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Abstract Laumon moduli spaces are certain smooth closures of the moduli spaces
of maps from the projective line to the flag variety of GL,. We construct the action
of the quantum loop algebra U, (Lsl,) in the K-theory of Laumon spaces by certain
natural correspondences. Also we construct the action of the quantum toroidal algebra
U, (5 ) in the K -theory of the affine version of Laumon spaces.
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1 Introduction

This note is a sequel to [3,4]. The moduli spaces 9, were introduced by Laumon
[9,10]. They are certain partial compactifications of the moduli spaces of degree
d based maps from P! to the flag variety B, of GL,. The authors of [3,4] con-
sidered the localized equivariant cohomology R = @g H%XC* (Q4q) ®H;><(C*(pt)

Frac(H%X Cr (pt)) where T is a Cartan torus of GL, acting naturally on the target

B,,, and C* acts as “loop rotations” on the source P!. They constructed the action of
the Yangian Y (sl,) on R, the new Drinfeld generators acting by natural correspon-
dences.

In this note, we write (in style of [4]) the formulas for the action of “Drinfeld
generators” of the quantum loop algebra in the localized equivariant K -theory M =
@, k7 Qa) ®kFxC* (i Frac(KTX(C (pt)). In fact, the correspondences defining
this action are very 31m11ar t0 the correspondences used by Nakajima [12] to construct
the action of loop algebra in the equivariant K -theory of quiver varieties.
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We prove the main theorem directly by checking all relations in the fixed points
basis.

There is an affine version of the Laumon spaces, namely the moduli spaces Py
of parabolic sheaves on P! x P!, a certain partial compactification of the mod-
uli spaces of degree d based maps from P! to the “thick” flag variety of the loop
group ﬁ; see [5]. The similar correspondences give rise to the action of the quan-
tum toroidal algebra U, (5 [,) on the sum of localized equivariant K-groups V =
EB KTxCxC (Pa) ® K TXCHXC* () Frac(KTX(C *C* (pt)) where the second copy of

C* acts by the loop rotation on the second copy of P! (Theorem 4.13).

Since the fixed point basis of M corresponds to the Gelfand—Tsetlin basis of the
universal Verma module over U, (gl,,) (Theorem 6.3 in [3]), we propose to call the fixed
point basis of V' the affine Gelfand-Tsetlin basis. We expect that the specialization of
the affine Gelfand—Tsetlin basis gives rise to a basis in the integrable U, (g[ )-modules
(which we also propose to call the affine Gelfand Tsetlin basis). We expect (see 4.17)
that the action of U, (5[ ) on the integrable U, ( g[ )- modules coincides with the action
of Uglov and Takemura [15]. It seems likely that these U, (5[ )-modules are obtained
by the application of the Schur functor [7] to the irreducible X-semisimple modules
over the double affine Cherednik algebra H, (v) of type A,—1, see [13].

2 Laumon spaces and quantum loop algebra U, (Lsl,)
2.1 Laumon spaces

We recall the setup of [2—4]. Let C be a smooth projective curve of genus zero. We
fix a coordinate z on C, and consider the action of C* on C such that v(z) = v—2z.
We have CC" = {0, o0}.

We consider an n-dimensional vector space W withabasis wy, ..., w,. This defines
aCartantorus T C G = GL, C Aut(W). We also consider its 2"- fold cover, the big-
ger torus T acting on W as follows: for T > t=(t,...,t,) we have t(w;) = tzw,
We denote by B the flag variety of G.

Given an (n — 1)-tuple of nonnegative integers d = (dy, ..., d,—1), we consider
the Laumon’s quasiflags’ space Qy, see [10], 4.2. It is the moduli space of flags of
locally free subsheaves

OoCcW C---CW.1CTW=WQ®0Oc¢c

such that rank(Wy) = k, and degWy) = —

Itis known to be a smooth projective variety of dimension 2d| +- - -+2d,,_1+dim B,
see [9], 2.10.

