(U) the interior of
FH(U) Then

Froy={z e \G : 7(zH(U)) N M* # 0}
To see this, note that the right-hand side is equal to
{lg] € Fry : hullCy N Interior (hull(A)) # 0}

(4.4) ={lg] € Fuw) : Cy ¢ B; for any i}
which can then be seen to be equal to Fj ;) in view of (4.2). Note that
(4.4) implies that for [g] € Firy» #Cg N A > 2 and hence

(4.5) Fjjw) C REM - H(U).
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In particular, RF M - H(U) is dense in Fy ).
Lemma 4.5. We have
RF, M N Fjy ) C REM - U.

Proof. Let y € RFL M N F;I(U)' We need to show that yU N RF M # ().

Choose g € G so that [g] = y. Asy € RF4x M, gt = g(oo) € A, and
hence Cy N A # 0. If #Cy N A = 1, then C; must be contained in B; for
some ¢, which implies [g] ¢ F;I(U)' Therefore #Cy; N A > 2. We note that
gU(0) U {g(00)} = Cy; this is clear when U = Uy, for some k > 1 and g = e,
to which a general case is reduced. Hence there exists u € U such that
gu(0) € A. Since gu(oo) = g(oc0) € A, we have yu = [g]lu € RF M. O

We denote by 0Fp ) the boundary of Fpy (), that is,
OFyw) = Fnw) — Frw) ={l9] € Fuw) : Cy C B; for some i}.

When there is no room for confusion, we will omit the subscript H(U) and
simply write F, F* and OF.

We call an oriented frame g = (v, -+ ,v4-1) € FM = G a boundary
frame if the first (d — 1) vectors vp, - -+ ,v4_o are tangent to the boundary of
core M. Set

H:= H(Uy_ ) =S0°(d —1,1),
and denote by V the one-dimensional subgroup Rey_; of N = R%!; note
that V = (H N N)*+.
We denote by BF M the set of all boundary frames of M; it is a union
of compact H-orbits:

k
BFM = | ) zH
i=1
such that 7(z;H) = I'\I' hull(B;) for some component B; of .
The boundary 0Fy ) for U < H N N. Suppose that U is contained in
HNN =R%2, Then there exists a one-parameter semigroup V' of V such
that
OF =BFM - V*T.H(U).

We use the notation V~ = {v~! : v € VT}. Note that
(4.6)
OFNRFM =BF M-C(H(U)) and OFNRF4 M =BF M -VT.C(H(U)).

For a general proper connected closed subgroup U < N, mUm~! ¢ HNN
for some m € M, and

OFNRFM =BFM -m-C(H(U))
where BF M - m is now a union of finitely many m~! Hm-compact orbits.

Lemma 4.6. Let U < HNN, 2 € BEM and v € V — {e}. If zv € RF M,
then zv € F™.
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Proof. Let z = [g] € BFM. Then 9(n(gH)) = 0B; for some j. Let v €
V —{e} be such that zv € RF M. Suppose zv € OF (- Then Cy, C B; for
some ¢. Since the sphere Cy, = {gvh(cc) : h € H(U)} contains g(oo) which
belongs to OB, we have i = j, as B;’s are mutually disjoint. As zv € RF M,
Cyo C OBj. Hence gvH(U)T C gH*. Tt follows that gvH(U) C gH,
and hence vH(U) N H # (), which is a contradiction since v ¢ H, and
H({U)CH. O

Properly immersed geodesic planes. Let H = H(Uy) and H' = H'(Uy,)
be as in (3.9), and p be the map in (3.10). In (3.11), if p(FS)\S' is a convex
cocompact hyperbolic k-manifold with Fuchsian ends and f is proper, then
the image S = Im(f) is referred to as a properly immersed convex cocompact
geodesic k-plane of Fuchsian ends.

Proposition 4.7. If xH' is closed for x € RFM, then S = w(xH') is a
properly immersed convex cocompact geodesic plane with (possibly empty)
Fuchsian ends.

Proof. Choose g € G so that x = [g]. Let S and I'g be as in Proposition 3.9.
Set C' = 0S. By loc. cit., S is properly immersed, and C' N A = A(p(T'g)).
Write

(4.7) c—(cnA)=JCnB)

el

where I is the collection of all i such that C N B; # 0. If C N A contains
a non-empty open subset of C, then the limit set of p(I'g) has Hausdorff
dimension equal to the dimension of C. So p(I'g) is a uniform lattice in
gHg™ "', and hence S is compact. In the other case, I is an infinite set

and (J;c;(C N B;) is dense in C; so S is a convex cocompact hyperbolic
submanifold with Fuchsian ends by Definition 4.1(2). O

Lemma 4.8. For any sphere C in S 1 with #C N A > 2, the intersection
C N A is Zariski dense in C.

Proof. The claim is clear if C'N A contains a non-empty open subset of C. If
not, CNA contains infinitely many C'NdB;’s, each of which is an irreducible
co-dimension one real subvariety of C'. It follows that the Zariski closure of
CNA has dimension strictly greater than dim C'— 1, hence is equal to C. [J

We let
(4.8) m:H — H, and my:H' — C(H)
denote the canonical projections.

Proposition 4.9. Suppose that xH' is closed for x = [g] € RF M, and set
IV:=g 'Tgn H'. Then

(4.9) 2H = 2HC
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where C = mo(I") and HC' is equal to the identity component of the Zariski
closure of T”.

Proof. Without loss of generality, we may assume g = e. As H' is a direct
product H x C(H), we write an element of H' as (h,c) with h € H and
ce C(H). Forall y e I,

zH = [(e,e)]H = [(e,m2(7))|H = [(e, )| Hma(7)

and hence xH = zH(T"). Tt follows that tHC C zH.

To show the other inclusion, let (hg,c9) € H C(H) be arbitrary. If
[(ho,co)] € zH = [(e,e)|H, then there exist sequences v; € I and h; € H
such that ~;(h;,e) — (ho,co) in H' as i — oo. In particular, ma(v;) — co
in C(H) as ¢ — oo and hence ¢y € C = my(I”). This finishes the proof
of (4.9). Let W denote the identity component of the Zariski closure of I
in H'. Since any proper algebraic subgroup of G stabilizes either a point,
or a proper sphere in S471, it follows from Proposition 3.9 and Lemma 4.8
that 71 (I') is Zariski dense in H; so w1 (W) = H. So the quotient W\H’
is compact. This implies that W contains a maximal real-split connected
solvable subgroup, say, P of H'. Now H NW is a normal subgroup of H,
as m (W) = H. Since P < HN W and H is simple, we conclude that
HNW = H,ie, H<W. Hence W = Hma(W). As any compact linear
group is algebraic, C' is algebraic and hence C' = m(W) = ma(I"). Therefore
W = HC, finishing the proof. O

Global thickness of the return time to RF M. We recall the various
notions of thick subsets of R, following [26] and [28].

Definition 4.10. Fix k& > 1.
e A closed subset T C R is locally k-thick at ¢ if for any A > 0,
TN+ [\ EN]) #0.
e A closed subset T C R is k-thick if T is locally k-thick at 0.
e A closed subset T C R is k-thick at oo if
TN ([N EN) #0

for all sufficiently large A > 1.
e A closed subset T C R is globally k-thick if T # @ and T is locally
k-thick at every t € T.

We will frequently use the fact that if T; is a sequence of k-thick subsets,
then limsup T; is also k-thick, and that if T is k-thick, so is —T.

The following proposition shows that RF M has a thick return property
under the action of any one-dimensional subgroup U of N.

Proposition 4.11. There exists a constant k > 1 depending only on the
systole of the double of core M such that for any one-parameter subgroup
U={u:teR} of N*, and any y € RF M,

T(y) = {t € R:yu; € RFM}
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is globally k-thick.

Proof. Let n > 0 be the systole of the hyperbolic double of core M, which
is a closed hyperbolic manifold. Let & > 1 be given by the equation

(4.10) d(hull([—k, —1]), hull([1,k])) = n/4

where d is the hyperbolic distance in the upper half plane H?.

Note that

(4.11) 12f d(hullB;, hullB;) > n/2

i#j
as the geodesic realizing this distance is either a closed geodesic or half of a
closed geodesic in the double of core M.

We first prove the case when U < N. Let s € T(y) be arbitrary. To show
that T(y) is locally k-thick at s, we may assume that s = 0, by replacing
y with yus € RF M. We may also assume that y = [g] where g(c0) = oo
and g(0) = 0. As y € RF M, this implies that 0,00 € A. Since gus(o0) =
g(o0) € A, we have

T(y) ={t € R: gus(0) € A}.

Suppose that T(y) is not locally k-thick at 0. Then there exist w € U

and ¢ > 0 such that

([=kt,—t] -wU [t kt] - w) N A = 0.

Since each component of € is convex and 0 ¢ Q, it follows that [—kt, —t] - w
and [t, kt] - w lie in distinct components of Q, say B; and Bj, (i # j). But
this yields

(4.12)  dy(hull([—kt, —t] - w), hull([t, kt] - w)) > d(hullB;, hullB;) > n/2.

where d,, denotes the hyperbolic distance of the plane above the line Rw.
Observe that the distance in (4.12) is independent of w € R and ¢ > 0,
because both the dilation centered at 0 and the (d — 2)-dimensional rotation
with respect to the vertical axis above 0 are hyperbolic isometries. Therefore,
we get a contradiction to (4.10). The case of U < N is proved similarly,
just replacing the role of g™ and ¢~ in the above arguments. O

Remark 4.12. Tt follows from the proof that k is explicitly given by (4.10),
equivalently, k + k=1 = e?/* + 2¢/8 — 1 where n > 0 is the systole of the
double of core M.

5. STRUCTURE OF SINGULAR SETS

Let I' < G = SO°(d, 1) be a convex cocompact torsion-free Zariski-dense
subgroup. Let U < G be a connected closed subgroup of G generated by
unipotent elements in it. In this section, we define the singular set . (U)
associated to U and study its structural property. The singular set .7 (U)
is defined so that it contains all closed orbits of intermediate subgroups
between U and G.
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Definition 5.1 (Singular set). We set

there exists a proper connected
L(U)=cxe\G: closed subgroup W O U such that xW
is closed and Stabyy(z) is Zariski dense in W.

Definition 5.2 (Definition of J#). We denote by . the collection of all
proper connected closed subgroups H < (G containing a unipotent element
such that

e I'\I'H is closed, and
e HNT is Zariski dense in H.

Proposition 5.3. If H € 57, then H is a reductive subgroup of G, and
hence is of the form gH(U)Cg~! for some connected subgroup U < N, a
closed subgroup C < C(H(U)) and g € G such that [g] € RF M.

Proof. In order to prove that H is reductive, suppose not. Then its unipo-
tent radical is non-trivial, which we can assume to be a subgroup U of N,
up to a conjugation. Now we write H = H,.CTU where C is a connected
semisimple compact subgroup and T is a torus centralizing H,.C. As H
is contained in N(U) = NACy(U) C2(U), which does not contain any non-
compact simple Lie subgroup, it follows that H,, is trivial. Now if T were
compact, then H NI would consist of parabolic elements, which is a contra-
diction as I' is convex cocompact. Hence T is non-compact. Write T' = TS
where S is a split torus and T is compact. Then Tj is equal to a conjugate
of A, say, g~ 1 Ag for some g € G. As Ty normalizes U, and N(U) fixes oo, we
deduce that g(oco) is either oo or 0. Since Stabg(oo) = NAM, g(oco) = oo
implies g € NAM, and g(oco) = 0 implies jg € NAM where j € G is an
element of order 2 such that j(0) = co. In either case, Ty = v~ Av for some
v € N. By replacing H with vHv ™!, we may assume that Ty = A. Since C'S
is a compact subgroup commuting with A, C'S C M. Therefore H is of the
form MoAU where M, is a closed subgroup of M NN(U); note that we used
the fact that v commutes with U. Now the commutator subgroup [H, H] is
equal to [My, Mo)U. Since [H NT', H NT'| must be Zariski dense in [H, H],
we deduce that I' contains an element mgou € MyU with u non-trivial. Since
mou is a parabolic element of I', this is a contradiction to the assumption
that I' is convex cocompact. This proves that H is reductive.

By Proposition 3.7, H is of the form gH(U)Cg~! for some g € G and
C < C(H(U)). For somem € M and 1 <k <d—2, HU) = mH(U,)m™*.
Hence T\I'gmH (Uy)Cy is closed where Cy = m~'Cm. By Proposition
3.9, the boundary of the geodesic plane w(gmH (Uy)) contains uncount-
ably many points of A, since (gm)H (U;,)Co(gm)~! NT is Zariski dense in
(gm)H (Uy)Co(gm)~t. Using two such limit points, we can find an element
h € H(Uy) such that (gmh)* € A. Since (gmhm—1)* = (gmh)* and
mhm~t € H(U), it follows that [g]H(U) N RF M # 0§, and hence we can
take [g] € RF M by modifying it with an element of H(U) if necessary. This
finishes the proof. O
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Therefore, for each H € Z, the non-compact semisimple part H,. of H
is well defined.

Proposition 5.4. If H € 72, then

o HNT is finitely generated;
o [Ng(Hpe) NT; HNT| < 0.

Proof. Let p denote the projection map Ng(Hy.) — Hpe. Note that p is
an injective map on Ng(Hp.) N T, as I" is torsion free and the kernel of
p is a compact subgroup. It follows from Proposition 5.3 that H,. is co-
compact in Ng(Hy.). Since H € #, the orbit [¢]H is closed and hence
[e] Ng(Hpe) is closed. It follows that both p(H NT') and p(Ng(Hy,.)NT) are
convex cocompact Zariski dense subgroups of H,. by Proposition 3.9. As
any convex cocompact subgroup is finitely generated [3], p(H NT") is finitely

generated. Hence H N T is finitely generated by the injectivity of p|gqr.
Since p(H NT') is a normal subgroup of p(Ng(Hy.) NT), it follows that
p(H NT) has finite index in p(Ng(Hype) NT') by Lemma 5.5 below. Since
PINg(Hao)nr 18 injective, it follows that H N T has finite index in Ng(Hpe) N
O

Lemma 5.5. Let I'y and I's be non-elementary convex cocompact subgroups
of G. If 'y is a normal subgroup of I'1, then [I'y : I'y] < oo.

Proof. Let A; be the limit set of I'; for ¢ = 1,2. Since I'y < I'y, Ao C Aj.
As I's is normalized by I'y, As is I'i-invariant. Since I'; is non-elementary,
A1 is a minimal I'1-invariant closed subset. Hence A7 = Ay. Let M; =
I';\H?. Then the convex core of M; is equal to I'1\ hull(As) and covered
by core Mgy = I's\ hull(Ag). Since core My is compact, it follows that [T'; :

Fg] < 0. O
Definition 5.6 (Definition of .727*).
(5.1) H* = {Ng(Hpe) : H € H}.

Corollary 5.7 (Countability). The collection S is countable, and the map
H — Ng(Hpe) defines a bijection between 2 and .

Proof. As T" is convex cocompact, it is finitely generated. Therefore there
are only countably many finitely generated subgroups of I'. By Proposition
5.4, there are only countably many possible H NT" for H € J#. Since H is
determined by H NT', being its Zariski closure, the first claim follows.
Since H N T has finite index in Ng(H,.) N T by Proposition 5.4, H is
determined as the identity component of the Zariski closure of Ng(H,.)NT.
This proves the second claim. ([l

In the case of a convex cocompact hyperbolic manifold of Fuchsian ends,
there is a one to one correspondence between .7 and the collection of all
closed H'(U)-orbits of points in REM for U < N: if H € ', then H =
gH(U)Cg~! for some U < N and g € G with [g] € RFM and [g|H'(U)
is closed. Conversely, if [g]H'(U) is closed for some [¢g] € RF M, then the
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identity component of the Zariski closure of I' N gH'(U)g~! is given by
gH(U)Cg~! for some closed subgroup C' < C(H(U)) by Proposition 4.9,
and hence gH(U)Cg~! € s#. Moreover, since the normalizer of H(U)C is
contained in H'(U), if gt H(U)Cg;' = goH(U)Cgy ', then gy gy € H'(U),
so [g1]H'(U) = [g2]H'(U). Therefore Corollary 5.7 implies the following
corollary by Propositions 3.9 and 4.9.

Corollary 5.8. Let M be a convexr cocompact hyperbolic manifold with
Fuchsian ends. Then

(1) there are only countably many properly immersed geodesic planes of
dimension at least 2 intersecting core M.

(2) For each 1 < m < d — 2, there are only countably many spheres
S St of dimension m, such that #S N A > 2 and T'S is closed
in the space C™.

Remark 5.9. In (2), we may replace the condition A#SNA > 2 with #ASNA >
1, because if #5 N A =1, then I'S is not closed (see Remark 11.6).

For a subgroup H < G, define
(5.2) X(H,U):={geG:gUg™' C H}.

Note that X (H,U) is left-Ng(H) and right-Ng(U)-invariant, and for any
geG,

(5.3) X(gHg ', U) = gX(H,U).
For H € 5 and any connected unipotent subgroup U < (G, observe that
(5.4) X(H,U) = X(Hpe,U) = X(Ng(Hne), U);
this follows since any unipotent element of Ng(H,,.) is contained in H,.
Proposition 5.10. We have
Z(U)= | J I\IX(HU).
Hexr

Proof. If © = [g] € #(U), then there exists a proper connected closed
subgroup W of G containing U such that [g]W is closed and Staby(z) is
Zariski dense in W. This means H := gWg~! € 2# and g € X(H,U). Since
X(H,U) = X(Ng(Hpe),U), and Ng(Hpe) € H*, this proves the inclusion
C. Conversely, let g € X(Ng(Hpe),U) for some H € 7. Set W := g 'Hg.
Then U C W, [g)W = T'Hg is closed and Staby/([g]) = ¢ {(I'N H)g is
Zariski dense in W. Hence [g] € ./ (U). O

Singular subset of a closed orbit. Let L < G be a connected reductive
subgroup of G containing unipotent elements. For a closed orbit xzgL of
xg € RF M, and a connected subgroup Uy < L N N, we define the singular
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set .Uy, xoL) by
(5.5)
there exists a connected closed subgroup W < L,
S (Up,zol) = x € xoL : containing Uy such that dim W, < dim Ly,
xW is closed and Staby (z) is Zariski dense in W
It follows from Proposition 5.10 and Proposition 5.3 thz}-‘g the subgroup
W in the definition 5.1 is conjugate to H(/U\)C for some U < N. Hence

W being a proper subgroup of G is same as requiring dim W,. < dimG.
Therefore .7 (Up) = .7 (Up, I'\G) and

S (U, oL) = oL N | JT\T X (H, Up)

where the union is taken over all subgroups H € J¢* such that H is a
subgroup of goLg, ! with dim H,,. < dim Ly, and zg = [g90]. Equivalently,

(5.6) S (Uo,mol) = ) wo(L N X(W,U0))

weny

where JZ; consists of all subgroups of the form W = gy YHgo N L for
some H € #* and dim W,,. < dim L,.. Then the generic set 4 (Uy, zoL) is
defined by

(57) g(Ug,xoL) = ((E()LQRF_;_ M) — r5”((](),(601/).

Definition of £y and Qp. Fix a non-trivial connected closed subgroup
U < N. We define the collection Ly of all subgroups of the form H (U)C

where U < U < N and C is a closed subgroup of C(H (U )) satisfying the
following:

(5.8)

Ly = {L _ DO for some [g] € RF1 M, [¢]L is closed in I'\G } ‘

and L N g 'Tg is Zariski dense in L

Observe that for L = H(ﬁ)C # G, the condition L € Ly with [g]L closed

is equivalent to the condition that
gLg~t e .

Lemma 5.11. Let Ly and Lo be members of Ly such that xLy and xLo are
closed for some x € RE M. If (L1)ne = (L2)ne, then L1 = Lo.

Proof. If L1 or Lo is equal to G, then the claim is trivial. Suppose that
both Lj and Lg are proper subgroups of G. If x = [g], then both subgroups
Hy :=gL1g~ ! and Hs := gLog~ ! belong to J#. Since (Hi)ne = (H2)ne, we
have Hy, = Hy by Corollary 5.7. Hence L1 = Lo. U

We also define
(5.9) Qu :={vIv™': L € Lyy,v € N(U)}.
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Since N(U) = AN C1(U)C2(U) by Lemma 3.2, and the collection Ly is
invariant under a conjugation by an element of AU C1(U) Co(U), we have

(5.10) Qu = {vLv™': L € Ly,ve U}
Lemma 5.12. For Uy < U < N, we have
X(H(U),Up) = Ng(H(U))Ng(Up).

Proof. Without loss of generality, we may assume U = U,,, and Uy = U, with
1<¢<m<d-1. Set H= H(Upy,). If m =d—1, then H = G, and the
statement is trivial. Assume m < d — 2 below. We will prove the inclusion
X(H,Uy) C Ng(H)Ng(Uy), as the other one is clear. Let g € X(H,Uy)
be arbitrary. By multiplying g by an element of Ng(H) on the left as well
as by an element of Ng(Up) on the right, we will reduce g to an element
of Ng(Up), which implies the claim. In view of the Iwasawa decomposition
G = KAN, since AN < Ng(Up), we may assume that g = k € K. As
k € X(H,Up), we have kUpk~! C H. Since K N H is a maximal compact
subgroup of H, any maximal horospherical subgroups of H are conjugate to
each other by an element of K N H. Hence there exists w € K N H such
that ]{?Uok_l == onw_l.

Since w=tkUy = Upw ™'k, we deduce w'k(co) = Up(w~1k(00)). Since
oo € S is the unique fixed point of Uy, w™'k(c0) = co. Hence w™'k €
KN(MAN) = M. Since w € H, we may now assume that £k € M. From
kUy C Hk, we get kUyp(0) C HK(0) = H(0) and hence (key,--- ,kes) C
(e1,-++ ,em). By considering the action of H N K on space of ¢-tuples of
orthonormal vectors in the subspace (e1,--- ,€n), we may assume ke; = eq,
.-+, keg—1 = ep—1, and ke, = tey. This implies that & € Cy(Up), or kw €
C1(Up) where w € M is an involution which fixes all e;, i # ¢, + 1 and
w(e;) = —e; for i = £,0+ 1. As Ng(Up) contains C;(Up) and w, the proof is
complete. O

Proposition 5.13. Consider a closed orbit xoL for L € Qu and zy €
REM. If x € Uy, x0L) for a connected closed subgroup Uy < U, then
there ezists a subgroup @) € Qy, such that

o dim Q. < dim Ly, ;

e x() is closed;

o 20U, C 2Q.

Proof. If z = [g] € #(Uo,x0L), then g € X(H,Up) for some H €
such that dim H,. < dim L,.. Then Uy C x(g~'Hg). By Proposition 5.3,

H = qH(U)Cq™! for some Uy < U < LN N and some [q] € RF M. Note
that ¢'g € X(H(U),Up). By Lemma 5.12, we have

¢'g € Na(H(U)) Na(Up).

Hence g 'Hg = UH(/(]\)CU_l for some v € Ng(Up), and zUy C va(/U\)C’v_l.
It suffices to set Q := vH(U)Cv~!. O
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Lemma 5.14. Let L = H(U )C for a connected closed subgroup U< N
and closed subgroup C < C(H (U)) Let W = g~ 'H(U)Cog be a subgroup
of L where g € L, U is a proper connected closed subgroup of U and Co
is a closed subgroup of H(U). Then for any non-trivial closed connected
subgroup U < U, (LN X(W,U))H(U) is a nowhere dense subset of L.

Proof. Write g = hc € H(f]\)C Note that

LﬁX(W,U):LﬂX(g_lH U)g,U)

(
H(

= LNX(h 'H(U)h,U)
= h(LNX(H(U),U))
= h(H(U) N X (H(U),U))C

Hence it suffices to show that (H(ﬁ) NX(H(U),U))H(U) is a nowhere dense

subset of H (ﬁ) Without loss of generality, we may now assume H (/(7) =G.
We observe that using Lemma 5.12,

X(H(U),U)H(U) = Ng(H(U)) Na(U)H (U)
H(U)C1(U )ANCl( ) C2(U)H(U)
= (KNHO)UH'(U).

