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ABSTRACT. We compute the asymptotics of the number of integral quadratic
forms with prescribed orthogonal decompositions and, more generally, the
asymptotics of the number of lattice points lying in sectors of affine sym-
metric spaces. A new key ingredient in this article is the strong wavefront
lemma, which shows that the generalized Cartan decomposition associated to
a symmetric space is uniformly Lipschitz.

1. INTRODUCTION

One of the motivations of this paper is a certain counting problem in the
space of quadratic forms. Let Sy be the vector space of all quadratic forms on
a Euclidean space W of dimension d. We fix an integral structure on W, and
hence on Sy. Let Qy denote the subset of Sy consisting of quadratic forms of
determinant +1, and set Qw (Z) = Qw NSw(Z). Let ||-|| be any norm on Sy .
It follows from the main result of Duke, Rudnick and Sarnak [DRS], as well as,
Eskin and McMullen [EM] that for d > 3 there exists a constant ¢ > 0 such that

(1.1) #{a € Qw(Z): |lg| <T} ~pooec-THV2,

Here we will consider a refinement of this problem that concerns counting
quadratic forms with prescribed structure. Fix an orthogonal decomposition

(12) W= GE?ZOVVM
and for Q C SO(W) and Q' C Qw, X --- X Qu,, set
lqll < T,

N _ o q(k-x) = aogy(z) + -+ + ang,(7)
(1.3)  Np(,9) =#{ g € Qw(Z): for some k € Q, (qq,...,q,) € ¥,

and ag > --->a, >0

For example, if we choose W;’s to be one dimensional, then we are counting the
number of quadratic forms in a ball of radius 7" which can be diagonalized via
conjugation by an element from a prescribed set €2 of orthogonal transformations

The first and the second authors partially supported by NSF 0400631 and NSF 0333397
respectively.
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to obtain a form with distinct eigenvalues in decreasing order of absolute values,
and with prescribed sign (+) in each diagonal entry.

Assuming that © and €’ are bounded measurable sets such that the subset Q€
has positive measure and boundary of measure zero!, we prove the following:

Theorem 1.4. For d > 3,
NT(Q, Q/) Ny C Td(d—dim Whn)/2
for some ¢ = ¢(QY) > 0.

Theorem 1.4 is an example of our general result (Theorem 1.13) on counting
lattice points in sectors of affine symmetric spaces. In [DRS, EM] it is shown
that the number of integral points in an affine symmetric Q-variety in a sequence
of growing subsets St is asymptotic to the volume of S, provided the sets Sr
are well-rounded. A family of subsets St being well-rounded means roughly that
the volumes of neighborhoods of the boundaries of St are uniformly negligible
compared to the total volumes of Sy (see (1.11) for the precise condition). In
[DRS, EM], it is shown that the norm balls are well-rounded. However, in most
situations, given a sequence of subsets S which arises naturally in the geometric
or number-theoretic contexts in the category of affine symmetric spaces, it is
highly non-trivial to determine whether the family St is well-rounded.

The main result of this paper is to show that sectors in affine symmetric spaces
define a well-rounded family of growing subsets, and consequently, we obtain
the asymptotic counting of lattice points in sectors. The main technical lemma
needed is what we call ‘strong wave front lemma’, a terminology reflecting it
being a stronger version of the wavefront lemma introduced by Eskin and Mc-
Mullen [EM].

Now we introduce notation that we use throughout the paper. Let G be a con-
nected noncompact semisimple Lie group with finite center. A closed subgroup
H of G is called symmetric if its identity component coincides the the identity
component of the set of fixed points of an involution, say o, of GG. In this case,
the homogeneous space G/H is called an affine symmetric space. Recall that a
maximal compact subgroup of GG is a symmetric subgroup associated to a Cartan
involution on G. Affine symmetric spaces have many features similar to Rie-
mannian symmetric spaces. In particular, a generalized Cartan decomposition
holds:

G=KAH
where K is a maximal compact subgroup of G compatible with H, and A is a
Cartan subgroup corresponding to the pair (K, H).

More precisely, there exists a Cartan involution 6 of G which commutes with

o, and let K ={g € G : 6(g) = g}, which is a maximal compact subgroup of G.

'The measure of Q€ is understood in terms of the identification (3.2) and (3.3).
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Let g, b, and € denote the Lie algebras associated to G, H and K, respectively.
Let # and o also denote their differentials on g. Since H and K are 6 stable,
we have the following orthogonal decomposition with respect to the killing form
ong: g==8¢dp, and g = h @ q, where p and q are the (—1)-eigenspaces of 6
and o, respectively. Let a denote the maximal abelian subalgebra of p N q which
can be extended to a maximal abelian subalgebra, say b, of p. Let A denote the
analytic subgroup of GG associated to a. This A is called the Cartan subgroup
corresponding to the symmetric pair (K, H).

Wavefront Lemma (Eskin and McMullen [EM]). Given any neighborhood
O of e in G, there exists a neighborhood O of e in G such that

Og C gOH, Vge KA.

Next we will strengthen this result for uniformly regular elements of g € G. For
this we will need additional notation (cf. [Sc, Ch. 7],[HS, Part II] or [GOS]). Let g*
denote a simultaneous eigenspace for ad a action on g associated to the linear char-
acter € a*. Let X, ={a € a*:g"#0}. Then g = ZQEZUU{O} g%, and X, forms
a root system. Choose a closed positive Weyl chamber AT C A. Let X1 denote
the set of positive roots and A, the corresponding system of positive simple roots.
The associated Weyl group is given by W, = Nk(a)/Zk(a). One can choose a
set W C Nk(a) N Nk (b) of coset representatives of N (a)/Ngnm(a)Zk(a). Then

(15) G - UwGWKA+wH.