Qg C Qg (quasiflags based at oo € C) formed by the flags

OoCWIC---CWa1 CW=W®0Oc¢

such that W; C W is a vector subbundle in a neighbourhood of co € C, and the fiber
of W, at oo equals the span (w1, ..., w;) C W.
It is known to be a smooth quasiprojective variety of dimension 2d| + - - - +2d,,_1.
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2.2 Fixed points

The group G x C* acts naturally on Qg, and the group T x C* acts naturally on Qg.
The set of fixed points of 7 x C* on £y is finite; we recall its description from [6],
2.11.

Letabe a collection of nonnegative integers (d;;), i > j,suchthatd; = zlj=1 dij,
and fori > k > j we have dij > d;j. Abusing notation, we denote by E the corre-
sponding 7' x C*-fixed point in Qg:

Wi = Oc(—di1 - O)wy,
Wh = Oc(—da1 - O)w; & Oc(—dnn - 0)wy,

Wi—1 = Oc(=dp—1,1 - w1 & Oc(—=dn-12-Owr & --- & Oc(—dn—1,n—1 - Ow,_1.

2.3 Correspondences

Fori e {1,...,n—1},and d = (dy,...,dp—1), wesetd +i = (dy,...,d; +
1,...,dy—1). We have a correspondence E;; C Qg x Qgy; formed by the pairs
(W, W,) such that for j # i we have W; = W} and W/ C W, see [6], 3.1. In
other words, E, ; is the moduli space of flags of locally free sheaves

OCWiC--CWimiCW CW,CWipi1 C--CWymi CW

such that rank(Wg) = k, and deg(Wy) = —di, while rank(Wi’) =i, and deg(Wl.’) =
—d; — 1.

According to [9], 2.10, E4 ; is a smooth projective algebraic variety of dimension
2dy + -+ 2d,—1 +dim B + 1.

We denote by p (respectively, q) the natural projection Es; — Qg (respectively,
Eqi — Qa+i). Wealsohaveamaps: E;; — C,

OCWIC---CWi1 CTW/CW,;, CTWig1 C - CTWyuoi CW) = suppWVi/W)).

The correspondence E4 ; comes equipped with a natural line bundle L; whose fiber
at a point

OCWIC-—-CWi i CW CW, CWip1 C--CW,um1 CW)

equals I'(C, W;/W)).

Finally, we have a transposed correspondence TEd,i C Qu+i x Qq.

Restricting to Q4 C Qg, we obtain the correspondence E4; C Qg4 x Q44 together
with line bundle L; and the natural maps p : Egz; — Qq, q: Egi — Qqi, s
Eyi — C — 0o. We also have a transposed correspondence TE;; € Qg4 x Qg. It
is a smooth quasiprojective variety of dimension 2d; + - - - + 2d,—1 + 1.
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2.4 Equivariant K -groups

We denote by ‘M the direct sum of equivariant (complexified) K -groups:
M= GBQKTXC*(QQ)-

It is a module over KT *C* (pt) =CI[T x C*] =C[xy, ..., x, v]. We define

M ="M ®sce,,, Frac(KT*C (pr)).

(pt)

We have an evident grading

M =®qMy, Mg =K" (Qp) ®yrucr,, Frac(K" (pr)).

2.5 Quantum universal enveloping algebra U, (gl,,)

For the quantum universal enveloping algebra U, (gl,,), we follow the notations of
Sect. 2 of [11]. Namely, U, (gl,,) has generators t]il, . tfl, €y e vvs Cn—ls 1y vves Tn—1
with the following defining relations (formulas (2.1) of loc. cit.):

Gt =t tt =t =1 (1)
tiejt ! = ejudi O g = o u O T 2)
ti— E;I —1
[ei, fj1 = ai,jm, b=ttt (3)
lei,ejl =[fi, fi1=00i —jl>1 “)
lei, [eis eix1loly = [Fi, [fis fix1lo]o = 0, la, bly := ab — vba (5)