Let dimU = m and dimU = k. If k > m, then X(W,U) = 0. Hence
we may assume that 1 < kK < m < d—-—1 = dimN. Now, if we view
the subset (K N H(U))U+H'(U)/H'(U) in the space C¥ = G/H'(U), this
set is contained in the set of all spheres C' € C¥ which are tangent to the
m-sphere given by Sy := (K N H(U))(c0). Since m < d — 1, it follows
that X(H(U),U)H(U)/H'(U) is a nowhere dense subset of C¥, and hence
X(H(U),U)H(U) is a nowhere dense subset of G. O

Recall from (4.1) that FF = RF{ M- H(U).

Lemma 5.15. Let xof Abe a closed orbit of ZAG Ly with zg € REM. If U
is a proper subgroup of L N N, then (U, xoL) - H(U) N Fy ) is a proper
subset of :COE N Fyw)-

Proof. Choose go € G so that g = [go]. Let p: G — I'\G be the canonical

projection map. Then p~(# (U, zoL) - H(U)) is a countable union vygo(L N

X(W,U))H(U) where v € I' and W € A by (5.6). Hence by Lemma
o

5.14, .7 (U,xoL) - H(U) is a countable union of nowhere dense subsets of
xoL. Since F; ) N xoL is an open subset of a:OL it follows from the Baire

category theorem that F; ;) N zoL ¢ S (U,zoL) - H{U). This proves the
claim. (]
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The following geometric property of a convex cocompact hyperbolic man-
ifold with Fuchsian ends is one of its key features which is needed in the
proof of our main theorems stated in the introduction.

Proposition 5.16. Let M be a convex cocompact hyperbolic manifold with
Fuchsian ends. Let ng be a closed orbit on € Ly with xg € RFEM and
with dim(f N N) > 2. FEither zoL is compact or (U, ng) contains a
compact orbit zLg with Ly € Ly;.

Proof. Write L=H (ﬁ)C for a connected closed subgroup U < U < N.
Since zoL is closed, m(zoL) = W(l’oH/(/U\)) is a properly immersed con-
vex cocompact geodesic plane of dimension at least 3 with Fuchsian ends
by Proposition 4.7. Suppose that zoL is not compact. Then 7(zoL) has
non-empty Fuchian ends. This means that there exist a co-dimension one
subgroup Up of U and z € L such that 2H'(Up) is compact and w(2H'(Up)) is
a component of the core of W(xoi). By Proposition 4.9, there exists a closed
subgroup Cy < C(H(Up)) N L such that H(Uy)Cy € Ly, and zH(Uy)Cy
is compact. Let m € M N L be an element such that U C m~ 1 Uym.
Then zm(m~H(Uy)Cym) is a compact orbit contained in .7 (U, zoL) and
m~tH(Uy)Com € Ly, finishing the proof. O

6. INDUCTIVE SEARCH LEMMA

In this section, we prove a combinatorial lemma 6.4, which we call an
inductive search lemma, and use it to prove Proposition 6.3 on the thickness
of a certain subset of R, constructed by the intersection of a global thick
subset T and finite families of triples of subsets of R with controlled regu-
larity, degree and the multiplicity with respect to T. This proposition will
be used in the proof of the avoidance theorem 7.13 in the next section.

Definition 6.1. Let J* C I be a pair of open subsets of R.

e The degree of (I, J*) is defined to be the minimal 6 € NU {co} such
that for each connected component I° of I, the number of connected
components of J* contained in I° is bounded by 4.

e For > 0, the pair (I, J*) is said to be -regular if for any connected
component I° of I, and any component J° of J*NI°,

JOEB-|J°|CI°
where |J°| denotes the length of J°.
Definition 6.2. Let X’ be a family of countably many triples (I, J*, J’) of

open subsets of R such that I D J* > J'.

e Given 8 > 0 and § € N, we say that X is S-regular of degree ¢ if for
every triple (I, J*,J') € X, the pair (I, J*) is S-regular with degree
at most 4.
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e Given a subset T C R, we say that X is of T-multiplicity free if for
any two distinct triples (I3, J7, J7) and (2, J3, J5) of X', we have

LNnJyNT=0.
For a family X = {(Iy, J},J}) : A € A}, we will use the notation
I(x):=Jn, JW@X) :=JJ5 and J(X):=[]
AEA AEA AEA

The goal of this section is to prove:

Proposition 6.3 (Thickness of T — J'(X)). Given n,k,0 € N, there exists

a positive number By = Bo(n, k,d) for which the following holds: let T C R

be a globally k-thick set, and let X1,--- , Xy, £ < n, be By-reqular families of

degree 6 and of T-multiplicity free. Let X = Ule Xi. If0 €T —1(X), then
T-J(X)

is a 2k-thick set.

We prove Proposition 6.3 using the inductive search lemma 6.4. The case
of n =1 and 6 = 1 is easy. As the formulation of the lemma is rather
complicated in a general case, we first explain a simpler case of n = 2 and
0 = 1 in order to motivate the statement.

For simplicity, let us show that T — (J'(X1) U J'(AX>)) is 4k-thick instead

of 2k-thick, given that A} and Xs are 8k?-regular families of degree 1, and
of T-multiplicity free. For any r > 0, we need to find a point

t € £(r, 4kr) N (T - J’(X))

where X' = X1 U Ab.

<klal < 2kl <kl
3 L
Xl < - L >
g J N I N
X2 \ FA 7
ty t t3 ty

First, we know that there exists t; € £(2r,2kr) N T, as T is locally k-
thick at 0. If t; ¢ J'(X1) U J'(Xz), then we are done. So we assume that
t1 € J'(X1). Our strategy is then to search for a sequence in T of length at
most 4, starting with t1, say (¢1, ta,t3,%4) such that

% < |ti| < V2ti_1|  for each i = 2,3,4,
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and the last element t4 does not belong to J'(X). This will imply [¢1]/2 <
|ta] < 2|t1| and hence

ti=ty € +(r, 4kr) N (T - J’(X))

as desired, because 2r < [t;| < 2kr.
We next sketch how we find ¢ from ¢; and so on. Let t; € J| where
(I, Jf, J;) € X1. Since T is locally k-thick at ¢1, there exists

(6.1) tr € (b1 (171, kL)) N T.

We will refer to t; as a pivot for searching t in (6.1), as t3 was found in a
symmetric interval around t;. Note that to € I} — J; as (1, J7) is k-regular.
This implies that to & J'(X;) as the family X; is of T-multiplicity free. Now
we will assume to € Jj, for some triple (I3, J3,J5) € Xb, since otherwise,
to & J'(X) and we are done.

To search for the next point t3 € T, we choose our pivot between two
candidates t; and ty as follows: we will choose ¢; if |J5| > |J3|, and o
otherwise. Without loss of generality, we will assume |J}| > |J5|. Since T
is locally k-thick at t1, we can find

ts € (tr £ 2k([J7], K[JT)) N T.

Note that t3 € I} — Jj as the pair (I1,J}) is 2k?regular. This implies
ts & J'(X1) as &) is of T-multiplicity free. Now we can assume that t3 € J§
for some (I3, J5, J5) € Xa, otherwise we are done. One can check that J3
cannot coincide with J3. We claim that |J;| > |J5]. Suppose not, i.e.
|J3] > |Jf|. Then we would have [ta — t1| < k|J§| and [t1 — t3] < 2k2|J3],
which implies that to € I3, as the pair (I3, J3) is (2k? + k)-regular. This is
a contradiction as X is T-multiplicity free and hence J5NI3NT = 0.

Finally, we will choose t3 as a pivot and search for t4. By the local k-
thickness of T at t3, we can find

ta € (t3 £ (|J3], k[ J3D) N T.

Since the pair (I3, J3) is k-regular, we have t4 € I3 — J5. From the fact that
the pair (I, J}) is (2k? + k)-regular, one can check that t, € I — J;. As a
result, t4 € (I} — J{) U (I3 — J3) and hence t4 ¢ J'(X).

It remains to check that |t;_1]/v/2 < |t;| < V/2|t;—1] for each i = 2,3, 4.
This does not necessarily hold for the current sequence, but will hold after
passing to a subsequence where t;_1 becomes a pivot for searching ¢; for all
i. In the previous case, (t1,ts,t4) will be such a subsequence, as ty was not
a pivot for searching ts.

It follows from the 3 := 8k2-regularity of (I;_1, J ;) that [t;_1|—8Kk?|J} | >
0,as tj—1 € J | and 0 € I;_1. On the other hand, observe that

ti € tioy £ Ci(| i[RI DN T
for some C; < 2k2. This gives us the desired upper bound for |¢;/t;_1|, as
|ti| < |ti—l’ + CZ'|J1'*_1| < (1 + Ci(8k‘2)_1)|ti_1|
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and 14 C;(8k?)~! < ¥/2. The lower bound is obtained similarly, completing
the proof for n =2 and 6 = 1.

The general case reduces to the case of § = 1, by replacing n by nd.
Roughly speaking, the following lemma gives an inductive argument for the
search of a sequence of t;’s which is almost geometric in a sense that the
ratio |t;|/|ti—1] is coarsely a constant and which lands on T—J'(X) in a time
controlled by n.

Lemma 6.4 (Inductive search lemma). Let k > 1, n € Nand 0 < e < 1
be fized. There exists 5 = B(n,k,e) > 0 for which the following holds: Let
T C R be a globally k-thick set, and let Xy,--- , X, be B-reqular families of
countably many triples (Ix, J}, J3) with degree 1, and of T-multiplicity free.
Set X = X1U---UAX,, and assume 0 € I(X). For anyt € TNJ'(X) and any
1 <r <n, we can find distinct triples (I, J{, J7), -y (Im—1, 51, ], _1) €
X with 2 <m <27, and a sequence of pivots
t=t1 € TNJ, to€TNJy, -+ Jtm1€TNJ, 1, tm €T

which satisfy the following conditions:

(1) either t,, & J'(X), or ty, € J, for some (I, J5, J,,) € X, which

my“Ymr»rYm
is distinct from (I;, JF, J!) for all 1 <i < m — 1, and the collection
{(L;, JF, J)) : 1 < i< m} intersects at least (r + 1) number of X;’s;

1%

(2) forall1 <i<j<m,
) . < '8 X,
|t — t;] < 2((4k)" — 1)k 1§mp%x71 BME

(3) for each 1 <i <m,
(1—e) M| < [ts] < (X +e) Myl
In particular, for any t € TN J'(X), there exists t' € T — J'(X) such that
(L= el < ] < (L) el.
Proof. We set
(6.2) B =B(n,k,e) = (4k)" e 1.
Consider the increasing sequence Q(r) := (4k)" — 1 for » € N. Note that
Q(1)>2 and Q(r+1)>4Q(r)k+1.
Moreover we check that
B > max((Q(n) + 4Q(n — 1))k, Q(n)ke ).

We proceed by induction on r. First consider the case when r = 1. There
exists (I1,J5,J]) € X such that ¢; :=t € J;NT. As T is globally k-thick,
we can choose

(6.3) ty € (1 = Q)(IJT] KIJT)) NT.

We claim that ¢1,t2 is our desired sequence with m = 2. In the case when
to € J'(X), there exists (Ia, J5, J5) € X such that ty € J5. We check:
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(1): If to € J'(X), then ty € J5 — J implies that J; and J5 are distinct.
Hence (I1,J7,J7) and (1o, J5, J}) are distinct as well. Since 8 > Q(1)k,
by the S-regularity of (I, J;), we have to € I;. By the T-multiplicity free
condition, (I, Jf,J;) and (I2,J3,J5) don’t belong to the same family, that
is, {(L1, J5, J1), (I2, J3, J4) } intersects two of X;’s.

(2): By (6.3), |t —ta] < QUUKIJ;| = (4k — D)kLIF].

(3): Note that 0 ¢ I, since 0 € I(X'). By the S-regularity of (I, J7), we
have t; + 8|J;| C I1. Since 0 ¢ I and 8 > ¢~ *Q(1)k, we have

t1| — e 1Q(1)k|JF| > 0.
On the other hand, by (6.3),
[tz — t1| < Q)K[JT] < elta.

In particular,

lta] < |t1| + |t2 — t1] < |t1] + Q(1)k|J]| < (1 +€) |t1] and

lto| > [ta] = [t2 — ta| > [ta] = QVK|JT] > (1 =) [tal.
This proves the base case of r = 1.

Next, assume the induction hypothesis for r. Hence we have a sequence
ti(=t)eJ, ta € Jy, -, tm1 € J),_1, and ty,

in T with m < 2" together with {(Z;,J,J]) : 1 < i < m — 1} satisfying
the three conditions listed in the lemma. If t,, & J'(X), the same sequence
would satisfy the hypothesis for » + 1 and we are done. Now we assume
that t,, € J}, for some (I, J%, J),) € X, and that {(L;, JS, J/): 1 <i<m}
intersect at least (r+1) numbers of A;’s. We may assume that they intersect
exactly (r + 1)-number of X;’s, which we may label as Xj,---, X4, since
if they intersect more than (r + 1) of them, we are already done. Choose a
largest interval J; among Jy,--- ,J. Again using the global k-thickness of
T, we can choose

(6.4) s1 € (te£Q(r+1)(|J/], k[ Jf]) NT.

First, consider the case when s; ¢ J'(X). We will show that the points
t1, -+ ,tm,s1 give the desired sequence. Indeed, the condition (1) is imme-
diate. For (2), observe that by the induction hypothesis for r, we have

[s1—ti] < fs1—te| + [te — ts| < (Q(r + 1)k +2Q(r)k)|J7|
for all 1 <4 < m. The conclusion follows as Q(r+1) > 2Q(r). To show (3),
since 8> e 1Q(r + 1)k and 0 ¢ I,, by applying the 3-regularity to the pair
(I¢, J}), we have
lte| — ' Q(r + k| J}| > 0.

It follows that

[s1] < [te] + |1 = te < [tel + Q(r + DEJF| < (1 +¢) [te] < (1+2)™ [ta;

[s1] = [te] = |s1 = te] > [te] — Q(r + DE|J7| > (L =€) [te| = (1= €)™ |ta].
This proves (3).
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For the rest of the proof, we now assume that s; € J'(X). Apply
the induction hypothesis for r to s; € TN J'(X) to obtain a sequence
{(Ij,J;,J]’-) €X:1<j<m —1} withm' < 2" and

s1 € j{ NT, sy € jéﬂT, s Smi—1 € jfﬂ,_l NT, and s,y € T.
Set qo to be the smallest 1 < ¢ < m/ — 1 satisfying
(65) {(ij7j;7j]/'):1§jSQ}¢X1U"'UXT+1

if it exists, and qp := m’ otherwise. We claim that the sequence

(66) tla"‘ ,tm,Sl,"' 75(1()

of length m + ¢y < 2"t satisfies the conditions of the lemma for r + 1.
Claim: We have

(6.7) [ Jel = max_ (|7, |J7])-

1<i<m,1<j<qo—
Recall that |J;| was chosen to be maximal among |J{|,--- ,|J}|. Hence, if
the claim does not hold, then we can take j to be the least number such
that [J7| > |J;|. Then by the induction hypothesis for (2),
[te — 55 < [te — s1] + |s1 — s

< Dk[J;|+2 I

< Q(r+DEIJZ|+2Q(nk | max [J7]

< (Q(r+1) +2Q(r)) k| J/|.
Now the collection {(I;, J*,J!) : 1 < i < m} intersects (r + 1) families
Xy, -+, Xy and (I, JF, J!) belongs to one of these families, as j < g — 1.

AR
Hence there exists a triple ([;,J, J/) that belongs to the same family as

(fj, j]*, jj’) Recall that the induction hypothesis for 1, - - ,,, gives us
[te — ti| <2Q(r)k|J;|.
Since 5 > (Q(r + 1) + 4Q(r))k, we have
[t = 55| < [t — o] + [te — 55
< (Q(r+1) +4Q(r)) k| 7|
< BIJ7].

Applying the B-regularity to the pair (fj, j]*), we conclude that

t,e[;NJNT.

Since (I:j, jj*, j]’) and ([;, JF,J/) belong to the same family which is T-
multiplicity free, they are equal to each other. This is a contradiction since
|jj*| > |Jf| > |J|, proving the claim (6.7).

We next prove that (I;, JF, J!) and (I}, jj*, jj’) are distinct forall 1 <i <m

and 1 < j < o — 1. It suffices to check that J and j]* are distinct. Note
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that we have

t; —t; 2 k|J, d
1517?%(7”‘1 il <2Q(r)klJ;| an

i — sl <2 k|J;
ISIE?%((IO’SZ 3]’ Q(r)k|J; |

by the induction hypothesis together with claim (6.7). Now for t; € J*(1 <
i <m) and s; € J¥(1 < j < qo), we estimate:
(6.8) |sj — til = |s1 —tel — [ti — | — [s1 — 55

> Q(r + D] = 2Q(r)k|J¢| — 2Q(r)k| 7|

= (Q(r+1) —4Q(r)k)|J; |

> 7.
This in particular means that s; ¢ J and t; ¢ J +. Hence JI # J T
We now begin checking the conditions (1), (2) and (3).

(1): If sq, & J'(X), there is nothing to check.
Now assume that sy, € Jy for some (I, J; , Jy ) € X. If go < m’, then

407 " qo’ “'qo
again there is nothing to prove, as the union
69)  {TnJr 2 1<i<myU{(F, T 7) 1<) < q)
intersects a family other than Xj,--- , X.11. Hence we will assume qg = m’.
By the induction hypothesis for  on the sequence (si,- -, S;/), the family

{(1;, jj’f, j]’) : 1 < j < m'} consists of pairwise distinct triples intersecting
at least (r + 1) numbers of &;’s. Observe that in the estimate (6.8), there
is no harm in allowing j = ¢p in addition to j < gg. This shows that j;u is
also distinct from all J’s. Hence the the triples in (6.9) are all distinct.

Now, unless the following inclusion
(6.10) {(I;, J5,J) : 1<j<m'} CX U UXpg,

holds, we are done. Suppose that (6.10) holds. We will deduce a contradic-
tion. Without loss of generality, we assume that

(Ifa J[?ka Jé) € XT-}—I‘

We now claim that the following inclusion holds:

(6.11) {(I;, J5,J):1<j<m} CXiU-- UX,.
Note that this gives the desired contradiction, since {(I;, jj’f‘, j]/) 1 <5<

m’} must intersect at least (r + 1) number of X; by the induction hypoth-
esis. In order to prove the inclusion (6.11), suppose on the contrary that
(1, J7, J7) € Xy for some 1 < j <m'. Using 8 > (Q(r +1) +2Q(r))k and
(6.7), we deduce
|t — 55| < [te — s1] + |51 — s
< Q(r+ D[] +2Q(r)k| J7 |
< Bl
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where we used the induction hypothesis for the sequence (s, -+ , 8;,,7) in the
second line, to estimate the term [s; — s;|.

Next, applying the [-regularity to the pair (I, J;), we conclude that
s; € Ip. Since s; € J’, it follows that I, N J’ NT # (. This contradicts
the condition that Aj.y; is of T-multiplicity free, as both (IJ, Jj*, JJ’) and
(Iy, Jf, J;) belong to the same family A;;. This completes the proof of (1).

(2): For 1 <i<mand1<j<q, observe that

[t = sj| < [ti = te + [te = s1] + [s1 — s

< 2Q(r)k|Jg |+ Q(r + DELJ7| + 2Q(r)k| J7 |

<2Q(r + 1)k|J/|
as Q(r + 1) > 4Q(r). Hence we get the desired result by (6.7).

(3): We already have observed that the inequality 8 > ¢ 1Q(r + 1)k
implies that
(1 =&)"[ta] < saf < (1 +2)"[ta]-
Combining this with the induction hypothesis, we deduce that
(1 =)™ ] < [sif < (1)t

for all 1 <17 < qp.

Finally, the last statement of the lemma is obtained from the case r = n,
since there are only m-number of X;’s; hence the second possibility of (1)
cannot arise for r = n. O

Proof of Proposition 6.3. We may assume that X;’s are all of degree 1,
by replacing each A&;’s with J-number of families associated to it.
We set
Bo(n, k1) = (4k)" e
2n—1
where ¢ satisfies (%i) < 2. Note that 5y(n, k, 1) is equal to the number

given in (6.2). We may assume z = 0 without loss of generality. Let A > 0.
We need to find a point

(6.12) e (=262, -X U\, 262]) N ( - U @),

€A
Choose s > 0 such that

(6.13) (1—e) " DA< s <21+~ @D,
Since T is globally k-thick, there exists
t € ([—ks,—s]U]s,ks])NT.

Ift ¢ Uim 1 J'(X;), then by choosing ¢’ = t, we are done. Now suppose
t e UL, J'(X;). Since 0 ¢ Ui, I(&;), by applying Lemma 6.4 to t €
TN (UL, J'(X)), we obtain ¢ € T —J, J'(&;) such that

(=) Mt < ] < (L +)* ).
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Note that
] < (1+e)?" Mt < (1+e)* ks < 2k
Similarly, we have
]2 (1=t > (1-e)”" s > A

This completes the proof since t’ satisfies (6.12).

7. AVOIDANCE OF THE SINGULAR SET

Let I' < G be a convex cocompact non-elementary subgroup and let
U= {Ut} <N

be a one-parameter subgroup. Let . (U), 4 (U), X(H,U), and J€* be as
defined in section 5. In particular, .(U) is a countable union:

Z(U)= |J I\IX(H,U).
Heoxnr

The main goal of this section is to prove the avoidance Theorem 7.13 for
any convex cocompact hyperbolic manifold with Fuchsian ends. For this, we
extend the linearization method developed by Dani and Margulis [12] to our
setting. Via a careful analysis of the graded self-intersections of the union
U; T\T'H; D;NRF M for finitely many groups H; € s#* and compact subsets
D; ¢ X(H;,U), we construct families of triples of subsets of R satisfying
the conditions of Proposition 6.3 relative to the global k-thick subset of the
return time to RF M under U given in Proposition 4.11.

Linearization. Let H € #*. Then H is reductive, algebraic, and is equal
to Ng(H) by Proposition 5.3 and (3.1). There exists an R-regular represen-
tation pg : G — GL(Vy) with a point pg € Vi, such that H = Stabg(pr)
and the orbit pyG is Zariski closed [2, Theorem 3.5]. Since I'\I'H is closed,
it follows that

pul’

is a closed (and hence discrete) subset of V.
Let ng : G — Vg denote the orbit map defined by

nu(g) =ppg forall g € G.

As H and U are algebraic subgroups, the set X(H,U) ={g€ G : gUg™ ! C
HY} is Zariski closed in G. Since pyG is Zariski closed in Vi, it follows that
Ay == puyX(H,U) is Zariski closed in Vi and X (H,U) = n;;'(An).

Following [16], for given C' > 0 and « > 0, a function f : R — R is called
(C, a)-good if for any interval I C R and € > 0, we have

9

Hrel:|ft)<e}<C. (upIW) (1)

where / is a Lebesgue measure on R.
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Lemma 7.1. For given C' > 1 and o > 0, consider continuous functions
P1,DP2, Pk : R = R satisfying the (C,a)-good property. For 0 < § < 1,
set

I={teR:max|p;i(t)| <1} and J(0)={t € R:max|p;(t)| <}

For any B > 1, there exists § = 6(C, a, ) > 0 such that the pair (I, J(0)) is
B-regular (see Def. 6.2).