For any ¢ > 0, an element g = kawh € KATWH will be called c-regular if
a(loga) > ¢ for all @ € A,; (here and later, our notation indicates that k € K,
a€ AT weW, and h € H). Otherwise, we call such an element c-singular.

We fix a Riemannian metric on G' and denote by O, the e-ball at identity.

Theorem 1.6 (Strong wavefront lemma-I). Given ¢ > 0, there exist { > 1 and
go > 0 such that for every c-reqular g = kawh € KATwH and 0 < £ < &g,

OE g C (K N Ogg)]{? . (A N Ogg)a . U)(H N Ogg)h.

The continuity of the Cartan decomposition for Riemannian symmetric spaces
(that is, when H = K) was independently shown in Nevo [N, Proposition 7.3] and
by Gorodnik and Oh [GO, Theorem 2.1]. While the proof of [N] uses embeddings
of G in linear groups, the proof of [GO] is based on geometric properties of the
Riemannian symmetric spaces. The strong wavefront lemma was used in [N] to
prove maximal inequalities for cube averages on semisimple groups and in [GO]
to compute the asymptotics of the number of lattice points lying in sectors.

Theorem 1.6 fails on the set of singular elements; for example, in SLy(R) if Q
is a small neighborhood of the e, then (2N K)(2N A)(Q2N K) does not contain
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a neighborhood of the e in SLy(R). To state a version of the strong wavefront
lemma that holds for singular elements, we introduce additional notation. Given
J C A,, an element kawh € KATWH is called (J, ¢)-regular if a(loga) > ¢ for
all a € J. Let I = A, \ J. We set A; = exp(ker I) C A. Let M, be the analytic
semisimple subgroup whose Lie algebra is generated by g*?, 3 € XX N (I). Then
M; centralizes A;. Now

G = UwngM[A}_wH and M[ N A[ = {6},
where AT = A;n A*.

Theorem 1.7 (Strong wavefront lemma-II). Given ¢ > 0, there exist £ > 1 and
g0 > 0 such that for any I C A, and J = A \I, and every g = kawh € KATWH
and 0 < € < g9, if g is (J, ¢)-reqular, then

O, - g C (K N O@E)k‘ . (M[ N O@E) . (A] N O@E)CL . 'LU(H N Ogg)h.

Remark 1.8. Observe that by [GOS, Corollary 4.7], since wvy is fixed by the
symmetric subgroup M; N wHw™! of My, the orbit M(wwvy) is closed. Since
M; C Zg(Ay), we have Mjawvy = aMpwvy is closed. Thus, the set K Mawuvy
is closed for any a € A;. Moreover the natural map KM;/(M; N wHw™) —
K Mawvy given by km(M; N wHw™") +— kmawwvy is a homeomorphism.

A natural generalization of the Cartan decomposition for Riemannian symmet-
ric spaces is the decomposition

(1.9) G=KA"H

where A+ is a Weyl chamber in A with respect to the Weyl group (Ng(A4) N
KnNnH)/(Zg(A)n KN H). In Section 4, we will obtain the strong wavefront
lemmas with respect to the decomposition (1.9), which generalize Theorem 1.6
and Theorem 1.7.

Well-roundedness of sectors. Let ¢ : G — GL(W) be an irreducible represen-
tation of G and vy € W such that if H denotes the stabilizer of vy then H is a
symmetric subgroup of G. Therefore by [GOS, Corollary 4.7] the orbit V = Guy
closed. Hence it can be realized as an affine symmetric space G/H. Let I" be a
lattice in G. We suppose that H NI is also a lattice in H. In particular, HI is
closed in G (, and hence I'vy is a discrete subset of W. For a norm || - || on W,
we set
Br={weW: ||w| <T}.

It was shown in [DRS, EM] that the orbit ['vg is “equidistributed” with respect
to the sets V' N By in the following sense:

(110) #(F’Uo N BT) ~NT 60 VOI(V N BT)

where Vol is the G-invariant measure on V = G/H determined by the Haar
measures on G and H chosen such that Vol(G/GNT) = Vol(H/HNT) =1. In
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fact, it was shown in [EM] that (1.10) holds for any well-rounded family of sets
St C V in place of V' N By. Recall that a family {S7} is called well-rounded if
for any € > 0 there exists a neighborhood O of e in G such that

Vol(O - 9S7)
VOI(ST)

for all sufficiently large 7" > 0. For any I C A,, w € W and Q C KM;/(M; N
wHw™), we consider a family of sets

(1.11)

(1.12) Sp(Q,w) = QAFwvy N By,

where Q € KM, is such that Q = Q(M; N wHw™); the set Sp(Q,w) is well
defined because mawvy = awwvy for all a € Ay and m € (M; N wHw™t).

Using the strong wavefront lemma, and the volume computation in [GOS]
(cf. Proposition 3.8) we obtain the following:

Theorem 1.13. For every I C A,, w € W, and a bounded measurable set
Q C KM;/(M;nwHw™Y) with positive measure and boundary of measure zero?,
the family {St(Q, w)}r—oo is well-rounded. In particular,

#(F’Uo N ST(Q, 'LU)) ~NT 60 VOI(ST(Q, w)) ~NT 560 C[(Q, ’LU) LT (log T)bl_l,
where a; € QT, by € N, and Cr(2,w) > 0.