The subalgebra generated by ¢;, Ei_l, ¢, fi(1 <i <n—1)isisomorphicto U,(sl,).
We denote by Uy(gl,) <o the subalgebra of Uy (gl,) generated by t;, t;” 1, fi. It acts on
the field C(T x C*) as follows: f; acts trivially for any 1 <i < n — 1, and t; acts by
multiplication by Hivi—l We geﬁne the universal Verma module 9 over U, (gl,) as
M = Uv(g[n) ®Uv(9[n)§0 (C(T X (C*)

We define the following operators on M:

t; = ol My — My (6)
¢ = tl.jrllvd"“*d"*”lp*q* My — Mg (7)
fi = —t;7 AT g (L @ ) 1 Mg — Mgy (8)

The following theorem is Theorem 2.12 of [2].

Theorem 2.6 These operators satisfy the relations in U,(gl,), i.e. they give rise to
the action of Uy(gl,) on M. Moreover, there is a unique isomorphism ¥ © M — 9N
carrying [Oq,] € M to the lowest weight vector 1 € C(T x C*) C M.
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Remark 2.7 These notations coincide with those from [2] (see Theorem 2.12 and
Conjecture 3.7 of loc. cit.) after Chevalley involution.

2.8 Gelfand-Tsetlin basis of the universal Verma module

The construction of Gelfand-Tsetlin basis for the representations of quantum gl,, goes
back to Jimbo [8]. We will follow the approach of [11]. To a collection d = (d;j),

n—1>i>jwe ass001ateaGelfand Tsetlznpattern A = A(d) =), n=i>j
as follows: v*7i =1 vl n > > 1 v =1 w7174 p—1>i>j>1 Now
we define &5 = &5 € M by the formula (5.12) of [11]. Accordlng to Proposition 5.1
of loc. cit., the set {5} (over all collections z) forms a basis of 91.

According to the Thomason localization theorem, restriction to the T x C*-fixed
point set induces an isomorphism

K" (Q0) ® g7 xcr ., Frac(KTC (pr))

(p1)

— KT C @) @ 5., Frac(K T (pr))

(pt)

The structure sheaves [3] of the T x C*-fixed points d d (see 2.2) form a basis in
EBdKTX(C* (QTX(C ) ® T () Frac(KT*C" (pt)). The embedding of a point d into
g is a proper morphism, so the direct image in the equivariant K-theory is well
defined, and we will denote by {[é]} € M, the direct image of the structure sheaves

of the point E The set {[E]} forms a basis of M.
The following theorem is Theorem 6.3 of [3] and Corollary 2.20 of [2].

Theorem 2.9 (a) The isomorphism V : M =M of Theorem 2.6 takes {[E]} to

42
|d\ i

( 1) |d|HIZr>deI Z ld 2 éz
J

(b) The matrix coefficients of the operators ¢;, f; in the fixed point basis {[Z]} of M
are as follows:

-1 d —di_1— 1+zt2v—2d

)" IH(l 2024421 11—[(1 2021424 )

jAk<i k<i—1

figan =~

ifdi/’j =d, j + 1 for certain j < i;
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-~ -1 diy1—di+1—i
Ggdan =L v'

a2y _ 42,2 2d; j—2d; j\—1 _ 42,-2.2d; j—2d; 1k
< (1=v)™" T (=2 ] a-g )
j#k<i k<i+1

ifdi’j =d; j — 1 for certain j <i;
All the other matrix coefficients of ¢;, f; vanish.