Proof. We prove that the conclusion holds for § := ((1+ 8)C)~Y%. First,
note that the function ¢(t) := max; |p;(¢)| also has the (C, a)-good property.
Let J' = (a,b) be a component of J(J), and I’ be the component of I
containing J'. Note that I’ is an open interval and (a,o0) N I" = (a,c) for
some b < ¢ < oco. We claim

(7.1) J +B|J| C(a,00)NI C T

We may assume that ¢ < oo; otherwise the inclusion is trivial. We claim
that ¢(c) = 1. Since {t € R: ¢(t) < 1} is open and ¢ is the boundary point of
I, we have g(c) > 1. If ¢(c) were strictly bigger than 1, since {t € R : ¢(t) >
1} is open, I’ would be disjoint from an open interval around ¢, which is
impossible. Hence ¢(¢) = 1. Now that sup{q(¢) : t € (a,00)NI'} = ¢(c) =1,
by applying the (C, «)-good property of ¢ on the interval (a,oc0) NI, we get

0(J) <t € (a,00) NI :|q(t)] < 5}
< C6% - U((a,00) N T).

Now as J' = (a,b) and (a,00) NI’ are nested intervals with one common
endpoint, it follows from the equality Cd* = 1/(1 + ) that

J +B|J| C(a,00)NT' C T,
proving (7.1). Similarly, applying the (C, a)-good property of ¢ on (—o0, b)N
I’, we deduce that
J —p|J|cTI.

This proves that (I,J(d)) is S-regular. O
Proposition 7.2. Let V be a finite dimensional real vector space, 6 € R[V]
be a polynomial and A = {v € V : O(v) = 0}. Then for any compact subset
D C A and any B > 0, there exists a compact neighborhood D' C A of D
which has a B-regular size with respect to D in the following sense: for any
neighborhood ® of D', there exists a neighborhood ¥ C ® of D such that for

any q € V—> and for any one-parameter unipotent subgroup {us} C GL(V),
the pair (I1(q),J(q)) is B-reqular where

I(q)={teR:qus € ®} and J(¢) = {t e R: qu; € V}.
Furthermore, the degree of (I(q),J(q)) is at most (degf +2) - dim V.
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Proof. Choose a norm on V so that |-||? is a polynomial function on V.
Since D is compact, we can find R > 0 such that

Dc{veV:|v| <R}
Then we set
D' ={veV:0u) =0, |v| < R/V5}

where 0 < § < 1 is to be specified later. Note that if ® is a neighborhood of
D', there exists 0 < 7 < 1 such that

{veV:0(v) <n, |vll < (R+n)/Vb} C .
We will take ¥ to be
U={veV:0w) <nd|v|<(R+n)}
Set
I(q) = {t € R : 0(que) <, Jquel| < (R+m)/V3}.
Since I(q) C I(q) for 0 < ¢ < 1, it suffices to find § (and hence D’ and V)

so that the pair (I(q), J(q)) is f-regular. If we set

2

then

I(q) = {t € R : max(1(t), ¥2(1)) < 1};
J(q) = {t eR: max(wl(t),wg(t)) < 5}

As 11 and 19 are polynomials, they have the (C,«)-property for an ap-
propriate choice of C' and «. Therefore by applying Lemma 7.1, by choosing
& small enough, we can make the pair (I(q),J(q)) B-regular for any 3 > 0.
Note that the degrees of 1 and 1 are bounded by deg#-dim V and 2dim V/
respectively. Therefore J(q) cannot have more than (degf+2)-dim V num-
ber of components. Hence the proof is complete. O

Collection &y. Recall the collection s#* and the singular set:

Z(U)= J I\IX(H,V).
Hex

Definition 7.3. We define £ = &y to be the collection of all compact subsets
of #(U) N RF M which can be written as

(7.2) E = JI'\TH;D; "RF M

LISHN
where {H; € J¢* : i € A} is a finite collection and D; C X(H;,U) is a
compact subset. In this expression, we always use the minimal index set A
for E. When FE is of the form (7.2), we will say that E is associated to the
family {H; : i € A}.
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Remark 7.4. We note that E can also be expressed as | J;c, ['\I'H; D;NRF M
where H; € S is a finite collection, and D; C X (H;,U) is a compact subset
which is left C(H;)-invariant.

Lemma 7.5. In the expression (7.2) for E € &, the collection {H; : i € A}

1s not redundant, in the sense that

e no YH;y~! is equal to H; for all triples (i,j,v) € A x A x I' except

for the trivial cases of i = j and v € H;.

Proof. Observe that if 7Hj'y_1 = H; for some v € T', then 'H;D; =
I'H;vDj, and hence by replacing D; by D;UyD; C X (H;,U), we may remove
j from the index subset A. This contradicts the minimality of A. O

Observe that for any subgroups Hy, Hy of G, and g € G,
X(HyNgHyg ', U) = X(H,,U)N X (gH29"",U)
= X(H,U)NgX(H2,U).
Note that for D; C X(H;,U), and v € I, the intersection Hy Dy N~yHaDo
only depends on the (I' N H1,I' N Hy)-double coset of ~.

Proposition 7.6. Let Hi, Hy € 5¢*. Then for any compact subset D; C
X(H;,U) fori=1,2 and a compact subset K C T'\G, there exists a finite
set A C (HND)\I'/(H2NT) such that
{K N F\F(HlDl N "}’H2D2)}’YGF = {K N F\F(HlDl N 'szDQ)}VGA
where the latter set consists of distinct elements.
Moreover for each v € A, there exists a compact subset Co C H1D1 N
yHyDo C X(Hy NyHyy™ Y, U) such that

KNT\I'(H1Dy N~yHyD9) = T'\I'Cy.

Proof. For simplicity, write ng, = 7; and p; = pg,. Let Ko C G be a
compact set such that K = T'\I'Ky. We fix v € T', and define for any 7/ € T,
K, ={g9€ Koy:+'g € HDN~yH Dy}

We check that
KNT\I'(HiDy NyH2D9) =T\I' (Uv’GFK'y’) .
If this set is non-empty, then K., # @ for some 7 € I" and
p1Yg €piD1, pay 179 € p2Do
for some g € Ky. In particular,
(7.3) Py € plDKo_l, poyle pgDKo_lfylfl.

As pI" is discrete, and plDlKgl is compact, the first condition of (7.3)
implies that there exists a finite set Ay C G such that v € (Hy NT)Ay.
Writing v/ = hdy where h € Hy NI, and §y € Ay, the second condition of
(7.3) implies

pg’y_lh S pngKgléal.
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As paDo Ky 1A6 1'is compact and poI is discrete, there exists a finite set
A C G such that y~'h € (HoNT)A. Hence, if KNT\I'(HyD1NyHD3) # 0,
then v € (Hy NT)A(HyNT). This completes the proof of the first claim.

For the second claim, it suffices to set Cy := Uv’e A Ky O

Proposition 7.7. Let H{, Hy € 57* be such that Hy N Hs contains a unipo-
tent element. Then there exists a unique smallest connected closed subgroup,

say Hy, of Hi N Hy containing all unipotent elements of Hy N Hy such that
I'\I'Hy is closed. Moreover, Hy € .

Proof. The orbit I'\I'(H; N H3) is closed [41, Lemma 2.2]. Hence such Hy
exists. We need to show that I' N Hy is Zariski dense in Hy. Let L be the
subgroup of Hy generated by all unipotent elements in Hy. Note that L is a
normal subgroup of Hy and hence (HyNT')L is a subgroup of Hy. If F is the
identity component of the closure of (HyNI')L, then I'\I'F is closed. By the
minimality assumption on Hy, we have F' = Hy. Hence (HyNT')L = Hy; so
[e] L = [e]Hy. We can then apply [41, Corollary 2.12] and deduce the Zariski
density of Hy NI in Hy. O

Corollary 7.8. Let Hi,Hy € 5* and v € T' be satisfying that X (H; N
yHoy= Y U) # (). Then there exists a subgroup H € S* contained in Hy N
yHyy™! such that for any compact subsets D; C X (H;,U), i = 1,2, there
exists a compact subset Dy C X (H,U) such that

Kn F\F(HlDl N ’}/HQDQ) =Kn F\FHDO

Proof. Let F' € 7 be given by Proposition 7.7 for the subgroup Hi N
yHyy™l. Set H := Ng(F,.) € #*. Note that X(Hy N yHyy 1, U) =
X(H,U). Hence, by the second claim of Proposition 7.6, there exists a
compact subset Dy C Hy Dy N~yHyD4y such that
(74) Kn F\F(HlDl N ’yHQDg) = F\FDO
We claim that

MNI'Dy = K NT\I'HDy.
The inclusion C is clear. Let g := hd € HDg with h € H and d € Dy, and

[g9] € K. Then by the condition on Dy, we have g € Hy D1 and vy~ 'g € HyDs.
Therefore g € Hy D1 NyHyDs. By (7.4), this proves the inclusion D. O

Definition 7.9 (Self-intersection operator on ). We define an operator
S:gUU{@}%gUU{@}

as follows: we set s(f)) = (). For any

(7.5) E=|JI\TH:D; "RFM € &y,
€A

we define

s(B):= |J |J T\(H:Dinvi;H;D;) NRF M
i,jEA v €T
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where ~;; € I" ranges over all elements of I' satisfying
dim(H; N 5ij Hjv;; ne < min{dim(H;)pe, dim(Hj)ne}-
By Proposition 7.6 and Corollary 7.8, we have:

Corollary 7.10. (1) For E € &y, we have s(F) € &y.
(2) For E1,Es € &y, we have E1 N Ey € &y.

Hence for E € &y as in (7.5), s(E) is of the form
s(E) = | J T\I'H:D; NRF M
€N
where A’ is a (minimal) finite index set, H; € ¢ with X (H;,U) # 0 and
max{dim(H;)n. : i € A'} < max{dim(H;)nc : i € A}.
Hence, s maps &y to &y U {0} and for any F € &y,
sim(E) = 0.

Definition 7.11. For a compact subset K C I'\G and E € &y, we say that
K does not have any self-intersection point of E, or simply say that K is
E-self intersection-free, if

KnNs(E)=0.
Proposition 7.12. Let £ = |J;cA,'\I'H;D; N RFM € & where D; C

X(H;,U) is a compact subset and A is a finite subset. Let K C RF M
be a compact subset which is E-self intersection-free. Then there exists

a collection of open neighborhoods §2; of D;, i € A, such that for O :=
Uiea T\LH;8Y;, the compact subset K is O-self intersection free, in the sense

that, if dim H; = dim H; and
K NT\D(H;Q; N yH;Q;) # 0
for some (i,j,v) € A X AXT, theni=j and~y € H;NT.
Proof. For each k € N and i € A, let Q;(k) be the 1/k-neighborhood of the
compact subset D;. Since A is finite, if the proposition does not hold, by

passing to a subsequence, there exist ,j € A with dim H; = dim H; and a
sequence v € I' such that

and

Hence there exist gy = hpwy € H;Qi(k) and g, = hjw) € H;Q;(k) such
that gx = 7rg), where [g;] € K. Now as k — oo, we have wy, — w € Dj
and w), — w’ € D;. There exists ¢, € I' such that d,g;y € K where K is a

compact subset of G such that K = F\F.f( , S0 the sequence dxg converges
to go as k — oo. Since I'H; and I'H; are closed, we have d,hy, — doh; and
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Spykhy, — 0yh; where 09,0 € ', h; € H; and h; € H;. As I'[H;] and I'[Hj]
are discrete in the spaces G/H; and G/ H; respectively, we have

(77) 50_15k € H; and (56)715](}% € Hj

for all sufficiently large k. Therefore gy = dohyw = d\hw’ € do(H;D; N
Sy 16 H;D;) and [go] € K. Hence

K NT\T'(H;D; N6, 6GH;D;) # 0.

Set 0 := 6,15y € T.
Since K Ns(E) = 0, this implies that RF MNT\I'(H;D;NdH;D;) ¢ s(E).
By the definition of s(F),

dim(H; N 6H;6 ™) pe = min{dim(H;)pne, dim(H; )pe }-

Since H; = Ng(H;) = Ng((H;)ne), and similarly for H;, we have HméHjé_l
is either H; or 6H;6!. Since dim H; = dim H;, §H;0~' = H; or H; =
5Hj571.
By Lemma 7.5, this implies that ¢ = j and § € Ng(H;) NT. It follows
from (7.7) that
vk € Ng(H)NT'=H;NT
for all large k. This is a contradiction to (7.6), completing the proof. U

In the rest of this section, we assume that M = T'\H? is a convex co-
compact hyperbolic manifold with Fuchsian ends, and let k£ be as given by
Proposition 4.11.

Theorem 7.13 (Avoidance theorem I). Let U = {u;} < N be a one-
parameter subgroup. For any E € &y, there exists E' € &y such that the
following holds: If F C RF M is a compact set disjoint from E’, then there
exists a neighborhood O° of E such that for all x € F, the following set

{teR:2us € REM — O°}

is 2k-thick. Moreover, if E is associated to {H; : i € A}, then E' is also
associated to the same family {H; : i € A} in the sense of Definition 7.3.

Proof. #1. The constant y: We write ##* = {H;}. For simplicity, set
Vi = Vi, and p; = py,. Let 0; be the defining polynomial of the algebraic
variety Ap,.
Set
m := dim(G)?; and
§:= nax (deg0; + 2) dim V;.

Note that if H; is conjugate to Hj, then 0; and 0; have same degree and
dim V; = dim Vj. Since there are only finitely many conjugacy classes in ¢
by Proposition 5.3, the constant § is finite. Now let

50 = Bﬂ(mév ka ]-) = (4k)m6+15_1

2mé_1
1j) <2.
1—¢ —

be given as in Proposition 6.3 where ¢ = g,,5 satisfies (
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#2. Definition of E,, and E): We write
E= | J I'\I'H;D;NRF M
i€Mo
for some finite minimal set Ag. Set

{ = 12161:[35){ dim(H;)ne.

We define E,,, E/, € &y for all 1 < n < ¢ inductively as follows: set
Eg :=F and Ag = AQ.

For each i € Ay, let D} be a compact subset of X (H;,U) containing D; such
that p; D] has a fSp-regular size with respect to p;D; as in Proposition 7.2.
Set
Ej:= | J T\T'H;D; NRF M.
1€EAy
Suppose that E, 1, E;,_ | € &y are given for n > 1. Then, define
E,:=Ens(E;,_).
Then by Corollary 7.10, F,, belongs to & and hence can be written as
E,= | J I'\T'H;D; "\RF M
€A,
where D; is a compact subset of X (H;,U), so that A,, is a minimal index
set. For each i € Ay, let D! be a compact subset of X (H;,U) containing D;
such that p; D} has a fp-regular size with respect to p;D; as in Proposition
7.2. Set
Ej = | J I'\T'H;D; N RF M.
€A,
Hence we get a sequence of compact (possibly empty) subsets of E:
E15E27 T 7EZ—1)EZ = E)
and a sequence of compact sets
LEY - E, |, E,=F'.

Note that s(E1) = s(E) = () by the dimension reason.’
A3. Outline of the plan: Let FF C RF M be a compact set disjoint from
E'. For x € F, we set
T(z) :={t e R:2u; € RFM}
which is a globally k-thick set by Proposition 4.11. We will construct

e a neighborhood O’ of E’ disjoint from F, and
e a neighborhood O° of F

Mn fact Ey_; =0 for all i > d — 1, but we won’t use this information
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such that for any x € RF M — O, we have
{teR:2u e RFM —0°} D T(z) — J'(X)

where X = X(x) is the union of at most m-number of fy-regular families
X; of triples (I(q), J*(q),J'(q)) of subsets of R with degree § and of T(z)-
multiplicity free. Once we do that, the theorem is a consequence of Propo-
sition 6.3. Construction of such @ and O° requires an inductive process on
E,’s.

#4. Inductive construction of K, O;_ ,, Onq1, and O} ;: Let

KO = RF M
For each ¢ € Ay, there exists a neighborhood €} of D} such that for

of = | J N\TH:Q,
1€
the compact subset Ky is Of-self intersection free by Lemma 7.12, since

s(E}) = (. By Proposition 7.2, there exists a neighborhood €; of D; such
that the pair (I(q), J(q)) is fo-regular for all ¢ € V; — p;Q2; where

(7.8)  I(q)={teR:qus€pQ} and J(q) = {t €R:qus € p;Q}.

Set
iehs
Since E1 = U;ea, T\I'H; D; N RF M, Oy is a neighborhood of By = s(E5) N
E. Now the compact subset s(F}) — Oy is contained in s(E}) — E, which
is relatively open in s(E}). Therefore we can take a neighborhood OF of
s(F}) — Oy so that
OfNE =0.
We will now define the following quadruple K, O;, |, Op11 and O, for
each 1 <n </ —1 inductively:
e a compact subset K,, = K,,_1 — (0, UO}) C RF M,
e a neighborhood O], of E] 4,
e a neighborhood O, of E,4; and
e a neighborhood Oy of s(E}, ;) — Opy1 such that

O NE= 0.
Assume that the sets K,,—1, O}, O,, and O} are defined. We define

n
Ky =Ky 1-(0,U0}) =RFM - | J (0;U0}).
i=1
For each i € A,41, let Q) be a neighborhood of D} in G such that for
Oni1 = Uien,,, T\THQ, K, is O, -self intersection free. Since O, UO},
is a neighborhood of s(E;, ), which is the set of all self-intersection points
of E},;, such collection of €2}, i € A,41 exists by Lemma 7.12.
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Since F' C RF M is compact and disjoint from E’, we can also assume
I'\I'H,Q, is disjoint from F, by shrinking €2/ if necessary. More precisely,
writing F' = F\FF for some compact subset ' C G, this can be achieved by
choosing a neighborhood €, of D/ so that p;Q, is disjoint from p;T'F'; and this
is possible since p;I'F is a closed set disjoint from a compact subset p;D;.
After choosing €2 for each i € A1, define the following neighborhood of
IAE

o= | T\THY,
1€AL+1

We will next define O, 11. By Lemma 7.2, there exists a neighborhood £2;
of D; such that the pair (I(g), J(q)) is Bo-regular for all ¢ € V; — p;Q2; where

I(q) ={t e R:qus € p;Q} and J(q) = {t € R : qus € p;Q%}.
We then define the following neighborhood of E, 1 = s(E;, ;) N E:

On+1 = U F\FHZQZ
1€A 41
Since the compact subset s(E, | ) — Oy 41 is contained in the set s(E;,_,)—E,

which is relatively open inside s(E},,,), we can take a neighborhood O,
of s(E},5) — Opq1 so that

Or  NE=0.

This finishes the inductive construction.
#5. Definition of @' and O°: We define:

¢ ¢ J4
:U(’);l, O::U(Qn O*::U@.
n=1 n=1 n=1

Note that O" and O are neighborhoods of E’ and E respectively. Since
E N O* =0, the following defines a neighborhood of E:

(7.9) 0°:=0-0".
&6. Construction of fy-regular families of T(z)-multiplicity free:

Fix z € F C RFM — O'. Choose a representative g € G of x. We write
each A, as the disjoint union
An = Any

J€EOn
where A, ; = {i € A, : dim H; = j} and 0,, = {j : A,; # 0}. Note that
#60, < dim G.
Fix1<n </ j€b,and i € A,,;. For each ¢ € p;I'g, we define the
following subsets of R:
o I(q) :={t:qu € p;Q%} and
e J(q) :={t: qu € pi%}.
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In general, I(g)’s have high multiplicity among ¢’s in Uz‘eAn,j p;l'g, but the
following subset I'(¢)’s will be multiplicity-free, and this is is why we defined
K, as carefully as above:
e I'(q) :={t: for some a >0, [t,t+a] C I(q) and 2utq € Kn_1};
o J*(q) :=1I'(q) N J(q);
o J(q):={te J(q) :zus € K—1}.
Observe that I'(¢) and J*(q) are unions of finitely many intervals, J'(¢q) C
T(z) and that
J'(q) € J*(q) € I'(q).
Now, for each 1 <n < { and j € 0, define the family

(7.10) Xy ={I(g), 7" (@), T (@) :qe |J pTg}-

€N, ;

We claim that each X, ; is a fp-regular family with degree at most § and
T(x)-multiplicity free.

Note for each ¢ € p;I'g, the number of connected components of J*(q) is
less than or equal to that of J(g). Now that J*(¢) C J(g) and all the pairs
(I(q),J(q)) are Bo-regular pairs of degree at most 0, it follows that A, ;’s
are [p-regular families with degree at most 4.

We now claim that &), ; has T(x)-multiplicity free, that is, for any distinct
indices ¢1,¢2 € UieAn,j pil'g of X, j,

(1) N J'(g2) = 0.
We first show that
I'(@)NI'(g2) = 0.
Suppose not. Then there exists t € I'(¢1) N I'(g2) for some ¢1 = p;y19 and

q2 = pr729, where i,k € A, ;. Then for some a > 0, we have [t,t + a] C
I(q1) N I(q2) and zuyyq € Kp—1. In particular,

TUt4q € F\F(’yl_lHlQ; N ")/Q_IHkQ%) NK,_1.

Since K,,—1 is O] -self intersection free, and dim H; = dim Hy, = j, we deduce
from Proposition 7.12 that this may happen only when ¢ = k, and 7172_1 €
H;NT. Hence we have

q1 = q2.
This shows that I’(¢)’s are pairwise disjoint. Now suppose that there exists
an element ¢t € I(q1) N J'(g2). Then by the disjointness of I'(q1) and I'(¢2),
it follows that

te (I(q)—I'(q) NI (g2)-

By the definition of I'(q1), we have zu; ¢ K,_1. This contradicts the
assumption that ¢t € J'(g2).
A7. Completing the proof: Let X := Ulgz‘gz,jeen Xy ;. In view of Propo-
sition 6.3, it remains to check that the condition ¢ € T(x) — J'(X) implies
that zu; ¢ O° where O° is given in (7.9).
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Suppose that there exists t € T(z) — J'(X) such that zu; € O°. Write
the neighborhood O° as the disjoint union

4
0° = U (O, — (Uign_loi U O*))

n=1
Let n < /¢ be such that
n—1
ru € On — (| 0;00%).
i=1

Since t € T(z) — J'(X), we have zu; € RFM — K,,_y. Since K,_1 =
RF M — U (0: 0 0}),
n—1
TUt € U 0, U0Or.
i=1
This is a contradiction, since Ule Oy Cc O*. O

As " is countable and X (H;, U) is o-compact, the intersection .(U) N
RF M can be exhausted by the union of the increasing sequence of E; € £y'’s.
Therefore, we deduce:

Corollary 7.14. There exists an increasing sequence of compact subsets
o

Ei C Ey C --- in & with S(U) NRFM = |J E; which satisfies the
j=1

following: Let x; € RF M be a sequence converging to x € 4(U) N RF M.

Then for each j € N, there exist a neighborhood O; of E; and i; > 1 such

that

{teR:zjuy € RFM - O;}
is 2k-thick for all i > i .

Proof. For each j > 1, we may assume Ej; 1 D E; where E; is given by
Theorem 7.13. For each j > 1, there exists i; € N such that z; ¢ E;; for
all ¢ > ;. Applying Proposition 7.13 to a compact subset F' = {z; : i > i;}
of RF M, we obtain a neighborhood O; of E; such that

{t e R: zjus € REM — Oy}
is 2k-thick for all i > ;. O
Indeed we will apply Corollary 7.14 for the sequence {z;} contained in a

closed orbit xgL of a proper connected closed subgroup L < G, which can
be proved in the same way:

Theorem 7.15 (Avoidance Theorem II). Consider a closed orbit xoL for

some xg € RFM and L € Qu. There exists an increasing sequence of
[e.9]

compact subsets 5y C Ey C --- in &y with S (U,zoL) NRFM = |J Ej,

j=1
which satisfies the following: if x; — = in RE M NaxgL with x € 4(U,xoL),
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then for each j € N, there exist i; > 1 and an open neighborhood O; C oL
of E; such that

{t e R:zjus € REM — Oy}
is a 2k-thick set for all i > ;.

8. LiMITS OF RF M-POINTS IN F'* AND GENERIC POINTS

Let M = I'\H¢ be a convex cocompact hyperbolic manifold with Fuchsian
ends. Recall that A C S ! denotes the limit set of I'. In this section, we
collect some geometric lemmas which are needed in modifying a sequence
limiting on an RF M point (resp. limiting on a point in REM N¥(U)) to
a sequence of RF M-points (resp. whose limit still remains inside ¢(U)).
Recall from Defintion 4.1 that Q = S% 1 — A.