We will give explicit formulas for a;, by, and C7(£2, w) in section 3.2. In partic-
ular, C7(€Q,w) can be computed using a G-invariant measure supported on one
of the components of the Satake boundary of V.

Remark 1.14. (1) Although a similar counting question was considered in
[GOS], the sets Sp(€2,w) do not fit into the framework of [GOS]. For the
space of quadratic forms Qyy, the counting results in [GOS] are always
of order TmW)(dmW=1)/2 (66 [GOS, Section 2.3]). On the other hand,
Theorem 1.4 exhibits different asymptotic behaviors depending on the
choice of the decomposition (1.2).

(2) In order to deduce Theorem 1.13 from Theorem 1.7, which applies only to
(J, ¢)-regular elements, we show that the set of non-(.J, ¢)-regular elements
in S7(£2, w) has negligible volume compared to the volume of S7(Q2, w) for
sufficiently small values of c.

1.1. Acknowledgment. We would like to thank Yves Benoist for useful com-
ments.

2The measure on K M;/(M;NwHw™") is understood in terms of the identification (3.2) and
(3.3).
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2. STRONG WAVEFRONT LEMMA

This section is devoted to the proofs of Theorems 1.6 and 1.7. We use the
same notation as in the introduction. Since any two Riemannian metrics are bi-
Lipschitz in a neighborhood of identity, it suffices to prove the theorems for one
such metric. It will be convenient to work with the right-invariant Riemannian
metric d induced by the positive definite form

B(X,Y)=—-Tr(ad X cad(8(Y)), X,Y €g.
We will use the following properties of B:
B(ga,085) =0 forall a # € X, U{0},
B’ =pB° =B.
Remark 2.1. In many of the results stated in the introduction, we fix w € W
representing a Weyl group element. The explanation given below shows that for

proofs, we can assume that w = e and have simpler notation.

Let i, denote the inner conjugation on G by wj; that is, i,(g) = wgw™! for

all ¢ € G. Then o, := i, 00 o4, is also an involution of G and wHw™" is

the associated symmetric subgroup. Note that o, (a) = a™! for any a € A. Also
0 oo, = 0,00. Therefore in order to prove some of the results stated in the
introduction for a fixed w € W, we can replace o by o, H by wHw™, and v,
by wwvg, and assume that w = e.

For e > 0 and S C G, we set
S.={se S:d(s,e) <e}.
For I C A, and ¢ > 0, we define
Af(c)={a€ A" : B(loga) > cif B € A, — I and B(loga) < cif g € I}.

For instance, if I = {3}, then A} (c) forms a system of neighborhoods of the wall
{a € A" : B(loga) =0} in AT.

Theorem 2.2. For I C A, and ¢ > 0, there exist g > 0 and o > 1 such that
for every 0 < e < &g and a € Aj (c),

G.-aC Ky Zige-a-H,e..
We consider the Lie subalgebra

= @B g oad ny= P ey

BeSE: Bla, #0 BESE: Bla; #0
and the corresponding analytic subgroups N;” and N; . Note that the Lie algebra
of Z; is given by
3 = @ 96,

BED,U{0}:, Bla,; =0
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and we have the decomposition
(2.3) g=n; &3 dn;.
Lemma 2.4. There exist @ > 1 and gy > 0 such that for every 0 < e < g,
Ge C NyyZreeHoe and G. C KggZLgsN;fga.
Proof. Since o], = —id, we have o(n;) C nj, and for every = € nj,
r=(r+o(z))—o(x)€h+n;.
Hence, it follows from (2.3) that
g=n; +3+bh
Since n; Nh = 0, there exists a subspace 3¢ of 3; such that
g=n; 3 @b

Then the product map N; x exp(30) x H — G is a diffeomorphism at a neighbor-
hood of the identity. In particular, it is bi-Lipschitz, and the first claim follows.
The proof of the second claim is similar. U

Lemma 2.5. For I C A, and ¢ > 0, there exist e > 0 and a € (0,1) such that
for every 0 < e < &g and a € A7 (c),

a”'Nf.ac N/, and aN;.a™'C Ny,

Iae Lae
Proof. For
X= ) Xsgenf, Xscgp
BeSE Bla; #0
we have

Ad(@™)X =Y Ad(a)Xp =) e Mlsa X,
8 E

Note that if 3 = ) oA o € ¥F with n, > 0 satisfies 3|a, # 0, then n, > 1
for some a € A, — I. Hence, for a € Aj (c), we have B(loga) > ¢ and

IAd(a™")Xp] < ™| Xp]l.
Since the root spaces gs are orthogonal to each other,
(2.6) IAd(a™") X < e~ X|].

Since the differential of the exponential map exp : nf — N is identity at 0, we
can find a small ball U at 0 in nj such that for every Y € U.

(2.7) e PV < d(exp(Y),e) < e||Y .



8 ALEXANDER GORODNIK, HEE OH AND NIMISH SHAH

Note that for a € AT, we have Ad(a™!)U C U. Combining (2.6) and (2.7), we
deduce that for a € A7 (c) and n = exp(X) € exp(U),

d(a™"na, e) = d(exp(Ad(a™")X), e) < e*||Ad(a™") X]|
< e BX|| < e PPd(n, e).
This proves the claim for N;7. The claim for N; is proved similarly. O

Lemma 2.8. For I C A, and 7 > 1, there exists ¢ > 0 such that for every
2 € Zrg, and 0 < e < g,

zNIz' ¢ Nt and zN:7z"'CN_.