2.10 Quantum loop algebra U, (Lsl,)

Let (ak)1<k.i<n—1 = An—1 stand for the Cartan matrix of s[,. For the quantum loop
algebra U, (Lsl,) we follow the notations of [12]. Namely, the quantum loop alge-
bra U, (Lsl,) is an associative algebra over Q(v) generated by ek ,, fk.r, vE hicm
(1 <k,l <n-—1,r € Z, m € Z\{0}) with the following defining relations:

VLU ) = ¥ )i ). ©)
(@ — v W)Y (2)x (W) = x5 (W)Y () %z —w), (10)
[ (@) 37 ()] = _‘3"5)_1 B/ w) = 8/ w)Yy (). (11)
(z — vPw)xf (Oxf (w) = xF (w)af (@) vz — w), (12)
(z = v w)RE @xg (W) = X (g Q% z —w) k£, (13)

(] (20X} @2)x}ey (w) — (v + v (2] (W)X (22)

+ X} ()X} (2)x] (22)} + {z1 <— 22} =0, (14)

where s, s’ = +. Here, §(z2), xkjE (2), 1/fkjE (z) are generating functions defined as fol-
lowing

oo o o0
5@ = D 7 f@= D e x@i= D furr
r=—00 r=—00 r=—00
o0
Vi (@) i= v exp (i(v —vh > hk,imz*’").
m=1

2.11 Action of U, (Lsl,;,) on M

Forany 0 <i < n, we will denote by W; the tautological i-dimensional vector bundle
on Qg x C. By the Kiinneth formula we have KTxC (e xC) = KTxC L)1 P
KTxCr (Qq)@T wheret € K Txcr (C) is the class of O(1). Under this decomposition,
for the exterior power A/ (W;) we have A/ (W;) =: A'(jj) WHe1+ A{j_l)(wi) T
where AJ, W), A, W) € KT Q).
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For 0 < m < n, we introduce the generating series b,,(z) with c_oefﬁcients
in the equivariant K—tl.leory of Qg as follows: by, (2) == 1+ 31, (A{j)(w,n) —
vA'(’ j_l)(wm))(—z)*f. In particular, by(z) := 1.

Let v stand for the character of 7 x C* : (¢, v) — v. We define the line bundle
L;{ = vkLk on the correspondence Eg x, that is L;{ and Ly are isomorphic as line
bundles but the equivariant structure of L} is obtained from the equivariant structure
of Lj by the twist by the character v*.

We also define the operators

er =t I TR (LS @ q*) 1 Mg — My (15)

fior = =t BT d TR g (L @ (LD® ®@p*) 1 My — My (16)

We consider the following generating series of operators on M:

F@ = D e,z Mg — Mgz, z7']] (17)
X @)= D ferz " Mg — Mgiillz. 2] (18)

VE@ I, =D ¥ =
r=0

— di 1 —2dp+dr—1—1

=t v
+
x (b ™) v ™) b (0 bt (207 D))
€ Mallz™"1I; (19)

Vi @) Iy = D Wi, o=
r=0

— t]:_:ltkvdk+1*2dk+dk71*1
x (b bizo™) b (b (207 ))
e Myllz]l; (20)

where ()* denotes the expansion at z = 00, 0, respectively.

Theorem 2.12 These generating series of operators 1/fki (z),xki(z) on M defined
in 2.11 satisfy the relations in U, (Lsl,), i.e. they give rise to the action of U, (Lsl,)
on M.

Remark 2.13 For the quantum group U,(sl,) (generated by ek, f.0, w,fo in
Uy(Lsl,)) we get formulas (6-8). Formulas (17-20) are very similar to those for
equivariant cohomology in [4].
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Definition 2.14 We assign to a collection [E] a collection of weights s;; := tj?v—zdi./.