Lemma 8.1. Let C,, — C be a sequence of convergent circles in S41. If
C ¢ B for any component B of Q, then
#limsup C,, N A > 2.
n—oo

Proof. Without loss of generality, we may assume that co ¢ A and hence
consider A as a subset of the Euclidean space R4!. Note that there is one
component, say, By of £ which contains oo and all other components of 2
are contained in the complement of By, which is a (bounded) round ball in
R~ Tt follows that there are only finitely many components of £ whose
diameters are bounded from below by a fixed positive number; this follows
from the fact that I'B is closed for each component B of 2, and that there
are only finitely many I'-orbits of components of (2.

Let § = 0.5diam(C) so that we may assume diam(C,,) > § for all suf-
ficiently large n > 1. It suffices to show that there exists g > 0 such
that Cp, N A contains &,, &, with d(&,,&],) > &¢ for all sufficiently large n.
Suppose not. Then for any € > 0, there exists an interval I, C (), such
that diam(l,) < ¢ and C,, — I,, C Q for some infinite sequence of n’s.
Since C,, — I, is connected, there exists a component B, of € such that
C,, C N:(By,), where N:(By,) denotes the e-neighborhood of B,,. In particu-
lar, we have diam(B,) + ¢ > 0. Taking € smaller than 0.5, this means that
diam(B,,) > 0.50. On the other hand, there are only finitely many compo-
nents of {2 whose diameters are greater than 0.59, say By,--- ,By. Let eg > 0
be such that N, (B1),- -, Nz (Be¢) are all disjoint. Then by passing to a
subsequence, there exists B; such that C,, C N:(B;) for all small 0 < & < g¢
and all n > 1; hence C' C N:(B;). Since this holds for all sufficiently small
e > 0, we get that C' C B, yielding a contradiction to the hypothesis on
C. O

In the next two lemmas, we set U~ = U and UT = U".

Lemma 8.2. Let U < N be a connected closed subgroup. Let [g]L be a
closed orbit for some L € Ly and [g] € RF M. Let Sy and S* denote the
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boundaries of w(gH(U)) and w(gL) respectively. If S is a sphere such that
So C S C S* and I'S is closed, then [g] € .7 (U*,[g]L).

.

Proof. Write L = H(U)C € Ly. Since Sop C S C S*, there exists a con-
nected proper subgroup U of U, containing U such that S is the boundary

of m(gH (U)). Since I'S is closed, [g]H'(U) is closed by Proposition 3.9. Now
the claim follows from Proposition 4.9 and the definition of . (U*, [g]L). O

Recall from Section 3 that C* denotes the space of all oriented k-spheres
in S%-1,
Lemma 8.3. Let U < N be a connected closed subgroup with dimension

m > 1, and let Uj(tl), e ,Uj(Em) be one-parameter subgroups generating U™,
Consider a closed orbit yL where L € Ly and

m
y € Flypy NREMN (9 (UL yL).
i=1
If x,, — y in yL, then, by passing to a subsequence, there exists a sequence
hyn — h in H(U) so that

m
Zohn € REMAYL  and yh € REMN(%(UY,yL).

i=1
Proof. Let gy € G be such that y = [go] and S* denote the boundary of
m(goL). Let Q be the collection of all spheres S C S* such that SN A # ()
and T'S is closed in C%™ . By Corollary 5.8 and Remark 5.9, Q is countable.
Choose a sequence g, — go in G as n — oo, so that x,, = [g,]. Let S,, and
So denote the boundaries of 7(g,H (U)) and 7(goH (U)) respectively so that
Sn — So in C™ as n — 0.

We will choose a circle Cy C Sy and a sequence of circles C,, C S,, so that
Cy, — Cp and limsup(C,, NA) contains two distinct points outside of UgeoS.
If m =1, we set Cy = Syp. When m > 2, we choose a circle Cy C Sy as
follows. Note that Sy is not contained in any sphere in Q by the assumption
on y and Lemma 8.2. Hence for any S € O, Sp N S is a proper sub-sphere
of Sp. Since y € F};(U), for any component B; of 2, Sy ¢ B; and hence
So N OB; is a proper sub-sphere of Sy. Choose a circle Cy C Sy such that
{93,905} CConA, Co ¢ S forany S € Q, and Cy ¢ 9B; NS for all i. This
is possible, since Q is countable. Since S, — Sy, we can find a sequence
of circles C,, C S, such that C,, — Cy. We claim that limsup,, (C, N A) is
uncountable. Since #CoNA > 2 and Cy ¢ 0B;, Cy ¢ B; for all i. Therefore,
by Lemma 8.1, for any infinite subsequence C,, of Cp,

#limsup(C,, NA) > 2.
k

By passing to a subsequence, we can find two distinct points &,,&), € C, N A
which converge to two distinct points &, & of Cy N A respectively as n — oo.
Choose a sequence p,, — p € G such that p = &,,p, =&, pm =&andp™ =
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¢'. Let (u;) < N be a one-parameter subgroup such that p,u; = Cp, — {&,}-
By Proposition 4.11, T;, = {t : [py]Jus € RF M} is a global k-thick subset,
and hence 7 := limsup,, T}, is a global k-thick subset contained in the set
{t : [pluy € RF M}. Then C,, N A converges, in the Hausdorff topology, to a
compact subset L C CyNA homeomorphic to the one-point compactification
of 7. Therefore L is uncountable, so is lim sup,,(C,, N A), proving the claim.

Let ¥ := UgegCp N S, i.e., the union of all possible intersection points
of Cyp and spheres in Q. Since Cy ¢ S for any S € Q, #CyN S < 2.
Hence V is countable, and hence lim sup,,(C,, NA) — ¥ is uncountable. Note
that this works for any infinite subsequence of C,,’s. Therefore we can choose
sequences &, & € Cp,NA converging to distinet points £, &7 of (CoNA)—¥
respectively, by passing to a subsequence. As £, € Cy and Cy C Sp,
there exists a frame goh = (vo,- -+ ,v4-1) € goH (U) whose first vector vy is
tangent to the geodesic [€7,¢T]. Setting g := goh, we claim that

g € @ WL yL).

Suppose that [g] € Y(Uj(:i), yL) for some i. We will assume [g] € Y(Uﬁi), yL),
as the case when [g] € .7 (UJ(:), yL) can be dealt similarly, by changing the
role of g~ and gt below. For simplicity, set U®) := U, Now by Proposi-

tion 5.13, there exist Lo € L) and o € N N L such that (Lg)ne < Lye and
[glaLg is closed. Let S denote the boundary of w(gaLg). Since « € NN L,
we have (ga)T™ =gt =£6t € SNANCy. Since S C S*, SNA# D and 'S is
closed, we have S € Q. It follows that £+ € ¥, contradicting the choice of
£T. This proves the claim.

Now choose a vector v(()n) which is tangent to the geodesic [¢,,&]. We
then extend vé") to a frame g,h, € ¢g,H(U) so that g,h, converges to
g = goh as n — oco. Since {¢F} C A, we have [gyh,] € RFM. This

completes the proof. O

We will need the following lemma later.

Lemma 8.4. Let k > 1. Let x be a k-horosphere in HF resting at p €
OHF*1 and P be the geodesic k-plane in HFtL. Let ¢ € OP, § be a geodesic
joining € and p, and q = 6 N x. There exists Ry > 1 such that for any
R > Ry, ifd(x,P) < R—1, then d(q,P) < R.

Proof. For k = 1, this is shown in [27, Lemma 4.2]. Now let & > 2. Consider
a geodesic plane H? ¢ HF"! which passes through ¢ and orthogonal to P.
Then x NH? and P NH? are a horocycle and a geodesic in H? respectively.
As dgrs1(x, P) = dp2 (x NHZ, PNH?) and dyge+1(q, P) = dpz2 (g, P NH2), the
conclusion follows from the case k = 1. O

Recall the definition of H = H(Uy_5) from Section 4.
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Lemma 8.5. Let U < HN N be a non-trivial connected closed subgroup. If
the boundary of w(gH (U)) is contained in OB for some component B of €2,
then [g] € BEM - C(H(U)).

Proof. As U is equal to mUym ™! for some m € HNM and 1 < k < d — 2,
the general case is easily reduced to the case when U = Ug. Since g =
(vo, - -+ ,vq) has its first (k+ 1)-vectors tangent to the geodesic (k+ 1)-plane
m(gH (Uy)) and O(m(gH (U)) C OB, we can use an element ¢ € C(H (Uy)) =
SO(d — k — 2) to modify the next (d — k — 2)-vectors so that gc has its
first (d — 1)-vectors tangent to hull(0B). Then [gc] € BF M, proving the
claim. (]

Lemma 8.6. Let U < HN N be a non-trivial connected closed subgroup. If
T, € REM - U is a sequence converging to some x € RF M, then passing
to a subsequence, there exists u, € U such that x,u, € RF M and at least
one of the following holds:

(1) u, — e and hence xpu, — x, or
(2) = = zc for some z € BE M with ¢ € C(H(U)), and xpu, accumu-
lates on zHe.

Proof. If x,, belongs to RF M for infinitely many n, we simply take u,, = e.
So assume that z,, € RF M for all n. Choose a sequence g, — go in G so
that x, = [gn] and x = [go]. As x € RF M, we have {go(0), go(c0)} C A.
As z, € RF4 M — RF M, we have g,(c0) € A and ¢,(0) € Q. For each n,
choose an element u, € U so that 0 < ay, := [Ju,|| < oo is the minimum of
||u|| for all uw € U satisfying g,u(0) € A. Set

a = limsup ay,.
n
If @« = 0, then we are in case (1). Hence we will assume 0 < a < co. Let
C,, denote the boundary of (g, H(U)) and Cj the boundary of 7(goH (U)).
Then C, — Cp in C™V, Recall that By (r) denotes the ball of radius r
centered at 0 inside U. Set

B, := gnByu(a,)(0) and By := goBy(a)(0).

Then B, C C, NQ, and 9B, N A # () by the choice of u,. By passing to
a subsequence, we have «,, - « and B,, — By as n — oo and hence the
diameter of B,, in S¢~! is bounded below by some positive number. Hence,
passing to a subsequence, we may assume that B,, are all contained in the
same component, say B of Q. Consequently, By C B.

We claim that #By N OB > 2. First note that go(0) € A. If @ = oo, then
gntin(0) = go(o0) € AN By. If a < oo, then u, converges to some u € U,
passing to a subsequence, and u # e, as a > 0. Now, g,u,(0) = gou(0) €
AN By. Since AN B C 0B, this proves the claim.

Therefore By is contained in dB, and hence so is Cy. By Lemma 8.5, this
implies that = = zc for some z € BF M and ¢ € C(H(U)). We proceed to
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show that z,u, accumulates on zHec. Since ¢ € C(H(U)), we may assume
¢ = e by replacing z with z¢™!, and z,, with z,c¢"!.

We claim that the distance between 7(g,u,) and the plane 7(goH) tends
to 0 as n — oo. Since zH = [go]H is compact, gnuy, € goH and (g, H) is
a geodesic plane nearly parallel to 7(goH) for all large n, this claim implies
that [gn|u, accumulates on zH, completing the proof.

Now, to prove the claim, let D,, := C,, N B, and P,, := hull(D,,). Let
k = dimU. Since C, is a k-sphere meeting the (d — 2)-sphere B C S% 1,
and C,, ¢ 0B, it follows that D, is a (k —1)-sphere. We set H,, := hull(C,,),
Ho := hull(Cy) and H := hull(dB) = w(goH). Then H, N H = P,. Let
e > 0 be arbitrary, and N.(#H) denote the e-neighborhood of H in H.
Letting dyy, (-, -) denote the hyperbolic distance in #,,, we may write

Ne(H)NHp ={p € Hp : dyy,, (p,Pr) < Ry}

for some R,, > 0. This is because N;(H)NH,y, is convex and invariant under
family of isometries, whose axes of translation and rotation are contained in
Pn. As C,, = Cy C OB as n — 00, it follows that R,, — 0o as n — 00. Let
Xn = 7(gnU), and xo := 7(goU), which are k-horospheres contained in #,,
and Ho respectively.

We next show that there is a uniform upper bound for dy,, (Py, xn), n € N.
To see this, we only need to consider those P,’s which are disjoint from x;,,
as dy, (Pn,xn) = 0 otherwise. Since x,, — xo and C,, — Cy as n — o0,
it suffices to check that the diameters of D,, with respect to the spherical
metric on S*~! have a uniform positive lower bound. Let us write C,, —D,, =
E, U E/, where E, is a connected component of C,, — D,, meeting B, and
E] is the other component. Since C),, — Cjy as n — oo, a uniform lower
bound for both diam(FE,) and diam(E),) will give a uniform upper bound
for diam(D,,). Since B,, C E,, diam(E,) > diam(By)/2 for all sufficiently
large n. On the other hand, note that x, C H, is a horosphere resting at
a point in E/. Since X, converges to Y, the condition that P, N x, = 0
implies that diam(E]) is also bounded below by some positive constant.
Since R,, — oo, we conclude that dy, (P, xn) < R, — 1 for all sufficiently
large n. Applying Lemma 8.4 to H*! = H,,, x = xn, P = Pp, £ = g and
q = m(gnun), we have

dH'n (ﬂ(gnun)ypn) <R,

and hence 7(gnun,) € Nz(H) N H,, for all sufficiently large n. As e > 0
was arbitrary, this proves that 7(g,u,) goes arbitrarily close to m(goH) as
n — 0o. This finishes the proof. O

Lemma 8.7. Let U < N be a non-trivial connected closed subgroup. If
Tp = x in F*NRFL M, and x € F* N RF M, then there exists u, — e in
U such that xpu, € RF M; in particular, x,u, — = in F* N RF M.

Proof. The general case easily reduces to the case when U < H N N. Then
the claim follows from Lemma 8.6 and Lemma 4.5. (|
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Obtaining limits in F™*. For ¢ > 0, we set
(8.1) cores(M) := {ac e N'\G : 7(z) € core M and d(m(z), 0 core M) > 6}.

We note that core.(M) is a compact of F* for all sufficiently large ¢ > 0.
In the rest of the section, let U < N denote a non-trivial connected closed
subgroup.

Lemma 8.8. Let x € RFM, and V. = {v; : t € R} < N be a one-
parameter subgroup. If w(zV) ¢ Ocore M, and zv,, € RF M for some
sequence t; — 400, then there exists a sequence s; — +oo such that zvs,
converges to a point in F™*.

Proof. 1t suffices to show that there exists a sequence s; — 400 such that
Tvs, € core, ;3 M where 1 is as given in (4.11). Let x = [g], and set
o= (1,0,---,0) € H! = Rt x R¥"!. We may assume g = (e, - ,€q_1)o €
FH? where e; are standard basis vectors in T,H? ~ R?. Note that for
Vt = {v : t > 0}, gVT is a translation of the frame g along a hori-
zontal ray emanating from o along the V-direction. By the definition of
7, the n/3-neighborhoods of hull B;’s are mutually disjoint. For each ¢,
set s; 1= t; if xvy, € core, /3 M. Otherwise, there exists a unique j such
that d(m(gvy, ), hull By) < n/3. If w(gV}, o)) were contained in the 7/3-
neighborhood of hull B;, then the unique geodesic 2-plane which contains
7(gV}t;,00)) must lie in 9 hull Bj, and hence 7(xV) C 9core M; this con-
tradicts the hypothesis. Therefore there exists ¢; < s; < oo such that
d(m(gvs,), hull Bj) = n/3. The sequence s; satisfies the claim. O

Lemma 8.9. Let x,L,v, be a sequence of closed orbits with x, € RFL M,
L, € Ly and v, € (L, " N)*. Suppose that either

(1) my, € F* for all n; or
(2) zpLpv, NRFL MO F*#£ 0 for all n.

Then
F* Nlimsup(z, Lyv, NREL M) # (.

n
Proof. We claim that if x, € F*, then z,L,v, " RFL M N F* # (, that
is, the hypothesis (1) implies (2). Suppose not. Then, since A C L,
(xnAv, ANRFL M) C RF4 M — F*. Since the set RF{ M — F* is a closed
A-invariant set and e € Av, A, we would have z,, € RF, M — F* yielding a
contradiction. It follows from the claim that there exists z,, € x, L, "RF+ M
such that 7(z,v,U) ¢ 0 core M for all n. In particular, there exists u, € U
such that z,vnu, € core, /3(./\/1). Since core,, /3(./\/1) is a compact subset of
F*, zpUntn = zZpunv, converges to a point in F*, finishing the proof. O

Lemma 8.10. Let 2oL be a closed orbit with xp € RFEM and L € Ly.
Suppose that E is a closed U-invariant subset containing xqLv, NRF L M for
some sequence v, — 00 in (LOAN)*. Ifxg € F* or xgLv,NRFy MNF* #£ ()
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for all n, then there exist y € RFEM N F* and a one parameter subgroup
V C (LN N)* such that
E>y(LNN)V.

Proof. Note that
(zoLv, NRF4 M)(v, ' Av,) C E.
By Lemma 8.9, there exists
y € F* Nlimsup(zoLv, NRF; M).

n—o0

Since y € F* NRF+ M C RFM - U, we may assume y € F* N RF M by
modifying y using an element of U. Note that lim inf(zoLv, N RF4 M) D
n—oo

y(L N N), passing to a subsequence. Since lim sup(v,, tAv,) contains a one-
n—oo

parameter subgroup V C (L N N)* by Lemma 3.4, we obtain that y(L N
NV C E. O

Lemma 8.11. If yLvg NRF M N F* £ () for some vg € N and L € Ly,
then yLv N F* NRF M # 0 for all v € AvgA.

Proof. Let yg := ylvg € yLvg N F* N RF M, and v = avgb € AvgA. Then
(yla=Y)v = ylvgb € F*NRF M as F*NRF M is A-invariant. Since yfa~'v €
yLv, the claim is proved. O

Lemma 8.12. Let gL be a closed orbit with xo € RFM and L € Ly.
Suppose that E is a closed AU -invariant subset containing xo LvNRF 1 M for
some non-trivial element v € (LNN)*. Ifxg € F* or zoLunRF MNEF* # (),
then there exist y € F*NRF M and a one parameter subgroup V.C (LNN)*
such that

ED>y(LNN)VA.

Proof. Since X is A-invariant, we get
(xoLNRF{ M)AvA C E.

Choose a sequence v, = ayva,’ € AvA tending to co. Note that either
xg € F* or for all n, zgLv, N RFM N F* # () by Lemma 8.11. Therefore
the claim follows from Lemma 8.10. [l

9. LIMITS OF UNIPOTENT BLOWUPS

Let M be a convex cocompact hyperbolic manifold with Fuchsian ends
and fix £ > 1 as given by Proposition 4.11. In the whole section, we fix a
non-trivial connected subgroup U < N. For a given sequence g; — e, and
a sequence of k-thick subsets T; of a one-parameter subgroup Uy < U, we
study the following set

limsup T,;g;U
under certain conditions on the sequence g;. The basic tool used here is
the so-called quasi-reqular map associated to the sequence g; introduced in
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the work of Margulis-Tomanov [24] to study the object lim sup Uyg;U in the
finite volume case. For our application, we need a somewhat more precise
information on the shape of the set limsup Uyg;U as well as limsup T,;¢;U
than discussed in [24].

Let UL denote the orthogonal complement of U in N ~ R%! as defined
in section 3. Recall from (3.2) that

N(U) = AN C1(U) Ca(U)

where C1(U) = C(H(U)) and Co(U) = H(U)N M N C(U*+). Since N(U)
is the identity component of Ng(U), for a sequence g; — e, the condition
gi € Ng(U) means g; € N(U) for all sufficiently large ¢ > 1. Note that the
product AU+ Co(U) is a connected subgroup of G, since Co(U) commutes
with UL, and A normalizes U+ Cy(U).

Lemma 9.1. For a given sequence g; — e in G — N(U), there ezists a
one-parameter subgroup Uy < U such that the following holds; for any given
sequence of k-thick subsets T; C Uy, there exist sequencest; € T;, andu; € U
such that as i — oo,

Ui GiUt; —

for some non-trivial element o € AU+ Co(U) — Co(U). Moreover, o can be
made arbitrarily close to e.

Proof. Set L := AU-MN*. Note that
N(U)NL =AU+ C(U) Cy(U)

and that the product map from U x L to G is a diffeomorphism onto a
Zariski open neighborhood of e in G.
Following [24], we will construct a quasi-regular map

Y :U—=NU)NL

associated to the sequence g;. Except for a Zariski closed subset of U, the
product g;u can be written as an element of UL in a unique way. We denote
by 1;(u) € L its L-component so that

giu € U;(u).

By Chevalley’s theorem, there exists an R-regular representation G — GL(W)
with a distinguished point p € W such that U = Stabg(p). Then pG is lo-
cally closed, and

Na(U) ={g9 € G : pgu = pg for all u € U}.
For each i, the map g?)l : U — W defined by
¢i(u) = pgiu

is a polynomial map in U = R™ of degree uniformly bounded, and gzgi(e)
converges to p as i — 00. As g; € Ng(U), ¢; is non-constant. Denote by
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B(p,r) the ball of radius r centered at p, fixing a norm ||-|| on W. Since pG
is open in its closure, we can find Ag > 0 such that

(9.1) B(p, 2o) NpG C pG.

Without loss of generality, we may assume that A\g = 2 by renormalizing the
norm. Now define

i = sup{A > 0: ¢;(Bu())) C B(p,2)}.

Note that A\; < oo as ¢; is nonconstant, and \; — oo as ¢ — oo, as g; — e.
We define ¢; : U — W by

This forms an equi-continuous family of polynomials on U. Therefore, af-
ter passing to a subsequence, ¢; converges to a non-constant polynomial ¢
uniformly on every compact subset of U. Moreover sup{||¢(u) —p|| : u €
By(1)} =1, ¢(Bu(1)) C pL, and ¢(0) = p. Now the following map 1 defines
a non-constant rational map defined on a Zariski open dense neighborhood
of  of e in U:
bi=plod

where py, is the restriction to L of the orbit map g — p.g. We have ¢)(e) = e
and

P(u) = lim i (Asu)
where the convergence is uniform on compact subsets of & and
Y(u) € LON(U) = AU C1(U) Co(U).

Since v is non-constant, there exists a one-parameter subgroup Uy < U
such that |y, is non-constant. Now let T; be a sequence of k-thick sets in
Up ~ R. Then T;/); is also a k-thick set, and so is

Too == limsup (T;/\;) C Up.

1—00

Finally, for all ¢t € T, there exists a sequence t; € T; such that ¢;/\; — ¢
as i — oo (by passing to a subsequence). Since 1; o A; — 1 uniformly on
compact subsets,

P(t) = lim (¢; 0 Ni) (£i/Ai) = lim ().
1— 00 1— 00
By the definition of ;, this means that there exists u; € U such that
P(t) = lim w;giue,.
11— 00

Since 1|y, is a non-constant continuous map, and an uncountable set T
accumulates on 0, the image (T ) contains a non-trivial element o of
AU+ C1(U) C2(U) which can be taken arbitrarily close to e.

We now claim that if « is sufficiently close to e, then it belongs to
AU+ Co(U). Consider H'(U) := H(U) C1(U), and let b denote its Lie alge-
bra. Now for all i large enough, using the decomposition g = h@h* in (3.5),
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we can write g; = ¢;d;r; where ¢; € C1(U), d; € H(U) and 7; € exp b*, Since
¢; commutes with U, we can write

Ui gius;, = (uiuti)ci(u;_ldiuti)(ut_iln-uti).
On the other hand, we have

liglpuigiuti = liinpc,-(ugldiuti)(uglriuti) = pa.

Since ¢; — e, utidiut_il € HU), and utiriut_il € expht, it follows that both
sequences utidiut_i L and g Tilly, L must converge, say to h € H(U) and to
g € exph™t, respectively. Hence a = hq by replacing h by uh for some
u € U. On the other hand, we can write a = aveica € AUL C1(U) Co(U).
So hq = avcice. Note that ¢:=cico € C(H(U))H(U) = H'(U). We get

(9.2) (a7 he ) (eqe™) = w.