Proof. Tt is easy to check that L; normalizes Nli.
We can choose 9 > 0 so that

IAd(2) X[ < 773 Xl, 2 € Z1ey, X €y,
T X <d(exp(X),e) < TEXY, X € Ad(Zrg) expT (N
Then for every n = exp(X) € N;_,

d(enz, ) = d(exp(Ad(2)X), ) < T Ad(2)X]
< 723X || < 7d(n,e).

This proves the first part of the lemma. The proof of the second part is similar.
O

Lemma 2.9. For I C A, and v > 1, there exists g > 0 such that for every
0<e<eg,

N, C Ny,

I,ve

Z]@ngya and ]\/VI:5 C K275Z]75N+

I,ye:

Proof. As in the proof of Lemma 2.4, we choose a subspace 3¢ of 3; such that the
product map N; x exp(30) x H — G is a diffeomorphism in a neighborhood of
the identity. Denote by f the local inverse the product map:

f= (/1,12 f3) 1 U — Ny xexp(30) x H
where U is a neighborhood of identity in G. For X € nj, the derivative (df), is
given by
(df)e(X) = (=0(X),0,X +0(X)) €n; ©30®b.
Since the Riemannian metric at identity is invariant under o, we have for X € n},
1(df)e (X)) = [IX],  (df2)e =0, [I(dfs)e(X)] < 2] X].
This implies that for sufficiently small € > 0,
f(NI—i:e) C NI_,VE X ZLE X HQ»YE.

This proves the first claim. The proof of the second claim is similar. 0
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Lemma 2.10. For I C A, and ¢ > 0, there exist 0 < < 1 and g9 > 0 such
that for every 0 < e, < eg and a € Af(c),

+ +
KEZI,EQZI,ENL(;HE C K€+4(5ZI7E+46aZI7E+46N[7ﬁ5H€+4(5'

Proof. For simplicity, we write Ni¥ = N* and Z; = Z.

Choose a = a(c) € (0,1) as in Lemma 2.5, v € (1,2) so that ay? < 1, and
7 > 1 so that 7°a? < 1. Let gy > 0 be such that Lemma 2.5, Lemma 2.8, and
Lemma 2.9 hold. Fixing 0 < ¢ < &, let kg € K., 29,90 € Z., ng € Nj, and
ho € H.. Then

koxoayonarho
:koxoayo(nl_ylhl)ho by Lemma 2.9
with n] € N;;,yl € Zs,hi € Hays
=kong Toayoy1hiho by Lemma 2.8 and Lemma 2.5
with ng € Nipns
:k‘o(kﬁgl’gn;)l’o&yoylhlho by Lemma 29,
with ke € K2T2a725, To € ZTza,ﬂ;, n; S N;_Za,yzé
=koks(zow0ayoy: )ng hihg by Lemma 2.8 and Lemma 2.5
with ng € N;gagﬁ{%.
Since 7°ay? < 1, we have
koka € Kotas, 2%0,Yoy1 € Zoyas, Ny € NE@; hiho € Heyas.
where 8 = m°a?y? < 1. O

Proof of Theorem 2.2. Set N = N* and Z; = Z for simplicity. In view of
Remark 2.1 without loss of generality we may assume that w = e.

We choose ¢y > 0 so that Lemma 2.4 (for some 6 > 1), Lemma 2.5, and
Lemma 2.10 hold. Because of Lemma 2.4, it suffices to show that

K€Z€N: -a C Kae(Zosa)Hcre
for some o > 1. Also by Lemma 2.5,
K.Z.N'-aC K.(Z.aZ.)NX H..

Now we can apply Lemma 2.10 inductively. We consider € > 0 such that

4e
(211) €+m < &g.

Setting g = 09 = €, we apply Lemma 2.10 to find
Eir1 < €+ 205, i1 < 05
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such that for every a € A7 (c),

KeiZeiaZgiN(;;Hei C K€i+1Z€¢+1aZ€¢+1N(§:+1Helurl-
Note that
. 1— 3¢
0; <ef* and 5i<5+451 //66

Hence by (2.11), €;,0; < €9, and we can continue this process indefinitely.

It follows that for every g € K.(Z.aZ.)NI H., there exist sequences k; €
K., x,yi € Zepyni € N hy € He, such that g = kayngh; for all i > 1.
Since §; — 0, n; — e. Also, passing to a subsequence, we may assume that
ki — k,x; — x,y; — y,h; € h. Then

g = kvayh C K,.Zy.aZ,.H,.

with p = 1+4(1—)~!. We have decomposition a = ajas where a; € AT and ay
is in the fixed compact set determined by c. This implies that for some 7 > 1,

aZpsa_1 C Zrpe,
and the theorem follows. O

Proof of Theorem 1.7. There exists ¢ > 1 such that k" 'O.k C O for every
k € K. Then for g = kawh € KAT™WH, we have

0. - g C k(OCECL)’UJh.