Proposition 2.15 a) The matrix coefficients of the operators fir, e, in the fixed
points basis {[d]} of M are as follows:

—1.di—dj_1—1+i [ 2\—1
fimaan = —t v T sy (i o) (= 0%
—1\—1 -1
x H (1= si7570) H (= sijs;i 1 )
jEk<i k<i—1

ifdi”j =d; j + 1 for certain j < i;

— =1 diy1—di+1—i i+2 2\—1
€@ d) =t 0T T 0T (1 =0

< [T a=siwsi D71 T A =siprasi))

j#k<i k<i+1

ifdl./j =d, j — 1 for certain j < i;
All the other matrix coefficients of e; r, fir vanish.
b) The eigenvalue of I//l.:t (z) on {[d]} equals

—1 dit1—2di+d; —1—1 —1,.i42 —1 -1, -1
1 tiv i+1—2di+di -1 H(l — it s -z vzsl_,]_)
J<i
X H (1 —Z_lvl+2Si+1,j) H (1 _Z_lvlsi—l,.i)'

j<i+l Jj=si—1

Proof (a) Follows directly from Theorem 2.9b.
(b) Follows from the exactness of functor A, (L) := Z;afg(m 7' AL on the category

of coherent sheaves and the fact that {s; j};<; is the set of characters of T x C*
in the stalk of WW; at the fixed point {[d], 0} € Qg x C. O

Now we formulate a corollary which will be used in Sect. 4.
For any 0 < m < i < n we will denote by W,,; the quotient W, /W,, of the
tautological vector bundles on 9, x C. Under the Kiinneth decomposition, for the

exterior power AJ Whi) we have Aj(wmi) =: A{j)(wmi) ®1+ A{j_l)(wmi) RT

where A{j)(wmi), Afj,l)(mm) e K TxCr (Q4). We introduce the generating series
b (@) = 1+ 252, (AL W) = 0L, W) (=2 .

Corollary 2.16 w,i(Z)|M4= ,ijrlltivd;+1—zd;+d;_1—1 (i 20~ =2) " i (o) !

i Lilant .
by, i—1(z0 )by i1 (207 72)) ™ forany m < i.
Proof Let A, (L) := Z;a:"(f(“ 7! A'L. Then on the one hand

A W) = A W) Az Wnij),
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while on the other hand

Afl/z(W') lri=—v= bj(Z)v Afl/z(wmj) lr:=—v= bmj(Z),
Afl/z(w”l) lt:=—v= b (2).

3 Proof of Theorem 2.12
Let us check (12) first. We will prove it for x, (case x,j is entirely analogous).

Proof We need to check for any integers a,b: fiai1fip — V > fiafivil =
V"2 fibfiat1 — fibe1 fia. Let us compute both sides in the fixed points basis:

@ [d,d =d+5 +8. ] Gi # j)

(frastfin = v fiafion)

ld.d']

= pyi@thtD [s st — Si,j) sf.l Yy = s S —1y-l

i, 1°i,j2 2 ij1
-2 b+l _a -1 2
-V le] 112(1_s1]1 ljz) (1 VSi, j 1/) + {1 (—>]2}:|
i(a+b+1) a+1 -2 b+1 a 1 1\—1
= Pv [(sl st u 2 (1 s T AP s
+ {1 <— 2}l
Similarly,
-2
(v fibfia+1 = fin+1 fi, a) a1
_ poila+b+1) [ =2 a+1 b a_ bl 1
=Fv [(U Si Siva T SipnSi (A = sijy ljz)

x (1 — vzs,-,jzsifjll)_1 + {j1 «— jz}].

Here,

—2. 2d;i—2d;_1+2i—1 202
P = (—t;) 222l s o (1 —0%)
1— 1] — g . g— -1
X (I =i, ,k) (I = sijoS; 1)
J1s o #k<i
l—s: s} 1 —s s}
X (I =iy s 2y ) A = 8058 )

k<i—1
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So, we have to prove that

b oatl 2 btla . -2.atl b a b+l
G i1 S i Sip T SijSigy)