Now, when « is sufficiently close to e, all elements appearing in (9.2) are also
close to e. Recall that the map H'(U) xh*+ — G given by (W', X) — W/ exp X
is a local diffeomorphism onto a neighborhood of e. Since (a='hc™!) €
H'(U), and cqc™',v € exph®, we have a " 'hc™! = e and cqgc™! = v for a
sufficiently small. In particular,

atheyt =t € HU)NC(H(U)) = {e}.

Hence ¢; = e. It follows that o € AU* Co(U), as desired.

We further claim that we can choose « outside of Co(U). As Cy(U) is a
compact subgroup, we can choose a Ca(U)-invariant Euclidean norm ||-|| on
W. If a« = (t) € Co(U) for some t € Ty, C Up, then ¢ is one of finitely many
solutions of the polynomial equation |¢(¢)||> = ||p||?>. Therefore, except for
finitely many ¢ € Too, @ = ¥(t) € AU Cy(U) — Co(U). This finishes the
proof. O

The following lemma is similar to Lemma 9.1, but here we consider the
case when U is the whole horospherical subgroup N. In this restrictive case,
the limiting element can be taken inside A.

Lemma 9.2. Let T, C N be a sequence of k-thick subsets in the sense
that for any one-parameter subgroup Uy < N, T, NUy is a k-thick subset of
Up ~ R. For any sequence g; — e in G — Ng(N), there exist t; — oo in T;
and u; € N such that

uigit; — a
for some non-trivial element a € A. Moreover, a can be chosen to be arbi-

trarily close to e.

Proof. We first consider the case when g; belongs to the opposite horo-
spherical subgroup N*. We will use the notations u* and u~ defined in
Section 3. Write g; = exput(w;) for some w; € R4 For € R4, set
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ugy :=expu_ (z) € N. Let € > 0 be arbitrary. Since T; is a k-thick subset
of N, there exists «; € R such that a;w; € T; and

2
;| ||w;
e < 7| Z|H Z” < ke.
2
12 —1
Setting Uy, 1= Ug,uw; € T; and y; 1= —oyw; (1 + %) , we compute:
aps 112\ —2

aqllwi2)

Uy, Gilz; = (1 + 5 ) wW; T4 0
12 gy 112 Mans 112\ 2
_||w21|| _ (1+ azllghll )wf (1+ 041”721]1“ )

The condition for the size of «; guarantees that, by passing to a subsequence,
the sequence u,, g;u,, converges to an element

diag(a,Iy_1,a ) € A, for a € [(1—e)72, (1—ke) 2|U[(14+ke) 72, (14¢) 77

as i — oo. This proves the claim when g; € NT.

Since the product map A x M x Nt x N — G is a diffeomorphism onto a
Zariski-open neighborhood of e in G, we can write g; = aimiujui_ for some
a; € A, m; € M, uj € NT and u; € N all of which converge to e as i — co.
By the previous case, we can find u;; € T; and u; € N such that uzujutZ
converges to a non-trivial element a € A. Let @; := (a;m;)u;(a;m;) ™" € N.
Then @;g;us;, = aimiuiu;"u;uti = aimi(uiujuti)ui_ — a as ¢ — 0o, proving
the claim. O

Lemma 9.3. Let L be any connected reductive subgroup of G normalized by
A. Let Uy be a one-parameter subgroup of LON. Let T; C Uy be a sequence
of k-thick subsets. For a given sequence r; — e in exp(It) — N(Up), there
exists a sequence t; € T; such that as i — 00,

1
Uy, Ty, =V

for some non-trivial element v € (L N N)*, and v can be chosen arbitrarily
close to e. Moreover, for all n large enough, we can make v so that
n < |lv]| < 2k*n.

Proof. Without loss of generality, by Proposition 3.7, we may assume that
Lne = HU) for U = U, = R¥ some k > 1 and Uy := Re;. We write
r; = exp(q;) where ¢; — 0 in [+. Using the notations introduced in section
3 and setting ut = Lie(U+) = R17* we can write

g = u" () +ut (y;) + m(Cy)

O  Bi
—B! A,
matrix, all of which converge to 0 as i — oo. We consider Uy = Re; as
{us = se; € R¥"1} and define the map 1; : R — [+ by

Vi(s) = uylqus  for all s € R;

where z; € ut, y; € (uh)t, and C; = ( ) is a skew symmetric
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this is well-defined since [+ is Ad(L)-invariant. Then a direct computation
shows

(9:3) Pi(s) = u” (z; + sBler + s°yi/2) + u't (y;) + m(C;)
where C; is a skew-symmetric matrix of the form
0 — ( 0 B; + Selyf >
v —Bf — syieﬁ A; '

Since r; € N(Up), it follows that either y; # 0 or y; = 0 and Ble; # 0. Hence
1; is a non-constant polynomial of degree at most 2, and ;(0) — 0. Let
Ai € R be defined by

Ai = sup{A > 0: |h;[—\, A]| < 1}

Then 0 < A\; < o0 and A; — oo. Now the rescaled polynomials ¢; =
;0o \j : R — [+ form an equicontinuous family of polynomials of degree
at most 2 and lim; o, ¢;(0) = 0. Therefore ¢; converges to a polynomial
¢ : R — [+ uniformly on compact subsets. Since ¢(0) = 0 and sup{|p(\)] :
A € [-1,1]} = 1, ¢ is a non-constant polynomial. From (9.3), it can be
easily seen that Im(¢) is contained Lie(N) NI+, by considering the two cases
of y; # 0, and y; = 0 and Ble; # 0 separately. For a given sequence T; of
k-thick subsets of Up, set
Too := limsup(T;/\;),
1—00

which is also a k-thick subset of Uj.

Let s € T. By passing to a subsequence, there exists t; € T; such that
ti/Ai — s asi — 00. As ¢; — ¢ uniformly on compact subsets, it follows
that

o(s) = lim ¥;(N; - t;/N;) = lim ut_ilqiuti.
71— 00 11— 00
Since T accumulates on 0, so does ¢(T,). Taking the exponential map to
each side of the above, the first part of the lemma follows.

The second part of the lemma holds by applying Lemma 9.4 below for
the non-constant polynomial p(s) = ||¢(s)||? of degree at most 4. O

Lemma 9.4. If p € Rls| is a polynomial of degree 6 > 1 and T C R is a
k-thick subset, then p(T) is 2k0-thick at co.

Proof. Let C be the coefficient of s° term of the polynomial p. Then there

5
exists sg > 1 such that % < kg(—;)‘l < /2 for all |s| > so. Let r > % Since
T is k-thick, there exists t € T such that (v2r/|C)1/% < |t| < k(v/2r/|C|)'/°.
We compute that r < |p(t)| < 2k%r, proving the claim. O

10. TRANSLATES OF RELATIVE U-MINIMAL SETS

Assume that M is a convex cocompact hyperbolic manifold with Fuchsian
ends and fix £ > 1 as given by Proposition 4.11. In this section, we fix a non-
trivial connected closed subgroup U < N. Unless mentioned otherwise, we
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let R be a compact A-invariant subset of RF M such that for every z € R,
and for any one-parameter subgroup Uy = {u;} of U, the following set

{t e R:zu; € R}

is k-thick. In practice, R will be either RF M or a compact subset of the
form RF M0 Fpy ;) N X for a closed H (U)-invariant subset X.

The main aim of this section is to prove Propositions 10.6 and 10.9 using
the results of section 9. The results in this section are needed in the step of
finding a closed orbit in a given H(U)-orbit closure of an RF M-point.

Definition 10.1. e A U-invariant closed subset Y C I'\G is U-minimal
if yU is dense in Y for any y € Y.
e A U-invariant closed subset Y C I'\G is U-minimal with respect to
RifYNR#(and for any y € Y N R, yU is dense in Y.

A U-minimal subset may not exist, but a U-minimal subset with respect
to a compact subset R always exists by Zorn’s lemma. In this section, we
study how to find an additional invariance of Y beyond U under certain
conditions.

Lemma 10.2. Let Y C I'\G be a U-minimal subset with respect to R. For
any y € Y N R, there exists a sequence u, — co in U such that yu, — vy.

Proof. The set Z := {z € Y : yu, — z for some u, — coin U} is U-
invariant and closed. By the assumption on R, there exists u, — oo in
U such that yu, € Y N R. Since Y N R is compact, yu, converges to some
z € Y N R, by passing to a subsequence. Hence Z intersects Y N R non-
trivially. Therefore Z =Y, by the U-minimality of Y with respect to R. [

A subset S of a topological space is said to be locally closed if S is open
in its closure S.

Lemma 10.3. Let Y be a U-minimal subset of I'\G with respect to R, and
S be a closed subgroup of N(U) containing U. For any yo € Y N R, the orbit
YoS is not locally closed.

Proof. Suppose that 1S is locally closed for some yg € Y N R. Since Y is
U-minimal with respect to R, there exists u,, — oo in U such that you, — yo
by Lemma 10.2. We may assume that yo = [e] without loss of generality.
Since yoS is locally closed, oS is homeomorphic to (S NT)\S (cf. [49,
Theorem 2.1.14]). Therefore there exists 6, € S NT such that d,u, — e as
n — oo. Since N(U) = AN C,(U) C2(U), writing 6,, = a1y, for a, € A and
rn € NC1(U)Ca(U), it follows that a, — e. On the other hand, note that
a, is non-trivial as I' does not contain any elliptic or parabolic element. This
is a contradiction, as there exists a positive lower bound for the translation
lengths of elements of I', which is given by the minimal length of a closed
geodesic in M. O
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In the rest of this section, we use the following notation:
H=HU), H = H(U), and F* = F;I(U).

Lemma 10.4. For every U-minimal subset Y C T'\G with respect to RF M
such that Y NF*NRF M # 0, and for any yo € Y NF*NRF M, there exists
a sequence g, — e in G — N(U) such that yog, € Y NRF M for all n.

Proof. Let yg € YN F*NRFM. AsY = yU, Y C RFL M. Using
Lemma 4.5 and the fact that F™* is open, we get that there exists an open
neighborhood O of e such that

(10.1) wONY CYNF*CYNRFM-U.

Without loss of generality, we may assume that the map g — yog € T'\G
is injective on O, by shrinking O if necessary. We claim that there exists
gn — e in G — N(U) such that ypg, € Y N F*. Suppose not. Then there
exists a neighborhood @' C O of e such that

(10.2) %O’ ' NY CyoN(U).

Set

S={geNU):Yg=Y}
which is a closed subgroup of N(U) containing U. We will show that yyS is
locally closed; this contradicts Lemma 10.3. We first claim that

(10.3) 0O’ ' NY C yoS.

If g € O such that yog € Y, then g € N(U). Therefore yogU = yoUg =
Yg C Y. Moreover, YgNRF M = () by (10.1). Hence Yg =Y, proving that
g € S. Now, (10.3) implies that ¢S is open in Y. On the other hand, since
UC S, we get Y =yoS. Therefore, 1S is locally closed.

Hence we have g, — e in G — N(U) such that ypg, € Y N F*. Since
Yogn € F* N RF M converges to yo € F* N RF M, by Lemma 8.7, there
exists a sequence u, — e in U such that yog,u, € RF M. Therefore, by
replacing g, with g,u,, this finishes the proof. O

Lemma 10.5. Let Y be a U-minimal subset with respect to R, and let W
be a connected closed subgroup of N(U). Suppose that there ezists a se-
quence c; — e in W such that Yo; CY. Then there exists a one-parameter
subsemigroup S < W such that Y S C Y.

Moreover if Wy is a compact Lie subgroup of W and a; € W — Wy for all
i, then S can be taken so that S ¢ Wy.

Proof. The set Sy = {g € W : Yg C Y} is a closed subsemigroup of W.
Write a; = exp §; for some &; € Lie(W). Then the sequence v; := ||&;]|~1&; of
unit vectors has a limit, say, v. It suffices to note that S := {exp(tv) : t > 0}
is contained in the closure of the subsemigroup generated by «;’s. Now
suppose that a; € W — Wy. Set My := {g € Wy : Yg = Y}. This is a
closed Lie subgroup of Wy. Write LieW = mg @ mé where my = Lie M.
By modifying a; by elements of My, we may assume «; = exp&; for & — 0
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in mg. Letting v € my be a limit of &/||&]|, it remains to check v ¢ Wy.
Suppose not. Since Wy is compact, we have {exptv : t > 0} = expRu.
Hence for all ¢ > 0, Yexptv C Y as well as Y exp(—tv) C Y. Therefore
Y exptv =Y. Hence expv € My. This is a contradiction, since v € mé-.

O

Proposition 10.6 (Translate of Y inside of V). Let Y be a U-minimal set
of T\G with respect to RF M such that Y N F* N RF M # (.

Then there exists an unbounded one-parameter subsemigroup S inside the
subgroup AU+ Co(U) such that

Yscy.

Proof. Choose yp € Y NRF M N F*. By Lemma 10.4, there exists g; — e in
G — N(U) such that yog; € Y NRF M. Let Uy = {us} be a one-parameter
subgroup of U as given by Lemma 9.1, with respect to the sequence g;.
Let
T, = {ut e Uy :yogiug €Y N RFM}
which is a k-thick subset of Uy. By Lemma 9.1, there exist sequences u;, —
oo in T;, and u; € U such that

w;gig; —> &

for some element o € AUL Co(U) — Co(U). Note that yogius, € Y N RF M
converges to some y; € Y N RF M by passing to a subsequence. Hence as
1 — 00,
you; " = yogiue, (uigiue,) " — yrat
So y1a~! €Y, and hence Yo~ ! C Y, since y; € Y NRF M. Since « can
be made arbitrarily close to e in Lemma 9.1, the claim follows from Lemma
10.5. O

Proposition 10.7 (Translate of Y inside of X). Let X be a closed H'-
invariant set such that X N R # (. Let Y C X be a U-minimal subset with
respect to R, and assume that there exists y € Y N R and a sequence g, — €
in G — H' such that yg, € X for all n. Then there exists some non-trivial
v € UL such that

Yv C X.

Proof. Let b denote the Lie algebra of H'. We may write g, = r,h,, where
h, € H' and r, € expht. By replacing g, with gnhlzl, we may assume
Gn =Tn. Ifr, €U L for some n, then the claim follows since ygr, € X and
hence Yr, C X. Hence we assume that r, ¢ UL for all n. We have from
(3.5)
bt NLie(N(U)) = LieU™.

Hence r,, ¢ N(U) for all n. Therefore there exists a one-parameter subgroup
Up = {ut} < U such that r, ¢ N(Up). Let

T={teR:yu € R}.
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Since y € R, it follows that T is a k-thick subset of R by the assumption on
R. Hence, by Lemma 9.3, there exists t,, € T such that u; lrnutn — v for
some non-trivial v € U+. Observe

(yutn)(u,;lrnutn) =yrpu, € X.

Passing to a subsequence, yu;, — yo for some yy € Y N R, and hence
yov € X. It follows Yv C X. (]

For a one-parameter subgroup V = {v; : t € R} and a subset I C R, the
notation V7 means the subset {v; : t € I'}.

Lemma 10.8. Let X be a closed AU-invariant set of I'\G, and V be a
one-parameter subgroup of UL. Assume that R := X NRF M N F* is non-
empty and compact. If xoVi C X for some o € R and a closed interval 1
containing 0, then X contains a V-orbit of a point in R.

Proof. Choose a sequence a, € A such that liminf, . a,V7a, ! contains a
subsemigroup V' of V as n — oo. Then

(xoagl)(anV[a;l) = xongl c X.

By passing to a subsequence, we have zga,, ! converges to some 1 € RF M;

so 21Vt C X. Since R is compact, so is gA N F*, which implies that z; €
20A N F*. Since x1 belongs to the open set F*, it follows zjvs € F* for all
sufficiently small s € R. By Lemma 4.5, this implies that 10U NRF M # ()
for some s > 0 with v, € V. Note that

(10U (v ' V) = UV C X,

Choose z3 € 219, UNRF M C XNRF MNF*. Then x5(v; V") C X. Simi-
larly as before, let a,, € A be a sequence such that lim inf,, e a,(v;1V T )a, ! =
V and such that zea, ! converges to some x3 € R. From

(xgagl)(anvgle“a;l) = xgv;1V+a;1 C X,

we conclude that x3V C X. This finishes the proof. ([

Proposition 10.9. Let X be a closed H'-invariant set. Assume that R :=
XNF*NRF M is a non-empty compact set, and let Y C X be a U-minimal
subset with respect to R. Suppose that there exists y € Y N R such that
X —yH' is not closed. Then there exist an element z € R and a non-trivial
connected closed subgroup V < UL such that

UV C X.

Proof. Since X —yH' is not closed, there exists a sequence g, — ¢ in G — H'
such that yg, € X for all n > 1. By Lemma 10.8, it suffices to find zg € R
and a one-parameter subgroup V < UL such that zoV; C X for some
interval I < R containing 0. It follows from Propositions 10.6 and 10.7 that

YvyCX and YSCY

where vy € UL — {e} and S is an unbounded one-parameter subsemigroup
of AU+ Cy(U). By Lemma 3.3, S is either of the form



ORBIT CLOSURES 71

(1) S = {exp(t&y)exp(t&e) : t > 0}, or
(2) S={(vexp(t&a)v™") exp(téc) : t > 0}
for some &4 € Lie(A)—{0},&c € Lie(Co(U)), &y € Lie(V)—{0}, and v € U*.
Case (1): Since X is H'(U)-invariant, we may assume Y'.S C X with {¢ = 0;
so the claim follows.
Case (2): Set
Yo =Y Cy(U).

It is easy to check that Y is a U Cy(U)-minimal subset of X with respect to
R. First suppose that v = e. Let AT := {exp(t4) : t > 0}. Since YS C Y
and £ € Lie(Cy(U)), it follows that YpA+T C ¥y. Choose y € Y N R, and
let a,, — oo be a sequence in AT. Since R is compact and A-invariant, ya,,
converges to some 2y € R by passing to a subsequence. Since YgAT C Yy,
we have 29 € Yo N R. Since liminfa_,A"™ = A, we get 204 C Y. Since
20AU Co(U) = zU Co(U)A, and Yy is U Co(U)-minimal with respect to R,
we obtain YpA C Yj. Since vy commutes with Co(U), we also get Yyvy C
X. Therefore YpAvy C Ygvg C X. By the A-invariance of X, it follows
Yo(AvpA) C X. Since AvgA contains some VT, the claim follows.
Next suppose v # e. Since Co(U) commutes with v, it follows that

YovAtv~! C Yp.
Since X is A-invariant, we get

Yo(vATv ™A C YpA C X.

Set V := expR(logv). Since vATv~1A contains V; for some interval I
containing 0 for any subsemigroup A" of A. we get YyV; C X, finishing the
proof. O

11. CLOSURES OF ORBITS INSIDE 0F AND NON-HOMOGENEITY

Let M = F\Hd be a convex cocompact hyperbolic manifold with non-
empty Fuchsian ends. Let U be a connected closed subgroup of H N N and
set H := H(U) as before. Then

OF =BFM-VT.-H(U) and 0FNRFM =BF M. C(H(U)).

In this section, we classify closures of xH(U) and z AU for z € OF — RF M
(Theorem 11.5); they are never homogeneous.

Theorem 11.1. If x = zc € BFM - C(H(U)) with z € BEM and ¢ €
C(H(U)). Then
(1) U = L for some L € Qu contained in ¢~ He;
(2) tH(U) = zL for some L € Ly contained in ¢~ He, and for any
y €YU, zL), yU = xL;
(3) zAU =zH(U).
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Proof. Since z is contained in the compact homogeneous space z¢— ' He, the
claims (1) and (2) are special cases of Ratner’s theorem [37], which were also
proved by Shah independently [44]. So we only need to discuss the proof of
(3). We show that zAU = xL where L is given by (2). If U = LN N, then
the claim follows from Theorem 13.1. Suppose that U is a proper subgroup
of LON. Since rAU(KNH((U)) =2H(U) = 2L and . (U, zL)-(KNH(U))
is a proper subset of L (cf. Lemma 5.15), there exists y € tAUNY (U, zL).
Hence (3) follows from (2). O

Lemma 11.2. Let V*+ C N be a one-parameter subsemigroup which is not
contained in H. Then VTH(U) is a closed subset of G.

Proof. Since the product map A x N — AN is a diffeomorphism and AN
is closed, the product subset AW is closed in G for any closed subset W
of N. Hence AUV ™ is a closed subset of AN. We use Iwasawa decompo-
sitions H(U) = UA(K N H(U)), and the fact that AV*T = VT A in order
to write VT H(U) = AUV (K N H(U)). Hence the conclusion follows from
compactness of K N H(U). O

Lemma 11.3. Let Vt C N be as in Lemma 11.2. If g; € H is a sequence
such that g;v;h; converges for some v; € V™ and h; € H(U) as i — oo, then,
after passing to a subsequence, there exists p; € AU such that g;p; converges
to an element of H as i — .

Proof. We write g; = kia;n; € (KﬂfI)A(Nﬁﬁ) and h; = ua;k; € UA(KN
H(U)). Since K N H and K N H(U) are compact, we may assume without
loss of generality that k; = k; = e for all 4. Observe that
givih; = a;n;viuia;
= Eziai(a;lﬁiuiai)(a;lviai)

where a;a; € A, a;lfziuiai e NN f], and a;lviai € VT. Since g;vih;
converges as i — oo and the product map A x (NN H) x VT — G is an
injective proper map, it follows that all three sequences a;a;, a;lﬁiuiai and
a; Lvia; are convergent as i — co. Noting that

giwia; = aiuia; = a;a;(a; ' fiuia;),
it remains to set p; := u;a; € AU to finish the proof. O

For 2 € BEFM, n(zHVTH) = W(ZHV:") is the closure of a Fuchsian end,
of the form Sy x [0, 00) where Sy = 7(zH).

Lemma 11.4. Let z € BF M. Let zL be a closed orbit contained in BE M
for some L € Ly contained in H, and V*+t C N be a one-parameter sub-
semigroup such that HVY = HV™. Then both zLVtH(U) and zLV™* are
closed.

Proof. Without loss of generality, we assume z = [e¢]. Let B denote the
component of €2 such that hull(0B) = w(H) for the projection map = :
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G — H¢. Since HVT = HV™T, we have n(HVTH) = hull B. Note that if
y(hull(B)) Nhull(B) # @ for v € T, then v € H NT = Stabp(B).

Suppose that ~;¢;v;h; converges to some element g € G where v; € T,
l; € L,v; € VT and h; € H(U). Since 7(y;4;v;h;) € Thull B, and T hull B is
a closed subset of H?, we have 7(g) € I"hull B. Without loss of generality,
we may assume 7(g) € hull B by replacing v; by v7; for some v € T if
necessary.

We claim that by passing to a subsequence,

v € HNT.
Let O be a neighborhood of 7(g) such that
ONThull B C hull B;

such O exists, since d(hull(yB), hull(B)) > n for all v € ' — (H NT) where
n > 0 is given in (4.11). By passing to a subsequence, we may assume
that m(yilivih;) € O. Since w({;v;h;) € hull B for all i, it follows that
7(yilivih;) € hull B for all n. Therefore v; € H NT. Applying Lemma 11.3
to the sequence (v;¢;)v;h; — g, there exists p; € AU such that ~;¢;p; — h in
H as i — oco. Since I'L is closed, we have h € T'L.

Since p; ‘v;h; € AUVTH(U) = VYH(U) and
(11.1) lim p; 'vih; = hlg,

1—00

we have h='g € VTH(U) by Lemma 11.2. Therefore, g = h(h™lg) €
TCLV*TH(U). This proves that TLVTH(U) is closed. Note that in the
above argument, if h; = e for all 4, then h~1g = Iimpflvi € AUV™. Hence
g=nh(h~tg) e TLAUVT =TLV*. This proves that TLV ™ is closed. O

Note that z € RFL M — RFM - H(U) if and only if z € (RFL M N
OFg ) — BEM - C(H(U)).