Due to Remark 2.1, without loss of generality, we may assume that w = e.
Since M, C Mj, for I; C I, we may assume that J is maximal such that a is
(J, ¢)-regular. Then a € Af(c). We have the decomposition

(2.12) =GN e MmrNpNg)Sar® (3:NH)
(see [GOS, equation (4.24)]). Hence, the product map
(Z[ﬁK) xexp(mlﬂpﬁq) x Aj x (Z[ﬂH) —

is a diffeomorphism in a neighborhood of identity, and there exists n > 1 such
that for sufficiently small ¢ > 0,

Zie C(ZiNK)yeexp(myNpNq)peArn(Zr NV H),e.
Therefore, it follows from Theorem 2.2 that
O.-a C Ky ZyeaHye C Kotone Mione(ALone@) H(gqon)e-
This proves the theorem. O
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Proof of Theorem 1.6. Suppose that in Theorem 1.7 we have J = A,. Then
Z = Cg(A) is 0- and f-invariant, and

3=GNHeGENpPNa S (3Nh).
Since a is a maximal abelian subspace of pNq, 3NpNgq = a. Hence, decomposition
(2.12) becomes
3=0BNeH@ad(3nh),
and we complete the proof as in Theorem 1.7. O

3. WELL-ROUNDEDNESS OF SECTORS St (2, w)

First we need a precise description of the measure on the set

KM;(wvo) = KM;/(M;nwHw™).

3.1. Description of a measure on KM;/(M; NwHw™). Fix w € W. Let
Ow = iy © 0 0iy" be the involution as in Remark 2.1. Then ¢, 06 = 6 o g,
Also the semisimple group Mj is stable under o, and 6, and hence M; admits
the generalized Cartan decomposition (see [GOS, Proposition 4.22)):

(3.1) M;=MnEK)A(M;NnwHw™") = (M; N K)A" "W (M;nwHw™),

where A’ is the orthogonal complement of A; in A and it is the Cartan subalgebra
of M associated to the symmetric pair (M; N K, M;NwHw™!), and AL = {a €
Al - a(loga) > 0, Va € I} is a positive Weyl chamber; and W; C M is a set of
representatives of the associated Weyl group, which is generated by the reflections
{Sa}acr- An invariant measure, say A on M;/(M;NwHw™') is given as follows:
for any f € C.(M;/M;N wHw_l),

/ fax= Y /K f(kawy (M; N wHw™))d;(a) da

I,+
w1 EWr NM7y A

where

di(a) = J] (sinha(a))(cosh(a)),
aesIn()
and [£ denote the dimensions of the (£1)-eigenspaces of o on g=.
Therefore we can identify

(3.2) KM /(MnwHw™ ") =2 K x A x Wy,

and treat KM;/(M; NwHw™!) as a product measure space.

On the other hand, once we fix a measurable section s, : K/(KNM;) — K for
the natural quotient map, we can identify K x A"+ x W with K/(K N M) x
M;/(M; x wHw™). We consider the measure on K x A" x W; such that
it corresponds to the product of the invariant measures on the product space
K/(KNM;)x M;/(M;nwHuw™"), where the Haar measures on K and K N M;
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are normalized. This measure, in view of (3.2), will give rise to the integral dm
on KM;/(M; NnwHw™") given as follows: for any f € C.(KM;/M;NwHw™!),

(3.3) / fmydm = 3 /K k[ k(M 0 wH )b (a) do

w1 EWr

3.2. Volume estimate for the sectors Sp(€2, w). Let A, denote the highest
weight for the irreducible representation ¢. We express

(3.4) A= Z M
CEGAO'

and the sum of positive roots (with multiplicities)

(3.5) 2p = Z U X

CVGAO'
Let I C A,. Set
(3.6) a; = max{k tae A, — T},
Me
(3.7) by =#{a €A, —1I: % = ar).

Proposition 3.8. For anyw € W and a bounded measurable set Q@ C KM /(M;N
wHw™t) with positive measure and zero boundary measure, there exists C7(,w) >
0 such that

Vol(S7(,w)) ~r—oe Cr(Q,w) - T (log T)™ L.

Proof. From [HS, Theorem 2.5] (see also [GOS]) one deduces that a G-invariant
measure on GG/H is given by
(3.9)

/ fdu=">Y" / / fmawH)&(a) dadm,  f € C.(G/H),
G/H wew Y meEKM;/(MinwHw=") JaeAf

where da denotes a Haar measure on A;, and dm is described in the paragraph
following (3.2), and

(3.10) (@)= ] sin(a(loga)) cos(a(loga))’.

aest—(I)

Here [ denote the dimensions of the (4-1)-eigenspaces of 06 in g,. We decompose
&r as a linear combination of functions exp(x(a)) where x’s are characters of
A;. Note that 2p is the maximal character in this decomposition. In view of

equations (3.4),(3.5), and (3.6), we define
Iy=1U{aeA,—1: &<a1}.
m

(67
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By the computation using [GOS, Theorem 6.1], as done in the proof of [GOS,
Theorem 6.4], applied to a; in place of a, there exists a locally finite measure 7y,
on W such that for every f € C.(W),

1

(311) ,Ill_f}olo W /GIEA}r f(alU'U()/T)gj(a) da = /I/V f d?’]Lw,

where the measure n;,, can be described as follows:

(3.12) [ = [ o)) o) db
w beD+

where DT = exp0™,

ot ={be€a;/(ay Nkerp): a(b) >0, Va € Iy},
db denotes the Haar measure on A;/(A; N exp(ker p)), vl is the projection of

vp to the sum of the weight spaces with weights of the form A, — > ., maaq,
me > 0, and

(3.13)

£(b) = H sin(a(log b))l‘t cos(a(logh)) | -exp Z ug(logb)

ag(STNIo))—(I) aest —(Io)

Moreover it follows from (3.11) that 7y, is a homogeneous measure of degree a;.
Fix any m € KM. Let ¢ > 1 and take a continuous function ¢ : [0, co|] — [0, 1]
such that supp(¢) C [0,¢] and ¥ = 1 on [0, 1]. Setting f(y) = ¥(||my||), we have

(3.14) /A+ X By (mavy)ér(a)da < /A+ flawvy /T (a)da.
Now by (3.11) and (3.14),

1
li I — da < dnw < npw(m ™ By).
8D e g Ty T /A . X By (Mmawvy)ér(a)da < /W fdnrw < cnrw(m™ Bi)

The lower estimate for liminf is proved similarly.
Hence, taking ¢ — 17, we obtain

. 1 _
(3.15) A e (log TP /A Yo (mawvo)ér(a)da = npw(m™" By).