1 1y—1
x(1 =i, ”2) (1—v sl J2Si, ]1)
b -2 b -2
= (5,51 5o Gijo = V7781 ) 87587 5 (i — V7780 0D i Si
.. N YO 2. .\~
X(Si,jo — Si,ji) " (Sijy — V7S, jp)
h 54
_ Si, j15i, 12(5, i ”2 111 1]2)
v2(si ji = i)

i§, arltisyrgmetric with respect to {j; <—> j»} which is obvious.
(b) [d,.d =d+25 ]
In this case, define
e (_ti)—zvzd,—zdi,1+2i—3

2\—2
si,jlsi,jz X (1 — v )

—1\—1 —1\—1 —1 —1
) [T =sijisih™ A =sifpsH™ [T = sigis 00 = si sy -
J17#k<i k<i—1

Then,

_ P/vi(a+b+1)sl{1;_lb+l(U_z(u+l) _ v—ZU—2a) =0

) )
. 2 f I
(ﬁ,a+1ﬁ,b Jiafib+1 R
=(v72fi,bfi,a+1 fzb+1fta)

a1’

So the equality holds again. O
Let us check (13) now. We will prove it only for x, again.

Proof If |k — I| > 1 than it is obvious that in the fixed points basis the formulas
are the same. So let us check it for / = i + 1,k = i, i.e. for any integers a, b:

fiat1fiv1b = Vfiafiv1.041 = Vfiv1b fiavt = firr+1 fia-
Let us compute both sides in the fixed points basis:

@ [d,d =d+5 +8i+1.5] (1 # )

1
(fi,a+1 fit1,0 — Vfia fit1,041) g 3 = Pv (1 - si+1,j25,-’jl>

l(a+1)+(l+l)b b a+l _ la+(1+l)(b+l)+l b+1 a
t+1 J2°0, j1 l+1 J2 i1

2 -1
fit1b fiat1 = fixrb+1 fia)gan P (1 —v Si+1,jzs,-,j1)

_ z(a+1)+(t+1)b+1 b a+l 1a+(l+1)(b+1) b+1 §@
- Sit1, 2711 1+1 201
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where

P = t_l t_l diy1—di—1+2i— 2(1 _ v2)—2

i+1%
1
X H(l Si, j1S; ) H(l sljlllk)
J1#Fk<i k<i—1
X ( _sl+l,]2sl‘+1,k) ( _sl+ls]2si,k)’
JoFEk<i+1 J17#k<i

After dividing both right hand sides by Psl““1 f’Hsz"“*("“)b we get an
equality:

' 42
V(U si = Vs ) (S — Sidnjy)

= 'ty i — Ui+lsi+l,j2)(si,j1 - U2Si+1,j2)-
() [d.d =d+8;+81;l.

b+1 o2di i =2d; 1 j
(fi,a1fiv1,0 = Viafiv1o+D g g7 = P vt”+ 1 — i =241y

% [vi(a+l)+(i+l)bv—2bd,-+1_j—2(a+l)dl-_j _ via+(i+1)(b+1)+1U—2(b+1)d,-+1,j—2ad,-,,-]

— P’t?"'b"_lvi(a+l)+(i+l)bv_2adi,j_ZbdiJrl,j (U_Zdl',j _ UZU—Zd,-H,j)
xv(l — v2dij_2di+l,j).

Similarly, we get

Wfiv1p fiat1 = firro+1 fra) g an

— P/[a-+b+lUi(a+1)+(i+1)bv_2adi‘j_2bdi+l’j (U"U_2di’j —2dl+1 ])(1 d,j—Zler] J+2)
J

where P’ is a specialization of P under j; = jo = j.
Again, we get an equality. O

Let us check (11) for the case k # .