Theorem 11.5. Let ©+ € RFL M — RFM - H{U). Then there ezist a
compact orbit zL. C BF M with L € Ly, an element ¢ € C(H(U)) and
a one-parameter subsemigroup V* C N with HVt = HV* such that

(1) xH(U) = zLV*TH(U)c¢;

(2) zAU = zLV*e.
Moreover the closure of the geodesic plane w(xH (U)) is diffeomorphic to a
properly immersed submanifold S x [0,00) where S = w(zL) is a compact
geodesic plane inside BF M.

Proof. We write & = zgue for some non-trivial v € V*t, zg € BF M and
c € C(H(U)). Without loss of generality, we may assume ¢ = e. By Theorem
11.1, 20U = zovo_lLvo where L € Ly is contained in H and vy € H N N.
Hence xH(U) contains zL(vov)H (U) for z := zv,' € BEM. Set V* :=
{expt(log(vvy)) : t > 0}.

Note that V' is contained in A(vgv)A U {e}, and hence

zL U zLvovH(U) = zLVTH(U)
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and HV+ = HV* since v # e.

Since xH(U) C zLUzL(vov)H (U), and zL lies in the closure of z L(vov)H (U),
the claim (1) follows since zLVTH(U) is closed by Lemma 11.4. For the
claim (2), note that xAU D 20UvA = 2LV™". By Lemma 11.4, zLV T is
AU-invariant and closed. Since x € 2LV T, we conclude zAU = 2LV .

To see the last claim, observe that n(2LVtH(U)) = n(2LVTAU) =
7(2LV*) since VT AU = AUV, and AU < L. Since HVt = HV*, and
7(zL) is a compact geodesic plane (without boundary) in w(zH), we get
1(zHV ') ~ 7(zH) x [0,00) and 7(2LV ') ~ 7(2L) x [0, 00). O
Remark 11.6. An immediate consequence of Theorem 11.5 is that if P € M
is a geodesic plane such that P N core M = ) but P N core M # (), then P
is not properly immersed in M and P is a properly immersed submanifold
with non-empty boundary.

12. DENSITY OF ALMOST ALL U-ORBITS

Let I' < G = SO°(d, 1) be a Zariski dense convex cocompact subgroup.
The action of N on RF; M is minimal, and hence any N-orbit is dense
in RF; M [48]. Given a non-trivial connected closed subgroup U of N,
there exists a dense U-orbit in RF1 M [29]. In this section, we deduce from
[30] and [29] that almost every U-orbit is dense in RFy M with respect to
the Burger-Roblin measure in the case of a convex cocompact hyperbolic
manifold with Fuchsian ends (Corollary 12.4).

The critical exponent § = dr of I' is defined to be the infimum s > 0
such that the Poincare series Z«,er e—5407(9) converges for any o € HY. Tt
is known that J is equal to the Hausdorff dimension of the limit set A and
d =d—1if and only if I" is a lattice in G [45].

Denote by mPR the N-invariant Burger-Roblin measure supported on
RF M; it is characterized as a unique locally finite Borel measure sup-
ported on RF{ M (up to a scaling) by ([6], [40], [48]). We won’t give an
explicit formula of this measure as we will only use the fact that its support
is equal to RF M, together with the following theorem: recall that a lo-
cally finite U-invariant measure p is ergodic if every U-invariant measurable
subset has either zero measure or zero co-measure, and is conservative if
for any measurable subset S with positive measure, [;; 1g(zu)du = oo for
p-almost all z, where du denotes the Haar measure on U.

Theorem 12.1 ([30], [29]). Let U < N be a connected closed subgroup,
and let T be a convex cocompact Zariski dense subgroup of G. Then mBR is
U-ergodic and conservative if 6 > co-dimy (U).

Lemma 12.2. Suppose that I'1 < I's are convexr cocompact subgroups of G
with [I'y : T'g) = co. Then ér, < dr,.

Proof. Note that a convex cocompact subgroup is of divergent type ([45],
[40]). Hence the claim follows from [8, Proposition 9] if we check that Ar, #
Ar,.
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If A := Ar, = Ar,, then their convex hulls are the same, and hence the
convex core of the manifold I';\H? is equal to T';\hull(A), which is compact.
Since we have a covering map I'1\hull(A) — T3\hull(A), it follows that
[ : T < oc. O

Lemma 12.3. IfT\H? is a convex cocompact hyperbolic manifold with Fuch-
sian ends, then 6 > d — 2.

Proof. If T is a lattice, then A = S ! and 6 = d — 1. If T'\H? is a convex
cocompact hyperbolic manifold with non-empty Fuchsian ends, then I' con-
tains a cocompact lattice I'g in a conjugate of SO(d — 1, 1) whose limit set
is equal to 0B; for some i. Now [I' : I'g] = oo; otherwise, A = 9B;. Hence
0 > or, = d — 2 by Lemma 12.2. O

Corollary 12.4. Let M = T'\H? be a convex cocompact hyperbolic manifold
with Fuchsian ends. Let U < N be any non-trivial connected closed subgroup.
Then for mBR_almost every x € RF L M,

2U = RF4 M.

Proof. Without loss of generality, we may assume that U = {u;} is a one-
parameter subgroup. By Lemma 12.3 and Theorem 12.1, mBR is U-ergodic
and conservative. Since RF M is second countable and the U-action on it
is continuous, the claim follows. ([l

Since F Z{(U) NRF; M is a non-empty open subset, it follows that almost
all U-orbits in Fy ;) N RF M are dense in RF ¢ M.

13. HOROSPHERICAL ACTION IN THE PRESENCE OF A COMPACT FACTOR

Let M = I'\H¢ be a convex cocompact hyperbolic manifold with Fuchsian
ends and fix a non-trivial connected closed subgroup U of N. Consider a
closed orbit L for x € RF M where L € Qy and U = LN N. The subgroup
U is a horospherical subgroup of L, which is known to act minimally on
xLNRF{ M provided L = Ly,. In this section, we extend the U-minimality
on zL in the case when L has a compact factor.

Theorem 13.1. Let X := xL be a closed orbit where x € RFL M, and
L e Qu. Let U := LN N. Then the following holds:

(1) X NRF4+ M is U-minimal.

(2) X is Lpc-minimal.

(3) If L € Ly and x € RF M, then X NRF M contains a dense A-orbit.

(4) For any non-trivial connected closed subgroup Uy < U, for m)B(R—
almost all x € X,

Uy = X NRF, M.

The subgroup L € Qy is of the form v~!H(U)Cv where H(U)C € Ly
and v € N. A general case can be easily reduced to the case where L € L.
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In the following, we assume L = H(U)C € Ly. As before, we set
H=HU), H = H'U), and F* = Fjy

and let 7 : H — H and my : H' — C(H) be the canonical projections.
In order to define mBR, choose ¢ € G so that [g] = x. If we identify
H ~ SO°(k,1), then by Proposition 4.9, S := m(¢"'T'g N HC)\H* is a
convex cocompact hyperbolic manifold with Fuchsian ends. Now 71 (g~ 'T'gN
HC)\H is the frame bundle of S, on which there exists the Burger-Roblin
measure as discussed in section 12. In the above statement, the notation
m)B(R means the C-invariant lift of this measure to X = zHC.

We first prove the following, which is a more concrete version of Proposi-
tion 10.6 in the case at hand:

Proposition 13.2. Let X be as in Theorem 13.1. Any U-minimal set'Y of
X with respect to RF M such that Y N F* NRF M # 0 is A-invariant.

Proof. Let Y be a U-minimal set of X with respect to RF M. Let yy €
YNF*NRF M. By Lemma 10.4, there exists a sequence g; — ein HC—N(U)
such that yog; € Y NRF M for all i > 1.

Since U is a horospherical subgroup of H and C commutes with H, we
can apply Lemma 9.2 to the sequence g; 1 and the sequence of k-thick sets
Ti:={ueU:ygiucYNRFM} of U. This gives us sequences uy, — 0o
in T; and u; € U such that as i — oo,

—1
Uy, GiUl — a

for some non-trivial element a € A. Since you;, converges to some y; €
Y NRF M by passing to a subsequence, we have

yra = lim(youti)(u;,lgiui) €Y.

Since 77U =Y, we get Ya C Y. Since a can be made arbitrarily close to
e by Lemma 9.2, there exists a subsemigroup A, of A such that YA, CY
by Lemma 10.5. Moreover, for any a € A., YaNRF M # () as REFM is
A-invariant. Therefore, Ya =Y. It follows that Ya~! = Y as well. Hence
Y is A-invariant. O

We now present:

Proof of Theorem 13.1. First suppose that zL N F* # (). We may then
assume z € F* N RF M. Let Y be a U-minimal set of X with respect to
RF M. If Y were contained in OF, then Y C dF NRF M. Since Staby(z) is
Zariski dense in L by the definition of Ly, it follows from [5, Lemma 4.13]
that X N RF4y M is AU-minimal. Therefore we have

YA =XNRF, M

and hence X has to be contained in the closed A-invariant subset 0FNRF M
as well, yielding a contradiction. Therefore,

Y NF*NRFM # 0.



ORBIT CLOSURES 7

Hence, by Proposition 13.2, Y is A-invariant. Therefore the claim (1)
follows from the AU-minimality of X N RF; M if z € F*. Now suppose
xL C OF. In this case, it suffices to consider the case when U is a proper
subgroup of N; otherwise L = G and has no compact factor. Hence we
may assume without loss of generality that U € H N N. As zL is closed,
Theorem 11.5 implies that L C BFE M-C(H(U)). Hence by modifying x by
an element of C(H(U)), we may assume that X is contained in a compact
homogeneous space of H = SO°(d — 1, 1), which is the frame bundle of a
convex cocompact hyperbolic manifold with empty Fuchsian ends. Therefore
the claim (1) follows from the previous case of x € F™*, since F* = RF M in
the finite volume case.

Claim (2) follows from (1) since RF4y M- H is closed, and X C RFy M-H.

For the claim (3), it suffices to show that the A action on X NRF M is
topologically transitive (cf. [7]). Let z, y € X N RF M be arbitrary, and O,
O’ be open neighborhoods of e in H. The set UU*A(MNH) is a Zariski open
neighborhood of e in H where U' is the expanding horospherical subgroup
of H for the action of A. Choose an open neighborhood Qg of e in U, and
an open neighborhood Py of e in U'A(M N H) such that QoPy C O.

We claim that zQoA Ny’ # (), which implies tOA NyO’ # (). Suppose
that this is not true. Then

QoA C T\G — yO'

where the latter is a closed set. Now, choose a sequence a, € A such that
anQoa,t — U as n — oo, and observe

za, (anQoa, ") = 2Qoa, ' C T\G —yO'.

Passing to a subsequence, xa,, ! — xg for some x9 € RF M, and we obtain
that 2oU is contained in the closed subset I'\G — yO'. This contradicts the
U-minimality of X N RF; M, which is claim (1). This proves (3).

For the claim (4), note that by Corollary 12.4, almost all Up-orbits in
m1(g7'Tg N HC)\H are dense in the corresponding RF; M-set. It follows
that for almost all z, the closure Uy contains a U-orbit of X. Hence (4)
follows from the claim (1).

14. ORBIT CLOSURE THEOREMS: BEGINNING OF THE INDUCTION

In the rest of the paper, let M = I'\H be a convex cocompact hyperbolic
d-manifold with Fuchsian ends, and G = SO°(d,1). Let U < N be a non-
trivial connected proper closed subgroup, and H(U) be its associated simple
Lie subgroup of G.

Let Ly and Qp be as defined in (5.8) and (5.9). The remainder of the
paper is devoted to the proof of the next theorem from which Theorem 1.2
follows:

Theorem 14.1. (1) For any x € RF M,
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where zL is a closed orbit of some Le Ly.
(2) Let xoL be a closed orbit for some L € Ly and xo € RF M.
(a) For any x € xoL N RF 4 M,

W:.%LORF_A,_M

where xL is a closed orbit of some L € Qu.
(b) For any x € xoL NRF M,

zAU = xLNRF; M

where xL is a closed orbit of some L € L.
(3) Let xof be a closed orbit for some L e Ly and xg € RFM. Let
x;L; C xof be a sequence of closed orbits intersecting RF M where
z; € RFL M, L; € Qu. Assume that no infinite subsequence of x;L;
1s contained in a subset of the form yoLoD where yoLg is a closed
orbit of Ly € Ly with dim Ly < dim L and D C N(U) is a compact
subset. Then

lim (2;L; NRF4 M) = 2oL NRF 4 M.
We will prove (1), (2), and (3) of Theorem 14.1 by induction on the
co-dimension of U in N and the co-dimension of U in L N N , respectively.
For simplicity, let us say (1), holds, if (1) is true for all U satisfying
co-dimpy (U) < m. We will say (2),, (resp. (2.a)m, (2.b)m,) holds, if (2) (resp.
(a) of (2), (b) of (2)) is true for all U and L satisfying co-dimz - (U) <m
and similarly for (3),,.

Base case of m = 0. Note that the bases cases (1)g, and (3)¢ are trivial,
and that (2)¢ follows from Theorem 13.1.

We will deduce (1);,41 from (2),, and (3),, in section 16, and (2),,11
from (1)m+1, (2)m, and (3),, in section 17, and finally deduce (3),+1 from
(Dm+1, (2)m+1 and (3)y, in section 18.

Remark 14.2. When co-dim; .\ (U) > 1 and L € Ly, we may assume with-
out loss of generality that

UcLNNNH
by replacing U and L by their conjugates using an element m € M.

Remark 14.3. In the case when x € 0Fp (1), Theorem 14.1 (1) and (2) follow
from Theorem 11.1, and if g € OF (g7, (3) follows from the work of Mozes-
Shah [29]. So the main new cases of Theorem 14.1 are when z,zy € F Ty

We will use following observation:
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Singular U;orbits undeE the induction hypothesis. Recall the nota-
tion #(U,zL) and 4(U,zL) from (5.7).

Lemma 14.4. Suppose that (2.a)m is true and that for x € REM, aU is
contained in a closed orbit xL for some Le L.

(1) If co-dim; .\ (U) < m + 1, then for any xo € (U, zL) NRF, M,
xoU = gL N RF L M

where xoL is a closed orbit of some subgroup L < L contained in
Qu, satisfying dim L. < dim L. R
(2) If co-dimz .\ (U) < m, then for any xo € 4(U,zL),

20U = 2oL NRF . M.

Proof. Suppose that co-dimz .\ (U) < m + 1 and that xp € (U, xZ) N
RF;+ M. By Proposition 5.13, we get

xoU C on

for some closed orbit x¢Q where ) € Qp satisfies dim Q... < dim ch.

Now Q = vLov~! for some Ly € Ly and v € U+. We have zoUv =
xzovU C xgvLg. Since co-dimynr,(U) = co-dimyng(U) < m, by applying
(2)m, we get

xovU = zpvL NRF L M
for some closed orbit zgvL where L € Qp is contained in Lg. Therefore
20U = zovLv™' N RF M.

As vLv™! € Qp and dim L, < dim Q. < dim Enc, the claim (1) is proved.
To prove (2), note that by (2.a),,, we get xoU = zoL N RF1 M for some
closed orbit gL with L € Qp such that L C L. Since xo € 9(U, asL),
have dim Ly, = dim an
Since L C L LNNisa horospherlcal subgroup of L. By Theorem 13.1,
LN N acts minimally on :L‘L and hence L = L. U

15. GENERIC POINTS, UNIFORM RECURRENCE AND ADDITIONAL
INVARIANCE

The primary goal of this section is to prove Propositions 15.1 and 15.2
in obtaining additional invariances using a sequence converging to a generic
point of an intermediate closed orbit; the main ingredient is Theorem 7.15
(Avoidance theorem II). The results in this section are main tools in the
enlargement steps of the proof of Theorem 14.1.

In this section, we let U < N be a non-trivial connected closed subgroup.
We suppose that

® (2)m and (3), are true;

e 2L is a closed orbit for some z € RF M, and Le Ly;

e co-dim; . (U) <m+1.
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We let {U®} be a finite collection of one-parameter subgroups generating
U. In the next two propositions, we let X be a closed U-invariant subset of
.I‘()Z such that

X DxLNRFL M

for some closed orbit xL where L € Qy; is a proper subgroup of L and
r € (9(UY,zL) NRF M.

Proposition 15.1 (Additional invariance I). Suppose that there ezists a
sequence x; — x in X where x; = xl;r; with xf; € xLNRFM and r; €
exp [+ — N(U).

Then there exists a sequence v, — oo in (L N N)* such that

xLv, NRF;L M C X.

Proof. Since r; ¢ N(U), we can fix a one-parameter subgroup Uy = {u; : t €
R} in the family {U®} such that r; ¢ N(Up) by passing to a subsequence.

Let Ej, j € N, be a sequence of compact subsets in . (Up, L) N RF M
given by Theorem 7.15. Set z; := af; € L NRFM. Fix j € N and
n > 1. Since z; — = and x € ¥ (Up,xL), there exist i; > 1 and an open
neighborhood O; of E; such that for each i > i;, the set

Ti={teR:zu € RFM - 0Oy},

is 2k-thick by loc. cit. We apply Lemma 9.3 to the sequence T;. We can
find a sequence t; = t;(n) € T;, i > i; and elements y; = y;(n),v; = v;j(n)
satisfying that as i — oo,
o ziuy, > y; € (REMnaL) - 0Oy
o ut_ilriuti — v; € (LN N)* with n < [|lv;]| < (2k?)n.
So as i — oo,
Ty, = Ziriug, — Y;v;  in X,
Note that since L is a proper subgroup of L, we have co-dimyn N({U) <m
by Lemma 5.11.
If y; belongs to ¥ (U, zL), then y;Uv; = tLNRF4+ M by Lemma 14.4(2),
and hence
X D yjv;U = y;Uvj = xLv; NRF4 M.
Hence the claim follows if y;(n) € ¢(U,zL) for an infinite subsequence of
n’s.
Now we may suppose that for all n > 1 and j > 1, y;(n) € (U, zL) N
RF, M, after passing to a subsequence. Fix n, and set y; = y;(n) and
vj = v;j(n). Then, since dimpnn U < m, by (2)m, we have

(15.1) y;U =y; L NRFL M

for some closed y;L; where L; € Qp is contained in L and dim(Lj)ne <
dim Ly,.. Write L; = wj_lL;wj for L; € Ly and w; € UL, We claim
that the sequence y;L; = ijj_lL;-wj satisfies the hypothesis of (3),,. It
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follows from the condition y; € (REM NzL) — O, for all j that no infinite
subsequence of y;L; is contained in a subset of the form ygLoD C . (U, zL)
where ygLg is closed, Lo C Qp and D C N(U) is a compact subset. Hence,
by (3)m, we have

limsupy;L; NRF4L M =L NRF M.
J

Therefore for each fixed n > 1 and y; = y;(n),

limsupy,;U = 2L NRF;+ M.
J
By passing to a subsequence, there exists u; € U such that y;u; converges
to z. As n < |lvj(n)|]| < (2k%)n, the sequence v;(n) converges to some
vp € (LN N)*L as j — oo, after passing to a subsequence. Therefore

limsup y;(n)v;(n)U = limsup y;(n)Uv;j(n) D 2Uv, = xLv, NRF{ M
j J

where the last equality follows from Lemma 14.4(2), since co-dimznn(U) <
m. ]

Note that in the above proposition, y; = xf;r; is not necessarily in RF M,
and hence we cannot apply the avoidance theorem 7.15 to the sequence y;
directly. We instead applied it to the sequence z/;.

In the proposition below, we will consider a sequence x; — y inside RF M,
and apply Theorem 7.15 to the sequence x;.

Proposition 15.2 (Additional invariance II). Suppose that there exists a
sequence z; € X NRFM — xL - N(U), converging to x as i — oo. Then
there exists a sequence v; — oo in (N N L)L such that

zLvyNRFL M C X and zLv; NRFM # 0.

The same works for a sequence x; € RF M—xL-N(U) such that limsup z;U C
X.

Proof. Let z; € REM —zL - N(U) be a sequence converging to x such that
limsup z;U C X. Write z; = zg; for g; — e in L. Since L is reductive, we
can write g; = ¢;r; where £; — e in L and 7; — e in exp [+ as i — co. By the
assumption on z;, there exists a one-parameter subgroup Uy = {u; : t € R}
among U such that r; ¢ N(Up) by passing to a subsequence.

For R > 0, we set B(R) := {v € (LNN)-NL: |v| <R} Fix j and
n € N. Let E;,O; be given by Theorem 7.15 for xL with respect to Up.
Then FEj is of the form

E; = | J T\T'H;D; NRF M
’iEAj

where H; € * satisfies dim(H;),. < dim L, and D; is a compact subset
of X(H;,Up) N L. As B(2k*n) C C(Up), we have D; = D;B(2k?n) is a
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compact subset of X (H;, Uy). Hence the following set

E;:= | J T\I'H;D; NRF M
iEAj
belongs to &£y, and is associated to the family {H; : i € A;}, as defined in
(7.3).

Let E; € &y, be a compact subset given by Theorem 7.13, which is also
associated to the same family {H; : i € A;}. Note that for any z € E}, the
closure zUj is contained in I'\I'H; D} for some i € A;. In particular, E; is a
compact subset disjoint from ¢ (Up,zL). Since z; — x and = € ¥ (Up, zL),
there exists i; > 1 such that x; ¢ E; for all 7+ > 4;. By Theorem 7.13, there

exists a neighborhood @j of Ej such that for each i > i;, the set
Ti:{tER:xiuteRFM—@j}

is 2k-thick. Applying Lemma 9.3 to T;, and r; — e, we can find t; =
ti(n) € T; such that u;lriuti — v; for some v; = vj(n) € (LN N)*+, with
n < ||vj|l < 2k%-n. Passing to a subsequence, z;u;, converges to some

Zj(n) e REM — Oj as i — co. Set
zi:=xl;, and O;:= O;B(2k*n) NzL.
Since x;uy, = zzutl(u; lriuti), we have

ziug, = y; € (RFy MNazL) — O
where y; = y;j(n) == ij(n)vj_l.

We check that E; C O; as B(2k*n)B(2k?*n) contains e. It follows that
y; ¢ E;. Since %;(n) € y;Uv; C X, we have y;Uv; N RFM # (. Given
these, we can now repeat verbatim the proof of Proposition 15.1 to complete
the proof. O

Theorem 2.2 in the introduction can be proved similarly to the proof of
Proposition 15.1.
Proof of Theorem 2.2 Let £}, j € N, be a sequence of compact subsets of
< (Up) NRF M given by Thoerem 7.15. Fix j € N. Then there exist i; > 1
and a neighborhood O; of E; such that

{tER:xiuteRFM—(’)j}

is 2k-thick for all ¢ > i;. Hence we can find a sequence t; € [—2kT;, —T;] U
[T, 2kT;) such that z;u;,, € RF M — O; for all i > i;. Hence, by passing to
a subsequence, x;u;; converges to some y; € REM — O; as i — oo. If y; €
¢ (U) for some j, then (2),, and Lemma 14.4(2) imply that y;U = RF 4 M,
proving the claim. R

Now, we assume that y; € .7(U,zL) for all j. Then by (2),, and Lemma
14.4(1), we have

y;U =y;Lj NRFL M
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for some closed y;L; where L; € Qp is a proper subgroup of G. Similarly
to the proof of Theorem 15.1, we can show that the sequence y;L; satisfies
the hypothesis of (3),,. Hence, by applying (3),, to the sequence y;L;, we
get

limsup (y;L; NRF4 M) = RF{ M.

Therefore limsup y;U = limsup y;U = RF; M. This, together with
Theorem 13.1(4), finishes the proof.