In view of (3.2) let s : KM;/(M; NwHw™') — KM denote the measurable
section of the obvious quotient map. Since

ST(Q, ’LU) = QA:;_UJ’U() N BT,

(3.16) Vol(S7(Q,w)) = /_GQ /€A+ X By (s(m)awvy)é(a) dadm.
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Therefore from (3.15), using the dominated convergence theorem, we deduce that

NI VOI(ST(va)) _/ —N\—1 =
(317) C](Q,'UJ) = 1_1‘1_{20 W = . T][,w(S(m) Bl)dm

Note that there exists § > 0 such that s(m) 1By D Bs for all m € 2, and because
Nrw, 18 homogeneous, 7y .,(Bs) > 0. Hence Cr (2, w) > 0. O

Remark 3.18. The value of the parameter Cr(2,w) in the statement of Propo-
sition 3.8 is given by

(3.19) Cr(Q, w) = viyw(By N QDT (wg)"),

where vy, ., s a G-invariant measure on the G-orbit G(wuvg)™.

This formula can be justified as follows: combining (3.11), (3.12), (3.15), (3.17)
and (3.3) we get

C[(Q, w) = /_GQ dm XB1 (mz)(w'l}())Io)gj(b) dB

(3.20) = /k i dk / s /bem xa(ka)x s, (kab(wwy)™)d;(a)é;(b) dadb,
where
(3.21) or(a) = H sin(a(log a))l‘t cos(a(loga))te

ac(ZEn(I))

I+ are the dimensions of the (41)-eigenspaces of o acting on g°.
Since

as, Nker p = ay, Nker A,

it follows from [GOS, Theorem 5.1] that the orbit G/(wvy)® supports a G-invariant
measure vy,. Now comparing the formula (3.20) with the formula (5.3) in [GOS,
Theorem 5.1], we obtain (3.19).

3.2.1. Upper estimate of volume for (J, ¢)-singular elements in St(2, w). For ¢ >
0, I C A,, and a bounded measurable Q) C KM, we set

Viw(c) = {mawvy : m € Q, a € A} with a(loga) < ¢ for some o € A, — I'}.
Note that this set is the set of (J, ¢)-singular elements for J = A, \ I.
Proposition 3.22. For small ¢ > 0 and sufficiently large T > 0,

Vol(Vr.,(c) N Br) < ¢- T (log T)" .
Proof. For a € A,, set
Uedla) ={a € A} : a(loga) < c}.
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There exists § > 1 such that m™' By C By for all T > 0. By (3.9), this gives the
estimate

(3.23) Vol(V; (c) N Br) < ¢r(a)da.

N /aeAI*mUc(a);nauo ||<oT

Now we use the volume computation from [GOS] (see the proof of Theorem 6.4
in [GOS)) to show for every nonnegative f € C.(W),

/ flavo/T)&r(a)da < < / f (av"‘))fz(a)da) T (log T)" ",
AFNU(a) AFNU(a)

where I C Iy C A,, vIo € W and 51 € C(A™) are as defined in section 3.2. By

GOS, Corollary 4.7] the projection of v{® on the \-eigenspace is nonzero, and
0

the map At — R : a+ ) (a) is proper. Therefore the map A7 — W : a +— av°

is proper. This implies that there exists a compact L C A} such that
L>{ac Af :avl® € suppf}.
Then

/ flave/T)ér(a)da < max(f) - Vol(L NU(a)) - T (log T)"~*
A;rﬂUc(a)

< c-T(log T,

Taking a function f satisfying xp, < f, we obtain

/ Gdi< ([ feiapda ) -1 1ogT)
aGA?ﬂUc(a):||an||<T A;rﬂUc(a)
< c-T(log T~

Therefore, by (3.23),
Vol(V () N Br) < ¢ (6T)* (log(6T))b .
This completes the proof. O

The following corollary of Theorem 1.7 will be used in the proof of Theo-
rem 1.13:

Corollary 3.24. Let A, = I U J and B be a bounded subset of KM;. Then
given ¢ > 0, there exist ¢ > 1 and gy > 0 such that for every (J,c)-reqular
g=bah € BA;H and 0 < € < g,

Oeg C (K N Ogg)b(M[ N Oze)(A[ N Ogg)aH.
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Proof. Let b = km for k € K and m € M;. Note that m € KB N M;, which is
bounded. By (3.1) there exist kg € M;N K, ag € A and hg € M; N H such that
m = koaghg. By Theorem 1.7,
Ogg C (K N Ogg)k’k‘o(M[ N OZE)(A] N Oga)aoaH.
There exists ¢ > 1 such that for every k € K and small € > 0, kO.k~ C O,..
Hence,
O.9 C (KN Op)k(M; N Opype)koaoho(Ar N Op)aH.