Proof We have to show for any integers a, b the equality e 4 f1.» = fi.p€k.q holds.
If |k — 1] > 1 then this equation is obvious, since matrix elements in the fixed

points basis are the same. So let us check the only nontrivial case: k = i,/ =i + 1

(the pair k =i + 1,/ =i is analogous). We consider the pair of fixed points [d d’

d + 8 j, + di+1,j,] (here j1, j» might be equal).
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-1 ) -1
eiafitip liza1= P — Si+1,j2S; ya—v Si+1,j2S; ),
[d.d'] J1 2J1

1 —1
fit1,p€ia |[d a1= P(1— Sz+1 oS jl)(l _Si+1,j25,~,j1)7
where
—14=1,2di41-2d; 2y—1
P =—t_ 1 i+l (1 —v9)
—1 —1 -1
X H (I = Sit1, 08 11 0) H (I = Sit1,08; 1)
JFk<i+1 J1#k=i
1 -1
< [T a=siiso™ T =sisivin.
J1#k=i JoFk<i+1
This completes the proof of (11). O

Let us check (14) fourthly. We will prove it only for x, again.

Proof We have to prove for any integers a, b, ¢ and j =i % 1 the equality holds:

(rafivfic—@+v ) fiafichiv+ fichiafint+1a < b} =0.

Let us consider the case j =i + 1 (the second case is similar).
We will show that matrix elements in the fixed points basis of the first bracket is
antisymmetric with respect to a change {a <— b}.

@ [d,d =d+8 , +8ij+8i+1)5] Gi # )
Jiafibfiti.c |[E,Z’]
= Pv? sP (1= sivt s DA = sip1 isTh)
111 Siojn i+1,j3% j, i+1,j3% j,
X(1 =515 )7 (= 025y )+ U )]
Jiafivrefip |@E/]
-1 -1
= Pv[ il lb]z(1 - v23i+1,j35i,j2)(1 = Si+1.j35; j,)
x(1 =i 8

T = s )T U e o]

Ji+1.efiafib |@E']
b 2 -1 2 1
= P[50 ,50 (1= Vs jusi D = Vs s )

x(1—si jps; 1) (L= v%si jys, D)7+ (i «— jz}] :
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Thus,
~1
(fiafibfirre = W07 fiafivrefip + fivtcfiafin)ig g
b (vz(s,-,,-z—sm,h)(si,j, — Sit1,j3)
PR Gigy = sip) iy — vPsijy)
0+ VA (i jy — VESi1,j3) (i jy = Sit1,j3)
(i i — 8i.j) (i jo — V2583 ;)
L a2, . L a2, .
(Sl,jz v sl+1,J3)(Sl,j1 v Sl+1,j3)
+ 2
(i, jy — 8i,jp)(Siyjp — V580 j)
b
Sit1,j3S; ;57
. . 2 SJ3°0, 1710, o . .
+{]l <—>]2}=P(1_U )—+{J1 ‘—>]2}
Si,j1 = Si,
b b a
st s, — Y. 59,
2 i1 %y T Sii Sivp
= Psi11, (1 —v9) ,
Si,j1 = Si,
where
2 di4di—2di43i=3 . . el c(i4+D)+i(a+h)
Po=— gy Tt Si, j1 51, j2Si 41, j3 U
x H A=si s A —si 0570 )
i j2Si—1,k LSic1k
k<i—1
1 . . _1 _1 1 . . _1
X ( _sl+11]3si+],k) ( _Sl+1’13si,k)
J3FEk<i+1 Ji,joFk<i
—1v—1 —1\—1
x H (L= 5i 8 1) H A =sijis; )
J1s2Fk<i J1s 2 Fk<i
We see that

frafibfirre = @ +v7) fiafisrefib + fivrefrafin|g g
a b b a

s4 . sV s .59
23 Vi1Ciga T PiiCia
= Psit1,j;(1 —v7)
Siji = Sijp

is antisymmetric with respect to a <— b.
(b) [d.d" =d +25; j; + div1.j5]-
By the same calculation one gets:
(Frafibfivte = @+v") fiafivrefib + fivtefiafin)ga