16. H(U)-ORBIT CLOSURES: PROOF OF (1)m41

We fix a non-trivial connected proper subgroup U < N. Without loss of
generality, we may assume

U<NNH

using a conjugation by an element of M. We set
H=HU), H=H'(U), F= Fyay, F*= F}}(U), and OF = 0Fy .
By the assumption U < N N H, we have
OFNRFM =BF M. C(H).
We will be using the following observation:

Lemma 16.1. Let x1Lq and xoLs be closed orbits where x1,x2 € RF M,
Ly € Qu and Ly € Ly. If ;L1 N RFM C x9Ls, then L1 C Lo and
x1L1 C xols.

Proof. Since Lo contains H, we get that x1L1 "NRF M - H C z9Ly. Suppose
that z1Ly N F* # (. We may assume x; € F*. Recall from (3.2) that
F* ¢ RFM - H. Hence, we have x1L1 N F* C z9Ls. Since F* is open,
there exist g1,g2 € G such that [g;] = x;, and g1L1 N O C gaLo for some
open neighborhood O of g;. It follows that L; N gl_lO C gl_lgng. Since
e gy LgoLo, we have 91 YgoLo = Lo. Since L; is topologically generated
by L1 N gflO, we deduce Ly C Lo. Since x1L1 NxoLs # ), it follows that
x1L1 C xols.

Now consider the case when z1 L1 N F* = (). In this case, z1L1 "NRF M C
RF MNOF. By Theorem 13.1(4), we can assume that x1U = x1L1NRF, M.
As z1 is contained in BEM - C(H), so is x1U. It follows that x1L; is
compact and hence is contained in RF M. Hence the hypothesis implies
that x1L1 C x9Ls, which then implies Ly C Lo by the same argument in
the previous case. O

Lemma 16.2. Let y1 Ly and yo Lo be closed orbits where y; € REM, yo €
RFL M, L1 € Qu and Ly € Ly. If y1L1 C yaLoD for some subset D C
N(U), then there exists d € D such that L1 C d~'Lad and y1 L1 C yoLad.

Proof. By Theorem 13.1(4), we may assume y1U = y; L1 N RF{ M. By the
assumption, y; = yolad for some ¢y € Ly and d € D. Since yoly = y1d~"
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and N(U) preserves RF{ M, yals € RF M. Hence we may replace y by
y2f2, and hence assume that y; = yod. Since

(16.1) y1L1 NRFL M = yodU = md C yoLod,

and F* C RF;. M - H, we get yyL1d~* N F* C yyLo.

If 41 Lid~' N F* # (), using the openness of F*, the conclusion follows as
in the first part of the proof of Lemma 16.1. Now consider the case when
y1L1d~' N F* = (. In particular, yo = y1d~! belongs to

RF, M — F* ¢ BEM -N(U)

by (4.6). Tt follows from Theorem 11.1 that yoU = yo L, for some L, € Qp
contained in Ly. In view of (16.1), we get y1L1 N RF4 M = yd-1Lhd.
Therefore d"1Lyd C L;. Since y1L; N RF. M is A(Ly N N)-invariant, it
follows that d~1L4d € Ly and d"1LLYd NN = Ly N N. As a result, (L;)pe =
d=1(LY)ned. By Lemma 5.11, we get that L; = d"'Lyd C d~'Lad and that
y1L1 = ya Lyd C y2Lod. O

The following proposition says that the classification of H'-orbit closures
yields the classification of H-orbit closures:

Proposition 16.3. Let x € RF M, and assume that there exists U < U <

N such that xH'(U) is closed, and
zH = zH(U)-C(H)NF.
Then there exists a closed subgroup C < C(H(U)) such that
zH = zH(U)CNF.
Proof. By Proposition 4.9 and Theorem 13.1(2), there exists a closed sub-

group C' < C(H(U)) such that H(U)C € Ly and X := 2H(U)C is a closed
H (U)-minimal subset. In particular, zH C XNF. Now, by Theorem 13.1(3),
there exists y € X such that yA = X NRF M. Since C is contained in C(H)
and
zH-C(H)=zH =zHU) C(H)NF,

there exists ¢g € C(H) such that yco € xH. Since yAcy = ycoA C zH and
co € C(H), it follows Xco NRFM C xH C X. Applying Lemma 16.1, we
get Xcg=oH = X. O

In the rest of this section, fix m € NU {0} and assume that
1 <co-dimy(U) =m+ 1.

In order to describe the closure of xH(U), in view of Theorem 11.1, we
assume that

x € F*NRF M.
By Proposition 16.3, it suffices to show that
(16.2) zH' =xzLCH)NF

for some closed orbit xL for some L € L.
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In the rest of this section, we set
X := xH’ and assume that zH’ is not closed, i.e., X # zH'.

We also assume that (2),, holds in the entire section.

Lemma 16.4 (Moving from Qp to Ly). If oL NRF L M C X for some
closed orbit xoL with xo € RFEM, and L € Oy — Ly, then

21 LNRF, M C X

for some closed orbit xlf with ©1 € RFM, and L € Ly with dim(f N
N) > dim(L N N). Moreover, 1 can be taken to be any element of the set
lim sup;_, , o Toua_¢ for any u € U.

Proof. By Lemma 5.10, we can write L = v~1Lv for some L € Ly and
v e (LNN)L. As L ¢ Ly, we have v # e. Set U :=LNN. Note
that xov_lﬁAv C zoL N RF L M, as UA < L. Since X is A-invariant,
xov_I/U\AvA C X. Let VT be the unipotent one-parameter subsemigroup
contained in AvA, and let V' be the one-parameter subgroup containing
VT. Then xov*1V+ﬁ C X. Since zgA C RFM and RF M is compact,
lim sup;_, , . Toa—; is not empty. Now let z; be any limit of zqua_;, for
some sequence t, — oo and u € U. Since vV T is an open neighborhood
of e in V, liminf, ;o as, v 'V+*a_; = V. Note that as u € ﬁ,

zoua_q, (ap, v UV Ta_y,) = oo ' UVTa_y, C X.

As a result, we obtain that xlﬁV C X and hence xlﬁVA C X. Since
co-dimy (UV) < m, the claim follows from by (2.a),. O

Proposition 16.5. If R := X N F*NRF M accumulates on OF, i.e., there
exists x, € R converging to a point in OF, then

X 5 2oL NRF, M

for some closed orbit xgL with xog € F* NRFM and L € Ly such that
dim(LNN) > dimU.

Proof. There exists x, € R which converges to some z € BEM - C(H) as
n — oo. We may assume z € BF M without loss of generality, since R is
C(H)-invariant. We claim that X N R contains z;v where z; € BF M and
veV— {e}. Write x,, = zhy,r, for some h,, € Handr, € exp BL, where GL
denotes the Ad(H)-complementary subspace to Lie(H) in g. Since x, € F*
and z € BF M, it follows that r, ¢ C(H) for all large n. By (3.2) and (3.5),
we have
N(U)Nexp(h* NO) c V C(H)

for a small neighborhood O of 0 in g. Therefore, if r, € N(U) for some
n, then the V-component of 7, should be non-trivial. Hence by Theorem
11.1, X D zh,Ury, = zhyLr, for some L € Qp contained in H. Note that
T, = zhyr, € F* and that r;'Lr, € Qu — Ly, since 7, € V — {e}. Hence
the claim follows from Lemma 16.4.
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Now suppose that r,, ¢ N(U) for all n. Then there exists a one-parameter
subgroup Uy = {us} < U such that r,, € N(Up). Applying Lemma 9.3, with
a sequence of k-thick subsets

T(z,) :={t € R: zous € RF M},

we get a sequence t,, € T(xz,) such that (I 1rnutn converges to non-trivial
element v € V. Since zhput, € 2H and zH is compact, the sequence zhyuy,
converges to some z1 € zH, after passing to a subsequence. Then

(16.3) zv = lim(zhpuy, ) (u; 'rpu,) € X NRE M.

Since z; € BEFM and v € V — {e}, z1v € RF M implies that zv € F*, and
hence z1v € R. This proves the claim. §

Now by Theorem 11.1, 21U = z; L for some L € Qp contained in H, and
hence

X D 20U = 2,Uv = (z10) (v Lw).

Since v € V — {e}, v"'Lv ¢ Ly. Therefore, by Lemma 16.4, it suffices to
prove that there exists u € U such that

(16.4) (F* NRF M) Nlimsup zyuva_; # 0.

t—+o00

Let g1 € G be such that 21 = [g1], and set A_ 4 = {a—s : s > t} for
t > 0. Since z1v € F* NRF M, the sphere (gvU)~ U g™ intersects A — J; B;
non-trivially. Let u € U be an element such that (gvu)~ € A —J, B;. As
zivu € REM, m(zuvA) C core M. Take € > 0 small enough so that the
e-neighborhoods of hull B;’s are mutually disjoint. If (16.4) does not hold
for zyuv, then there exists ¢ > 1 such that the geodesic ray m(z1vuAd(_ —)
is contained in the e-neighborhood of 0 core M (cf. proof of Lemma 8. 8).

As m(g1uvA(_oo,—y) is connected, there exists B; such that m(g1uvA_ )
is contained in the e-neighborhood of hull B;. ThlS implies that (gluv) €
0B;, yielding a contradiction. This proves (16.4). O

Proposition 16.6. The orbit xH' is not closed in F*.

Proof. Suppose that zH’ is closed in F*. Since we are assuming that
xH' is not closed in F, xH’ contains some point y € 9F. Since OF =
BF MV* C(H), we may assume y € BFM - V*. Write y = zv where
2z € BFM and v € V. If v # e, zuH' intersects BF M by Theorem 11.5.
Therefore x H' always contains a point of BF M, say z. Let x,, € xH’ be a se-
quence converging to a point z. Since xH' C F*, there exist k, € HNK con-
verging to some k € HN K such that z,k, € tH'NRFy M and z,k, — zk.
Then zk € BFM - H = BF MC(H). Since z,k, € RFM - U by Lemma
4.5, there exists u, € U such that x,k,u, belongs to RF M and converges
to a point in OF by Lemma 8.6. Hence X N F* NRF M accumulates on OF.
Now the claim follows from Proposition 16.5. (|
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This proposition implies that
(16.5) (X —xH"YN (F*NRF M) # 0.

Roughly speaking, our strategy in proving (1),,+1 is first to find a closed
L-orbit xgL such that xoL N F is contained in X for some L € EU If
X # :EoL C(H)NF, then we enlarge zoL to a bigger closed orbit le for
some L € EA for some U properly containing U, such that le N F is
contained in X

It is in the enlargement step where Proposition 15.1 (Additional invariance
I) is a crucial ingredient of the arguments. In order to find a sequence z;
accumulating on a generic point of zoL satisfying the hypothesis of the
proposition, we find a closed orbit x¢oL with a base point z¢ in F* N RF M,
and enlarge it to a bigger closed orbit, again based at a point in F*NRF M.
The advantage of having a closed orbit zL with € F* N RF M is that
any Up-generic point in 2L N RF M can be approximated by a sequence of
RF M-points in F* Nz L by Lemma 8.3. The enlargement process must end
after finitely many steps because of dimension reason.

Finding a closed orbit of L. € L7 in X.

Proposition 16.7. There exists a closed orbit xogL with o € F* N RF M
and L € Ly such that

Proof. Let R := X N F*NRFM. If R is non-compact, the claim follows
from Proposition 16.5. Now suppose that R is compact. By (2.a)m, it is
enough to show that X contains an orbit ZU and hence zU A for some
U<N properly containing U and z € R. By Proposition 10.9, it suffices to
find a U-minimal subset Y C X with respect to R and a point y € Y N R
such that X — yH' is not closed.

If xH' is not locally closed, then take any U-minimal subset Y of X
with respect to R. If Y N R C zH’, then choose any y € Y N R. Then
X —yH' = X — zH' cannot be closed, as zH’ is not locally closed. If
YNR ¢ xH', then choose y € (Y NR) —xH'. Then X —yH' contains zH'
and hence cannot be closed.

If zH' is locally closed, then X —x H' is a closed H'-invariant subset which
intersects R non-trivially. So we can take a U-minimal subset Y € X —xH’
with respect to R. Take any y € Y N R. Then X — yH’ is not closed. ([l

Enlarging a closed orbit of L € Ly in X.

Proposition 16.8. Assume that (3),, holds as well. Suppose that there
exists a closed orbit oL for some xg € F* NRF M and L € Ly such that

(16.6) 2oL NRF4+ M C X and X # 2oL - C(H) N F.
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Then there exists a closed orbit :clf for some x1 € F*NRF M, and Le Eﬁ
for some U < N with diimU > dim(L N N) such that

21 L NRF; M C X.

Proof. Note that if X C z9L - C(H), then X = zoL - C(H) N F. Therefore
we assume that X ¢ xgL - C(H). First note that the hypothesis implies

that L # G, and hence co-dimz~ny(U) < m. Let Uﬁl),--- ,UEZ) be one-

parameter subgroups generating U. Similarly, let Ug_l), e ,UEL@ be one-
parameter subgroups generating U'. By Theorem 13.1, ﬂle 9 (Uj(f ) ,xoLl) #
(). Therefore without loss of generality, we can assume

y4
(16.7) zo € (% (U, z0L).
=1

Let us write L = H(U)C for some U < N and a closed subgroup C' of

C(H(U)). Note from the hypothesis that we have
(xoLNRFL M) -H' C X.
Observe that (16.6) implies that = ¢ xoL-H' = xoL-C(H). Since C < C(H),

we have z & xoH (U) Now choose a sequence w; € H' such that zw; — xg,
as 1 — 0o. Write zw; = xog; where g; — e in G— LH'. Let us write g; = ¢;1;
where ¢; € L, and r; € exp . In particular, r; ¢ C(H). Let z; = 20/;, so
that x;r; € X.

We claim that we can assume that z; € REM N xoL, r; ¢ C(H), and
zir; € X. Since xg € F*, by Lemma 8.3, we can find w, — v’ € H such

that zol;w, € RF M, and zow’ € ﬂle %(Uj(f),xoL); hence

zow'U = 2oL N RF4 M.

1

.. —
Writing #, = zol;w] and r; = w; " r;w;, we have

/

’_ o
x;r; = zwiw; € X,

where 7 — zow’ in 2oL N RF M, and 7, — e in exp[+. Since F* is H'-
invariant, we have zqgw’ € F*. Since F* is open and zow’ € F*, it follows
that 2, € X NRF M N F* for sufficiently large i. Note that r, ¢ C(H), as
ri & C(H). This proves the claim.

We may assume r; ¢ N(U) for all 4, up to switching the roles of U and
U™, by Lemma 3.5. Note that z; — o in RFM N zgL and zg satisfies
(16.7). As we are assuming (2),,, and (3),,, we may now apply Proposition
15.1 to the sequence zgf;r; — o to obtain a non-trivial element v € Ut
such that

xolvNRFL M C X.

Since xg € F* N RF M, it follows from Lemma 8.12 that there exist xo €
F*NRF M and a connected closed subgroup U < N properly containing
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L N N such that
HJQUA c X.

Since co—dimN(ﬁ) < m, it remains to apply (2.a), to finish the proof of the
proposition. O
Proof of (1),,+1. Combining Propositions 16.7 and 16.8, we now prove:

Theorem 16.9. If (2),, and (3),, are true, then (1),41 is true.

Proof. Recall that we only need to consider the case X = xH’ where z € F™*
and zH’ is not closed in F*. By Proposition 16.7, there exists zp € F* N
RF M and L € Ly such that zoL is closed and

2oL NRF, M C X.
Since X is H'-invariant, it follows
(16.8) (roLNRF M) - H' C X.

Note that (xgLNRFL M) - H = 2oL - C(H) N F is a closed set. We may
assume the inclusion in (16.8) is proper, otherwise we have nothing further
to prove. Then by Proposition 16.8, there exists Le Ly for some U<N
properly containing L N N, and a closed orbit z1L with 21 € F* N RF M
such that z;L NRF4 M C X. If

(1L NRF; M) - C(H) # X,
then we can apply Proposition 16.8 on
z1LNRFL M C X,

as L C Ly. Continuing in this fashion, the process terminates in a finite
step for a dimension reason, and hence

X =(x;LNRFy M) -H =aL-C(H)NF
for some L € Ly, completing the proof. O

17. U AND AU-ORBIT CLOSURES: PROOF OF (2)m+1

In this section, we fix a closed orbit xof for zg € F* and Le L. Let

U < LN N be a connected closed subgroup with co-dim; U <m+1. By

replacing U and L by their conjugates using an element m € M, we may
assume that

UcLnHANN.

We keep the same notation H, F,0F,F* etc from section 16. If x €
RF{ MNOF (resp. if v € RF MNOF), then (2.a) (resp. (2.b)) follows from
Theorem 11.1. R

We fix € REM NaoL N F*, and set

(17.1) X :=2U and assume that X # 2oL NRF, M.
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I‘his assumption impligs that U is a proper connected closed subgroup of
LN N and hence dim(LNN) > dimU > 1.

By Proposition 5.16, either z¢L is compact or . (U, xoL) contains a com-
pact orbit zLy with Ly € Ly. If z¢L is compact, then (2),,4+1 follows from
Theorem 11.1. Therefore we assume in the rest of the section that
(17.2) (U, xoL) contains a compact orbit zLo with Ly € Ly.
Lemma 17.1. Assume that (1)py,+1 and (2),, hold. Then

AU 0.7 (U, z0L) # 0.
Proof. Since (1),4+1 is true, we have
zH=2QNF

for some @ € Ly such that @) is closed. By Lemma 16.1, @ < L. Tt follows
from Lemma 5.11 that either Q = L or dim(QNN) < dim(ZNN). Suppose
that Q = L. By (17.2), there exists a compact orbit zLy C .7 (U, zoL)
for some Ly € L. On the other hand, xoi NF =xH = zAU(K N H).
Hence for some k € K N H, zk € xAU. Since H C Lg, zk € zLg. So
2 AU intersects zLg, proving the claim. If dim(Q N N) < dim(i N N). then
AU C 2Q C (U, zoL). O

Lemma 17.2. Assume that (1)py,+1 and (2),, hold. Then
zU N2 (U, zoL) # 0.

Proof. Since

(17.3) (2L NRF{ M) — F* C #(U,20L),

it suffices to consider the case when X := 2U C F*. Let Y C X be a U-
minimal set with respect to RF M. Since Y C F*, by Proposition 10.6, there
exists an unbounded one-parameter subsemigroup S inside AUL Co(U) N

L such that Y'S C Y. In view of Lemma 3.3, we could remove Co(U)-
component of S so that S is either of the following

e v~ 1A%y for a one-parameter semigroup AT C A and v € UL N L;
e VT for a one-parameter semigroup V*+ c U+ N L,

and
YS C X(Co(U)NL).
Since .7 (U, :z:of) is invariant by N Ca(U) N L, it suffices to show that
X(N Co(U)NL)N.L(U,z0L) # 0.

If S = v'A%w, then Yo tAT € Xo1(Cy(U) N L). Choose y € Y. We
may assume that yv~! € F* by (17.3). Then, replacing y with an element
in yU if necessary, we may assume yv~! € RF M N F*. Choose a sequence
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a, — 0o in AT. Then yv~'a, converges to some yy € RF M by passing to

a subsequence. Since liminfa, 'A% = A, and
(yv~tan)(a; P AT) € Xo~H(Co(U) N L),

we obtain that
oA C Xv Y (Co(U)NL).
Since yoAU C Xv~1(Co(U) N L) and yoAU meets . (U, 2oL) by Lemma
17.1, the claim follows. ~
Next, assume that S = V¥, so that YV C X Cy(U)N L. Let v, — o0

be a sequence in V. We have Yv, C X C F*. Together with the fact Yuv,
is U-invariant, this implies Yv,, meets RF M. Note that

Y (v, V) € X(Co(U)NL).

Choose y, € Yv, NRFM. As RF M is compact, y, converges to some
1o € RF M, by passing to a subsequence, and hence

YUV C X(Co(U)NL).
Since co-dimy (UV') < m, the conclusion follows from (2),,. O
Lemma 17.3. Assume that (1)py,+1 and (2),, hold. Then
U N2 (U,z0L) N F* £ 0.
Proof. By Lemma 17.2, there exists y € U N . (U, mof). Hence by (2),,
yU =yLNRF; M C zU

for some L € Qp properly contained in L. Consider the collection of all
subgroups L € Qp such that yL C zU for some y € RF; M. Choose L
from this collection so that L N N has maximal dimension. If yL N F™* # (),
then the claim follows.

Now suppose that yL C OF. As y € RF; M N OF, we have

Y = ZVoCo

for some z € BFM, vy € VT and ¢y € C(H). Since y € zU, there exists
u; € U such that zu; converges to y as n — oco. Set

2 = xuicalval S WCalval
so, z; — z. As vy € V+ and hence vo_l e V- and zu; € F*, we have
zi € FFNRF; M C RFM - U. By Lemma 8.6, we may modify z; by
elements of U so that z; € RF M and z; converges to some zy € 2zH. Write
zi = zolir; for some ¢; € H and r; € exp fv)L converging to e. Since z; € F™*
and zgl; € OF, we have r; # e. By Theorem 11.1, we have 2ol;U = 2p4;L;
for some L; € Qp contained in .
Case 1: r; € N(U) for some i. Then

2U = 20l;mv0c0U = 204;U (riv0c0) = 204: Li(T5v0c0).
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As 22U # 2oL by the hypothesis, it follows that z € (U, xof) NF™, proving
the claim.

Case 2: 1; ¢ N(U) for all i. Then there exists a one-parameter subgroup
Uy < U such that r; & N(Uy) for all i, by passing to a subsequence.

By Lemma 9.3, we can find u;; — oo in Uy so that zu;; € RF M and
Uy, lfriuti converges to a non-trivial element v € V, whose size is strictly
bigger than ||vg||. As zol;us; is contained in the compact subset 20H , we
may assume that zpl;ue, converges to some 2’ € 20H. Hence

ziug, = zoliug, (u;lriuti) —2ZveRFMN :L‘Ucalvo_l.

Since 2z’ € BF M and 2'v € RF M, we have v € V.
By Theorem 11.1, 2’U = 2'Q; for some Q1 € Q. Since z'vvgcy € 2U, we
get
2U D 2'Q1(vvg)co.
Since the size of v is larger than the size of vy, then vvy is a non-trivial
element of V. Since 2/Q C BF M, the closed orbit 2'Q1(vvg)co meets F*.
Hence the claim follows. O

Theorem 17.4. Assume that (1)m+1, (2)m, and (3),, are true. Then
(2)mt1 18 true.

Proof. We first show (2.a)m,+1 holds for X = 2U. By Lemma 17.3 and (2),,
there exists a closed orbit yL with y € F* and L € Qg such that

U S5 yLNRF4 M

and LN N # LN N. We choose L € Qp so that dim(L N N) is maximal.
Note that co-dimpny U < m. By Theorem 13.1, we can assume that

(17.4) yeﬂ% 2, yL)N F*NRF M

where UM ... U® are one-parameter subgroups generating U. Asy € zU,
there exists u; € U such that zu; — y as i — oco. Since y € F*, we can
assume zu; € RF M after possibly modifying u; by Lemma 8.6. We will
write zu; = yl;r; where ¢; € L and r; € exp LNL.

Case 1: r; € N(U) for some i. Then y/; € RFy M and X = zu;U =
yl;Ur;. Since yl;U C yL, and co-dimznn(U) < m, we have

X =yliUr; = y&-L'm NRFL M

for some L' € Qp, proving the claim.
Case 2: r; € N(U) for all i. By (17.4), we can apply Proposition 15.2 to
the sequence zu; — y and obtain a sequence v; — oo in (LN N)+ such that

yLv; "NRF4 M C X.

Since y € F*, by Lemma 8.10, there exists a one-parameter subgroup V C
(L N N)* such that y1(L N N)V C X for some y; € F* N RF M. Hence,
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by (2)m, we get a contradiction to the maximality of L N N; this proves
(2.a)m+1. 7 L

Now we show (2.b),,41 for the closure zAU. By (1);,+1, we have zH =
zL N F for some L € Ly contained in L. Hence zAU C zL N RFL M. Tt
suffices to show that

(17.5) rAU = xL NRF; M.