There exists n > 1 such that for every m € KB and smalle > 0, m'O.m C O,..
Hence,

Oeg C (K N Ogg)]{?m(M[ N Onggg)(A[ N Ogg)aH
as required. O

Proof of Theorem 1.13. Due to Remark 2.1 without loss of generality, we may
assume that w = e. We will denote S (€2, e) by Sr(Q).

Let c,e € (0,1).

Let s : KM;/(M;nN H) — KM be a measurable section such that s({2) is
bounded and measurable. For neighborhoods U; of e in K and U; of e in M ,
we set

Q+ = Uls(Q)UQ(M] N H),
Q= () wsQua(M;NH).

u1 €U, ug€Us
One can check that as U; and Uj shrink to {e}, we have
Ot 1 Q and Q7 1 int(Q).

Since Vol(02) = 0, we have Vol(QT — Q) — 0. Hence, it follows from (3.17)
that we can choose U; and U, so that

(3.25) Cr(QN) = Cr Q) <e.
Fix a set Q O Q such that Q C int(Q), set
Vi=QAfv, and V= QAf v,
and define V;(c) = Vj.(c) and ‘:/I(C) — Vi.(c) as in Proposition 3.22. We can

choose U; and U, so that QT C Q.
We claim that there exists a neighborhood O’ of e in G such that

(3.26) O+ Sp(2) C Surar () U (Vi(e) N Baiayr).
By Corollary 3.24, there exists a neighborhood O; such that
Or' (Vi = Vi(e)) € Vi = Vi(e/2).

This implies that 3
O1 - Vi(e/2) C Vi(e).
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Also, by Corollary 3.24 and continuity of operator norm, there exists a neighbor-
hood O of e in G such that for every v = mavy € Vi — Vi(c/2),

Oy C (UlmUQ)A;_’U()
and
O, - Br C B(itor-

Hence,
Oy - (Sr(Q) = Vi(e/2)) C Sutayr (7).

Setting O = O; N Oy, we deduce the claim (3.26).
Similar argument shows there exists a neighborhood O@” of e in G such that

(3.27) Sa-er(27) C ( m QST(Q)> U Vi(e).
geo”
Combining (3.26) and (3.27), we deduce that for O = O’ N O”,
(3.28) Vol(O - 057(€2)) < Vol (OS7(2) — NyeogST(£2))
< Vol(Sq4e7(Q1)) — Vol(Su_or(Q7)) + Vol (Vi(c) N Baioyr).
By Proposition 3.22,

Vol(Vi(c) N Bseyr)

li )
T Tor(logTt
By Proposition 3.8,
Vol(S(14e)r(2F
lim ol( (1+ )T( ) = (1 +€)GIC[(Q+>,

Tooo T (log T)br—

i Vol(S1—eyr(£27))
11m
5% “Tar(log T)ii—1

Hence, it follows from (3.28) and (3.25) that

o Vol(O - 950()
T Tor(log T)oT

= (1— &) Oy (Q).

< (14)"CrQ") = (1 =)™ Cr(Q7) + ¢
<L e+ec.

Since € and ¢ can be taken arbitrary small, this proves that the family of sets
S7(Q2) is well-rounded. Hence, it follows from [DRS, EM] that

#(Tvg N ST(Q)) ~r_0o Vol(S7(22)).
This proves the theorem. U
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Proof of Theorem 1.4. To deduce Theorem 1.4 from Theorem 1.13, we observe
that (see [GOS, §2.3]):

Qw ~ |J SLa(R)/SO(p,q), d=dimW,

pt+g=d

and SL4(R)/SO(p, q) is an affine symmetric space. We set

G — SLy(R),
K = S0(d),

A = {diag(sy,...,8q) : si € RY, 51---84 =1},
H = SO(p, q).

Then we have the generalized Cartan decomposition G = KAH. The set of
simple roots is

A, ={ai(s)=s;s;i=1,...,d—1}, and
At = {diag(s1,...,8q4) : 51 > -+ > 84> 0}
In view of (1.2) and (1.3), set

k
iv=> dimW; 1<k<n.
i=1
Let I = A, \ {ay,,...,a; }. Then
M[ ~ SL“ (R) X SLig—il (R) X+ X SLd—in (R),

and Aj is the centralizer of M; in A.

Since the set of integral quadratic forms in the question is a finite union of
SLg4(Z)-orbits, we conclude that the proof of the theorem reduces to the compu-
tation of the asymptotics of #(SL4(Z)g, N Sr(28Y')) where g, € Qw(Z). This
shows that Theorem 1.4 is a particular case of Theorem 1.13; it may be noted
that since d > 3 the subgroups SO(p, q) are semisimple and SO(p, q¢) N SL —d(Z)
is a lattice in SO(p, q).

It remains to compute the parameters a; and by, which are determined by the
volume asymptotics in Proposition 3.8.

If we restrict the character 2p, which is the sum of all roots in X7, then we get

n
plLie(a,) = E Wi, vy, where uy, = i (d — ix,).
k=1

The highest weight, say A, of the representation of SL4(R) on the space of qua-
dratic forms restricted to Lie(A;) is

)\L|Lie(A]) = Zmikaik where m; = 2(d — Zk)/d
k=1
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By (3.6) and (3.7),

aI:maX{uik : 1§k§n}:din/2,

myg,

51:#{ik1 1<k <n, i :C”}:l'

i

This proves the theorem. U

4. ANOTHER VERSION OF THE STRONG WAVEFRONT LEMMA

In this section, we obtain a version of the strong wavefront lemma for a gener-
alized Cartan decomposition with a different Weyl chamber A* defined below.

Let G = {g € G : 00(g) = g}, the symmetric subgroup associated to the
involution ¢ of G and g°? be the associated Lie subalgebra. Then A is the
maximal R-split Cartan subalgebra of G°. Set

Yoo ={a €Yy :g°Ng”? £ {0}} and X}, =3iN%,,

Then ia,e is a root system on A, and we denote by Aa,g C ii,e the set of simple

roots on A. Let A+ denote the associated closed Weyl chamber of A. Then
AT C At. Also the following generalized Cartan decomposition holds:

G=KA'H.
Note that AT # A* in general (see [HS, p. 109]).

Given ¢ > 0, an glement g = kah € K A+H is called c-regular for Amg if
a(a) > cfor all a € Ayy.

Theorem 4.1 (Strong wavefront Lemma-IIl). Given ¢ > 0, there exist { > 1
and g9 > 0 such that for every g = kah € KATH which is c-reqular for A,y and
every 0 < € < g,

Oeg C (K N 055)]{3 . (A N Oze)a . (H N Ogg)h.

This result is stronger than Theorem 1.6 because any c-regular element is also
c-regular for Aa,g, but the converse implication does not hold in general.

Now we consider the situation involving singular elements. Let I C Aa,g and
J = A,p\I. For ¢ > 0, we say that an element g = kah € KA H is (J, ¢)-regular
if a(loga) > ¢ for all o € J. Let A; = exp(kerI). Let M2’ denote the analytic
semisimple subgroup of G°? whose Lie algebra is generated by g™ N g°? for all
Bexi,n (I). Then M?’ is contained in the centralizer of A7, and

of
G=KMPATH,

where A;f — At N Aj.
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Theorem 4.2 (Strong wave front lemma-IV). Given ¢ > 0, there exist £ > 1 and
g0 > 0 such that for every I C Ny, J = Dpp \ I, g = kah € KAT*H which is
(J,c)-regular, and 0 < & < &,

0.9 C(KNOp)k- (M NO) - (A7 N Op)a- (HN O )h.
This result strengthens Theorem 1.7.
Lemma 4.3. For any a € A,
g=q® (¢ENnbh) @ Ada(pNh).
Proof. Since g =q @ (¢ENh) @ (pNh), it is enough to to show that
Ada(pnh) N (g +(ENDH)) = {0}.
To prove this, let X € p N such that Ada(X) € q@ (£Nh). Therefore,
o(Ada(X)) = Ado(a)(o(X)) = (Ada) (X)),
O(Ada(X)) = Adf(a)(0(X)) = (Ada) ' (- X),
and
(4.4) o(Ada(X)) = —0(Ada(X)) = (Ada) ' (X).

Now we write Ada(X) = Y1+ Yo+Ys5, where Y] € qNE, Y; € qNp, and Y; € €Nbh.
Then

o(Ada(X)) = Y1 — Yo + Y3,
O(Ada(X)) = Vi — Y + Y5,

and it follows from (4.4) that Y2 = 0 and Y3 = 0. Hence, Ada(X) € €N q and
0(Ada(X)) = —Ada(X). Then by (4.4),

(Ada)*(X) = —X.
If X # 0, this gives a contradiction because Ada is self-adjoint. O
As a consequence of the above lemma, we obtain the following:

Corollary 4.5. Given ¢ > 0 there exist £ > 1 and g > 0 such that for any a € A
such that |a(loga)| < ¢ for all v € A,, and any 0 < € < gy, we have

O.a C (O N K)(Op: Nexp(p N q))a(Op Nexp(p Nh)).

Proof of Theorem 4.2. Let w € W be such that waw™' =b € A*. We set
I ={a €A, :allogh) <c/ng} and J=A,\I.
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where ny € N is such that any positive root is a sum of at most ny simple
roots counted with multiplicity. We apply Theorem 1.7 to the involution o, :=
iwoooiyt in place of o. Since the element (kw™')b(whw™!) is (J, ¢/ng)-regular,
(4.6)
O.(kah) =O.(kw™")b(whw™ ') w
C(Op N K)(kw™)(Ope N M) (O N ADD(Ope N wHw ™) (whw™Hw
=(Op N K)k(w™ ' Opew Nw™ " Mw) (w™ ' Opew Nw ™ Ajw)a
x (w1t Opew N H)h.
There exists ¢; > 1 such that
'LU_IOgaw C Ogla
for all 0 < e < g¢. Since Mj is 0,,- and f-stable, M¥ := w~'Mw is - and f-stable
and A = (ANMYP)(w ' Ajw). Let a; € AN MY be such that a € a;(w™Ajw™!).
We now apply Corollary 4.5 to M}’ in place of G, and conclude that for some
€2 2 €1>
(47 (One N M )ar C(Ope N K N M) (Op,e Nexp(p Nq) N M} )ay
X (Ope Nexp(pNh) N MP).

Since M} commutes with w™'A;w, combining (4.6) and (4.7), we obtain that for
some {3 >l

(4.8)
O.(kah) C (Ope N K)k(Op,e Nexp(p N g) N M) Ope Nw™tAjw)a(Op,e N H)h.

By the definition of I, each eigenvalue of ad(logb) on the Lie algebra of M is at
most c. Hence every eigenvalue of ad(loga) on the Lie algebra of M}’ is at most
c. Since a is given to be (J, ¢)-regular, we conclude that

MY Nexp(png) C My NG c M;.
Therefore, the conclusion of the theorem follows from (4.8). O

Note that Theorem 4.1 follows from Theorem 4.2.
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