If U = LNN, then 2U = L N RF,; M by Theorem 13.1, which implies
(17.5). So, suppose that U is a proper closed subgroup of L N N. Since
zAU(K N H) = xH = zL N F, it follows from Lemma 5.15 that we can
choose y € AU N4 (U, zL). By (2.a)m+1 and Lemma 14.4, we have yU =
xL N RF M, finishing the proof. O

18. TOPOLOGICAL EQUIDISTRIBUTION: PROOF OF (3),41

In this section, we prove (3)m+1. Let U < N be a non-trivial connected
closed subgroup. Let ng be a closed orbit for g € F*NRF M and Lec Ly
such that co-dimz . (U) = m + 1. As before we may assume that U C
LNHNN.

Let z;L; C a:oi be a sequence of closed orbits intersecting RF M where
z; € RFL M, L; € Qp. We write x;L; as y;L;v; where y; € RF; M,
L; € Ly, and v; € (LN N )J- N L. Assume that no infinite subsequence of
yiL;v; is contained in a subset of the form yoLoD C .7 (U, .T}()E) where y0Lg
is a closed orbit for some Ly € Ly and D C N(U) is a compact subset. Let

E =limsup (y;L;jv; NRFL M).

71— 00
Note that lim inf; o (y; L;v; "RF 1 M) coincides with the intersection of the
subsets lim sup(y;, Li, vi, "RF 4 M) for all infinite subsequences {ij, : k € N}
of N. If the hypothesis of (3),,+1 holds for a given sequence y;L;v;, then it
also holds for all subsequences. Hence to prove (3),,+1, it suffices to show
that R

E= RF+ MN J‘OL.
We note that by (3),,, we may assume that

L;,NN=U for all i

This in particular implies that each y;L;v; N RF{ M is U-minimal by The-
orem 13.1.
Lemma 18.1. Assume that (1)m+1, (2)m+1 and (3)y, are true. Then there
existy € F*NRFM and L € Qu with dim(L N N) > dim U such that yL
15 closed and

ED>yLNRFL M.
Proof. By (2)m, it suffices to show that there exist yg € F* N RF M and
U < N properly containing U such that

ED yo/U\.
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Suppose that y; L;v; C OF for infinitely many 4. Since y;L;v; N REF M # 0,
we may assume y;v; € z;H C(Iifor some z; € BFM by (4.6). Since
LN N = U, we get y;Liv; = y;U C z;HC(H) by Theorem 11.1. This
contradicts the hypothesis on y; L;v;’s.
Therefore by passing to a subsequence, for all 7,
yiLi'Ui N RF+ MnN F* 7’5 (Z)
Since AU < L; for all i, it follows that

E = limsup(y; Livi N RF L M) (v; P AUw;)

i—>00
By Lemma 8.9, there exists yo € limsup;(y;L;v; "N RF 1 M) N F*. Hence
(18.1) yo limsup(v; 'AUv;) C E,
1—00

after passing to a subsequence.

If v; = oo, then limsup;(v; LAUv;) contains AU for some U properly
containing U by Lemma 3.4. Therefore, we get the conclusion yo/U\ C FE
from (18.1). Now suppose that, by passing to a subsequence, v; converges
to some v € N N L. Then (18.1) gives

0w TAUv C E.

Then by (2)m=1, Yov~LAU is of the form yov~'Lo N RF; M for some Lg €
L. Hence

(18.2) E > yLNRF. M

where L := v~ 'Lov. If L N N contains U properly, this proves the claim.
So we suppose that LN N = U. By Theorem 13.1, we can assume that
Yo € ﬂl YU UD yoL)NF*NRF M, where U ... U® are one-parameter
subgroups generating U. By replacing y; by an element of y,L N RF{ M,
we may assume that y;v; — yo. Furthermore, as yo € F* N RF M, for all ¢
sufficiently large, y;v; € F* NRFy M C RFEM - U (as F* is open). Hence
we can also assume y;v; € RF M by Lemma 8.7. Therefore we may write

Yivi = yolir;

for some ¢; — e in L and non-trivial 7; — e in exp [*.
Suppose that r; belongs to N(U) for infinitely many i. Then

yiL;vi "RF 4 M = y;v;U = yol;Ur; = yoLr; NRFL M.

Hence y; L;v;r, ﬂRF+ M = yoLNRF L M. In particular, y; L;v;r; “INRF M
is non-empty (as it contains yg) and is contained in ygL. By Lemma 16.1,
this implies that y; L;v; C yoLr;. As r; — e, this contradicts the hypothesis
on y; L;v;’s.

Therefore r; ¢ N(U) for all ¢ but finitely many. We may now apply
Pr0p051t10n 15 2 and Lemma 8.10 to deduce that E contains an orbit on
for some U < LNN containing U properly and for some zg € RF; M N F*.
This proves the claim. O
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Theorem 18.2. If (1)m41, (2)m+1, and (3)m are true, then (3)m41 s true.
Proof. We claim that
(18.3) 2oL NRF. M = E.

By Lemmas 18.1, we can take a maximal U such that E O y/U\ for some
y € F* NRF M. By (2)m, we get a closed orbit yL for some L € Qp such
that

(18.4) yLNRF, M C E.

If L= E then the claim (18.3) is clear. Now suppose that L is a proper
subgroup of L. This implies that LN is a proper subgroup of LN N, since
LNN acts minimally on zoL N RFL M as LeLy. By Theorem 13.1, we
can assume that y € mz:l G(U®, yL)NF*NRF M, where UM, - .. ,U(é) are
one-parameter subgroups generating U. As y € F, there exists a sequence
x; € y;L;v; N RF; M converging to y, by passing to a subsequence. Since
U= v;lLivi N N, we have x; € RFM - U. By Lemma 8.7, by replacing x;
with z;u; for some u; — e in U, we may assume z; € RF M.

We claim that

z; ¢ yLN(U).
Suppose not, i.e., z; = y¥;r; for some ¢; € L and r; € N(U). Then
yiLivi N\RF 4 M = ;U = yl;Ur; C yLr;.

By the assumption on y; L;v;’s, this cannot happen as r;’s are bounded.
On the other hand, dim(L; N N) is strictly smaller than dim(LNN), since
LiNN =U and U < LN N, yielding a contradiction. Hence z; ¢ yLN(U).
We can now apply Proposition 15.2 and Lemma 8.10 and deduce that E
contains ylﬁV for some y; € F* N RF M. This is a contradiction to the
maximality assumption on dim U. (]

Proof of Theorem 1.7. We explain how to deduce this theorem from The-
orem 14.1(3). For (1), we may first assume that P; have all same dimension
so that for some fixed connected closed subgroup U < N, P, = n(x;H'(U))
where x; H'(U) is a closed orbit of some z; € RF M. Then there exists
L; € Ly such that x;L; is closed and P; = w(z;L;) by Proposition 4.9. We
claim that the sequence x;L; satisfies the hypothesis of Theorem 14.1(3).
Suppose not. Then there exists a closed orbit ygLg with Lg € Ly, Lo # G
and a compact subset D C N(U) such that z;L; C yoLoD for infinitely
many ¢. By Lemma 16.2, this can happen only when L; C d; 'Lod; and
x;L; C yoLod; for some d; € D. Since D € N(U) C Lo(LoN N)*+M, we may
assume that d; € (Lo N N)*M. Since A C L; C d;lLodi, we have d; € M.
This implies that P; = w(x;L;) C w(yoLod;) = 7(yoLo). By the maximal-
ity assumption on F;’s, it follows that P; is a constant sequence, yielding a
contradiction. Hence by Theorem 14.1(3), lim(z;L; N RFL M) = RF, M.
Since 7(RFy M) = I'\HY, the claim follows. (2) follows from Corollary 5.8.
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For (3), if there are infinitely many bounded properly immersed P;’s, then
lim P; = M by (1). On the other hand, P, C core M; because any bounded
H'(U) orbit should be inside RF M. Since core M is a proper closed subset
of M, as Vol(M) = oo, this gives a contradiction.

Remark 18.3. In fact, when M is any convex cocompact hyperbolic mani-
fold of infinite volume, there are only finitely many bounded maximal closed
H'(U)-orbits, and hence only finitely many maximal properly immersed
bounded geodesic planes. The reason is that if not, we will be having infin-
itely many maximal closed orbits z; L; contained in RF M for some L; € Ly,
and for any U-invariant subset F contained in RF M, the 1-thickness for
points in E holds for any one-parameter subgroup of U for the trivial rea-
son, which makes our proof of Theorem 14.1 work with little modification
(in fact, much simpler) for a general M.
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19. APPENDIX: ORBIT CLOSURES FOR I'\G COMPACT CASE

In this section we give an outline of the proof of the orbit closure theorem
for the actions of H(U) and U, assuming that I'\G is compact and there
exists at least one closed orbit of SO°(d — 1,1). We hope that giving an
outline of the proof of Theorem 14.1 in this special case will help readers
understand the whole scheme of the proof better and see the differences with
the infinite volume case more clearly.

Note that in the case at hand,

Without loss of generality, we assume that U € SO°(d — 1,1) N N.

Theorem 19.1. Let x € T\G.
(1) There exists L € Ly such that

zH((U) = zL.
(2) There exists L € Qu such that
2U = xL.

The base case (2)g follows from a special case of Theorem 13.1. For m > 0,
we will show that (2),, implies (1),,+1, and that (1),,+1 and (2),, together
imply (2)m+1.

We note that when I'\ G is compact, we don’t need the topological equidis-
tribution statement, which is Theorem 14.1(3) to run the induction argu-
ment, thanks to (2.6). In order to prove (1)m+1, it suffices to use (2),, only
when the ambient space is I'\G; in the proof of Theorem 14.1, we needed
to use (2),, whenever co-dim,,_~ U < m for any closed orbit zoL containing

NNL
xzU (this was needed in order to use results in section 15).

Remark 19.2. Theorem 19.1 is proved by Shah [44] by topological arguments.
Our proof presented in this appendix is somewhat different from Shah’s
in that we prove that (1),, implies (2),, using the existence of a closed
SO°(d — 1, 1)-orbit, while he shows that (2),, implies (1),,.

Proof of (1),,+1. We assume that 1 < co-dimy U = m+ 1. By Proposition
16.3, it suffices to show that X := xH'(U) = «L C(H(U)) for some L € Ly.
Assume that xH'(U) is not closed in the following.

Step 1: Find a closed orbit inside X. We claim that X contains a
U-minimal subset Y such that X — yH’ is not closed for some y € Y (cf.
the case when R is compact in the proof of Proposition 16.7). If xH'(U)
is not locally closed, then any U-minimal subset ¥ C X does the job. If
xH'(U) is locally closed, then any U-minimal subset Y of X —axH'(U) does
the job; note that the set X —aH'(U) is a compact H'(U)-invariant subset
and hence contains a U-minimal subset.
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Hence, by Lemma 10.9, X contains an orbit :Uoﬁ with dimU > dim U.
By (2),, and Lemma 16.4, X contains a closed orbit zL for some L € Ly.
We may assume that X # 2L C(H(U)); otherwise, we are done.

Step 2: Emnlarge a closed orbit inside X. Since zL is compact, by
Theorem 13.1, we can assume that zUﬁ(:i ) is dense in 2L where Uj(cl), e Uik)
are one-parameter subgroups of UT generating U*. Note that there exists
gi — ein G— LC(H(U)) such that zg; € X. We can write g; = ¢;r; where
r; € exp - and ¢; € L. Then r; ¢ C(H(U)). Since (o, N(U)nN@™))n
exp [+ is locally contained in C(H (U)), we have r; ¢ N(Up) where Uy is one
of the subgroups Uj([) IfUy € {U(Z }, then replace U by U™.
Fix any k > 1. Applying (2.6) to the sequence z; := z¢; — z, the set

(19.1) T(zi):={teR:zu € "\G— O 0}
j=1

is a k-thick subset (take 0 < ¢ < 1 — 1/k). By Lemma 9.3, there exists
t; € T(2;) such that u,, riug, converges to a non-trivial element v € (LNN)L.
Now the sequence z;us, converges to zo € 4(Up, zL). Since zg;us, converges
to zgv, we deduce

zLv = 29vUy C X and hence 2LV C 2L(AvA) C X

where VT is the one-parameter unipotent subsemigroup contained in AvA.
Take any sequence v; — oo in VT such that zv; converges to some . Then
zoV C limsup(zv;)(v; 'VF) € X and hence X contains zo(L N N)V. By
the induction hypothesis (2)m and Lemma 16.4, X contains a closed orbit
of L for some L € L. This process of enlargement must end after finitely
many steps.

Proof of (2),,41. Set X := zU. We assume that X # I'\G. Since the co-
dimension of U in N is at least 1, we may assume without loss of generality
that U < N N SO°(d — 1, 1) using conjugation by an element of M.

Step 1: Find a closed orbit inside X. By the hypothesis on the existence
of a closed Ly := SO°(d — 1,1)-orbit, .7(U) # 0. It follows from (1)1,
(2)m, and the cocompactness of AU in H'(U) that any AU-orbit closure
intersects .(U) (cf. proof of Lemma 17.1).

We claim that X intersects .#(U). Since .#(U) is N Cq(U)-invariant,
it suffices to show that XN Co(U) intersects .#(U). Let Y C X be a U-
minimal subset. Then there exists a one-parameter subgroup S < AU+ Co(U)
such that Yg =Y for all g € S by Lemma 10.6. Strictly speaking, the cited
lemma gives Yg C Y for g in a semigroup S, but in the case at hand, Yg C Y
implies Yg = Y, since Yg is U-minimal again, and hence Yg~! =Y as well.
In view of Lemma 3.3, we get YA C XN Cqo(U) or YvA C XN Cy(U) for
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some v € N. In either case, XN Co(U) contains an AU-orbit and hence in-
tersects . (U). So the claim follows. Since X intersects . (U), by applying
(2)m, X contains a closed orbit zL for some L € Qy.

Step 2: Enlarge a closed orbit inside X. Suppose L +G and X % zL.
It suffices to show that X contains a closed orbit of L for some L € EA for

some U properly containing LN N. We may assume X ¢ zL C(H(U)); oth-
erwise, the claim follows from (2),,. We may assume z € ﬂle G(U® yL)
where U()’s are one-parameter generating subgroups of U. Take a sequence
xu; — z where u; € U, and write zu; = z€;r; where ¢; € L and r; € exp([J-).
The case of r; € N(U) for some i follows from (2),, (cf. proof of Lemma
17.4). Hence we may assume 7; ¢ N(U), and by passing to a subsequence,
r; ¢ N(Up) for some Uy € {UD}.

Fix any & > 1. Then T(z;) as in (19.1) is a k-thick subset. We now
repeat the same argument of a step in the proof of (1),,+1. By Lemma
9.3, there exists t; € T(z;) such that u, 1riuti converges to a non-trivial
element v € U+. Now the sequence ziug, converges to zo € ¢(Up,zL).
Hence X D z(LN N)v = zLv. Moreover, by Lemma 9.3, such v can be
made of arbitrarily large size, so we get X D zLv; for a sequence v; € (LN
N)* tending to co. The set lim SUP; 00 vj_lAvj contains a one-parameter

subgroup V C (L N N)* by Lemma 3.4. Passing to a subsequence, there
exists y € liminf zLv; and hence

X D limsup(zLv;) D y(L N N) limsup(v, “tAv)) D y(L N N)V.

]—}OO j—}OO

Hence X contains y(L N N)V, and hence the claim follows from (2),,

REFERENCES

[1] J. Aaronson, An introduction to infinite ergodic theory, AMS Mathematical Surveys
and Monographs Volume 50, 1997

[2] A. Borel and Harish-Chandra, Arithmetic subgroups of Algebraic groups, Annals of
Math, Vol 75 (1962), 485-535

[3] B. Bowditch, Geometrical finiteness for hyperbolic groups, J. Funct. Anal., 113(2):245
-317, 1993.

[4] Y. Benoist and H. Oh, Geodesic planes in geometrically finite acylindrical 3-manifolds,
Preprint. arXiv:1802.04423

[5] Y. Benoist and Jean-Francois Quint, Random walks on projective spaces, Compositio
Mathematica. Vol 150 (2014), 1579-1606

[6] M. Burger, Horocycle flow on geometrically finite surfaces, Duke Math. J., 61, 779-
803, 1990.

[7] N. Degirmenci and S. Kocak Ezistence of a dense orbit and topological transitivity:
When are they equivalent? Acta Math. Hungar., 99(3):185-187, 2003

[8] F. Dal’bo, J.-P. Otal, and M. Peign’e, Séries de Poincaré des groups géométriquement
finis, Israel. J. Math., 118 (2000), 109-124.

[9] S. G. Dani and G. A. Margulis, Values of Quadratic Forms at primitive integral
points, Inventiones Math., 98 (1989), 405-424

[10] S. G. Dani and G. A. Margulis, Orbit closures of generic unipotent flows on homoge-

neous spaces of SL(3, R), Math.Ann., 286, 101-128 (1990)



100
(11]

[12]

[13)
[14]
[15]
[16]
17)
18]

[19]

20]

21]

[22]
23]
[24]
[25]
[26]
[27]
28]
[29]
[30]
31]
32
[33)
[34]

(35]

MINJU LEE AND HEE OH

S. G. Dani and G. A. Margulis, Asymptotic behavior of trajectories of unipotent flows
on homogeneous spaces, Proc Indian Acad, Sci. Math 101 (1991) 1-17

S. G. Dani and G. A. Margulis, Limit Distributions of Orbits of Unipotent Flows
and Values of Quadratic Forms, Adv. Soviet Math., 16, Part 1, Amer. Math. Soc.,
Providence, RI, 1993.

L. Flaminio and R. Spatzier, Geometrically finite groups, Patterson-Sullivan mea-
sures and Ratner’s theorem. Inventiones, 99, 601-626 (1990)

Y. Guivarch and A. Raugi, Actions of large semigroups and random walks on isometric
extensions of boundaries, Ann. Sci. Acole Norm. Sup. (4) 40 (2007), no. 2, 209 -249.
S. P. Kerckhoff and P. A. Storm, Local rigidity of hyperbolic manifolds with geodesic
boundary, J. Topol. 5 (2012), no. 4, 757— 784.

D. Kleinbock and G.A. Margulis, Flows on homogeneous spaces and Diophantine
approzimation on manifolds. Ann. of Math. (2) 148 (1998), no. 1, 339-360.

C. Maclachlan and A. Reid, The arithmetic of Hyperbolic 3-manifolds. Springer, GTM
219

A. Marden, Hyperbolic Manifolds: An Introduction in 2 and 8 Dimensions, Cambridge
University Press

G.A. Margulis, On the action of unipotent groups in the space of lattices, In Lie
Groups and their representations, Proc. Summer School in Group representations,
Bolyai Janos Math. Soc., Alademai Kiado, Budapest, 1971, pp. 365-370, Halsted,
New York 1975.

G. A. Margulis, Discrete subgroups and ergodic theory, Proceedings of a Conference
in honor of Prof. A. Selberg, Oslo, 1987.

G. A. Margulis, Indefinite quadratic forms and unipotent flows on homogeneous
spaces, Dynamical systems and ergodic theory (Warsaw, 1986), 399-409, Banach Cen-
ter Publ., 23, PWN, Warsaw, 1989.

G.A. Margulis, Dynamical and ergodic properties of subgroup actions on homogeneous
spaces with applications to number theory. ICM1990

G. A. Margulis, Discrete Subgroups of Semisimple Lie Groups, Springer-Verlag,
Berlin-Heidelberg-New York, 1991.

G. A. Margulis and G. M. Tomanov, Invariant measures for actions of unipotent
groups over local fields on homogeneous spaces, Invent. Math. 116 (1994), no. 1-3,
347- 392.

C. McMullen, Iteration on Teichmaiiller space, Invent. Math. 99 (1990), no. 2, 424-454.
C. McMullen, A. Mohammadi and H. Oh, Geodesic planes in hyperbolic 8-manifolds,
Invent. Math. 209 (2017), no. 2, 425- 461.

C. McMullen, A. Mohammadi and H. Oh, Horocycles in hyperbolic 3-manifolds,
Geom. Funct. Anal. 26 (2016), no. 3, 961-973.

C. McMullen, A. Mohammadi and H. Oh, Geodesic planes in the convex core of an
acylindrical 3-manifold, Preprint. arXiv:1802.03853

F. Maucourant and B. Schapira, On topological and measurable dynamics of unipotent
frame flows for hyperbolic manifolds, arXiv:1702.01689. To appear in Duke. Math. J
A. Mohammadi and H. Oh, Ergodicity of unipotent flows and Kleinian groups Journal
of the AMS, Vol 28 (2015), 531-577

C. Moore, Ergodicity of flows on homogeneous spaces, American J. Math 88 (1966),
154-178

S. Mozes and N. A. Shah, On the space of ergodic invariant measures of unipotent
flows Ergodic Theory Dynam. Systems 15(1), (1995), 149-159

H. Oh and Nimish Shah, Fquidistribution and Counting for orbits of geometrically
finite hyperbolic groups Journal of the AMS, Vol 26 (2013), 511-562

M. S. Raghunathan, Discrete subgroups of Lie groups, Springer Verlag, New York-
Heidelberg, 1972. Ergebnisse der Mathematik und ihrer Grenzgebeibte, Band 68.

J. G. Ratcliffe, Foundations of hyperbolic manifolds, Springer-Verlag, 1994.



ORBIT CLOSURES 101

[36] M. Ratner, On Raghunathan’s measure conjecture, Ann. of Math. (2) 134 (1991), no.
3, 545-607.

[37] M. Ratner, Raghunathan’s topological conjecture and distributions of unipotent flows,
Duke Math. J. 63 (1991), no. 1, 235-280.

[38] M. Ratner, Interactions between ergodic theory, Lie groups and number theory, Pro-
ceedings of the International Congress of Mathematicians, Vol. 1, 2 (Zurich, 1994),
157-182, Birkhauser, Basel, 1995.

[39] A. Reid, Totally geodesic surfaces in hyperbolic 3-manifolds Proc. Edinburgh Math.
Soc. (2) 34 (1991), 77-88

[40] T. Roblin, Ergodicité et équidistribution en courbure négative. Mém. Soc. Math. Fr.
(N.S.), (95):vi496, 2003.

[41] N. A. Shah, Uniformly distributed orbits of certain flows on homogeneous spaces,
Math. Ann. 289 (1991), no. 2, 315-334.

[42] N. A. Shah, Closures of totally geodesic immersions in manifolds of constant negative
curvature, Group theory from a geometrical viewpoint (Trieste, 1990), 718-732, World
Sci. Publ., River Edge, NJ, 1991.

[43] N. A. Shah, Unipotent flows on homogeneous spaces, Ph.D. Thesis, Tata Institute of
Fundamental Research, Mumbai, 1994.

[44] N. A. Shah, Unpublished, 1992

[45] D. Sullivan, The density at infinity of a discrete group of hyperbolic motions Inst.
Hautes Etudes Sci. Publ. Math. (50):171-202, 1979.

[46] D. Sullivan, Entropy, Hausdorff measures old and new, and limit sets of geometrically
finite Kleinian groups. Acta Math., 153(3-4):259-277, 1984.

[47] W. P. Thurston, Hyperbolic structures on 3-manifolds. I. Deformation of acylindrical
manifolds, Ann. of Math. (2) 124 (1986), no. 2, 203-246.

[48] D. Winter, Mizing of frame flow for rank one locally symmetric spaces and measure
classification, Israel J. Math. 210 (2015), no. 1, 467-507.

[49] R. Zimmer, Ergodic theory and semisimple groups, Birkhauser. 1984

DEPARTMENT OF MATHEMATICS, YALE UNIVERSITY, NEW HAVEN, CT 06520

CURRENT: DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CHICAGO, CHICAGO, 1L
60637
Email address: minjul@uchicago.edu

MATHEMATICS DEPARTMENT, YALE UNIVERSITY, NEW HAVEN, CT 06511 AND KOREA
INSTITUTE FOR ADVANCED STUDY, SEOUL, KOREA
Email address: hee.oh@yale.edu