= P/ I:Uz(l — si+1»j3si7j11)_(l + 1)2)(1 — U25i+1,/'3sifjll) + (1 — U4si+1!./3sijjll )] =0,
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where
f =1 =2 didi—2di  4+3i=3 b2 o+ cli+1)+i(a+b)
Pr= =ty Ton Sigi o Si+tjsY
—1 —1
<[] ((1 = SijpSi—10 (1 —Si,nsi_l,k))
k<i—1
-1 -1
< [T a=sipsiiho
JaFk<i+1
-1
—1 —1y—1 —1
x TT (0 =si55700 =557 A = sijisTh)
J1#k<i
This completes the proof of (14). O
Now, we will introduce the operators go,j @My = D2mcp (p,j'r M2 O (Dmy =
—o0  — _ + +1 w . . . .
> 20 Ve imaz " (here @, € Clxi™, ... x;F!, v*!]) diagonalizable in the fixed

points basis and satisfying the equation

[ (@), x5 (w)] = {8(w/2)¢; (w) — 8(z/w)g; (2)} 2L

v—ov!

We will show that (pki(z) are determined uniquely by the conditions (p;ro\M . =

diy1=2di+d;—1~1 di1+2di=di-1+1 (we get these formulas

it v s PiolMg = i T
from the fact that the subalgebra generated by 1///?,:0’ Ey, Frisaquantum group U, (s[,,),
for which the formulas are already known). Let us further omit |, A for brevity. Next

we will check

oL e (W) = ¢} (W)g} (), (22)

(2 = v w)g} ()" (W) = X (W)e] () V2 — w). (23)

Finally, by showing that (pkjE () = wki (z) we will get (9-11) from (21-23). And so
Theorem 2.12 will be proved.

From Proposition 2.15 one gets that (v — v’l)[xi*(z), x; (w)] is diagonalizable in
the fixed points basis and moreover its eigenvalue at {d} equals to

—a, —b
> W ians

a,beZ.

where

—1,—1, 1,2 —1, diy1—d;_
Xia = — tiqt; v (v7— )T pTHTa

_1.—1 _1.—1
X Zsij H (1 —s,-,jsiykl) H (1 —vzsi,ksiyjl)

jsi \j#ksi j#ksi
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-1 2 -1 '
X H (= sijs; 1 1) H (I = vsipres; ;) (si jv')*

k<i—1 k<i+1
2 o 2.1, 7!
—v H a- S; Si k) H (I —v7s; 80 )
J#k<i J#k=i

2 -1 -1 i+2
< [T a=vsigsitio [T A= sivrs; Do

k<i—1 k<it1
. N N - _ )+ _
So as we want an equality (v — v )[x (2, x7 (w)] = §(Z) e (w)
5(%) e =
—a. b —a. —b - —a. —b -
Z Wl — Z Wt Z Wl — i)
a,bla+b>0 a,bla+b<0 a,bla+b=0

to hold, we determine <pl 200 Pi s<0> go;’ <=0 — @i s—o uniquely as they are equal to the
corresponding x; s. But we know from [2] that for 90i+0 = t,-tijrll pdiv1=2di+di1 =1

9o =t g p -l 2di—diot
determined all coefficients of the series goii (2).

Let us note that as all operators (p are diagonalizable in the fixed points basis the
(22) holds automatically. So let us check the (23), i.e.

the above equality for <,0i+ 0 — @i o holds. So we have

(z — v M w)g} (2)x; (W) = x} (W)g} ()W Nz — w).

Proof We claim that for k # [ it follows directly from the (13) and the construction
of goi(z) So let us now check it for the case k = 1,5 = +, s = —.

Now, we are computmg the matrix elements of both sides in the fixed points basis
on the pair [d = d + 8 p<il.

Let us notice that f; 41 |[d 1= = fib |[d a1 Si pv And as gol >0 are diagonalizable
in the fixed points basis the only thing we have to check is the following equality for
any a > 0:

+ -2 N, S s i e
(Pigsr =V “Sipve;,) |4+s,»,,,— (W79 e = SipV' 9 ,) |G -

(a) a > 0. Here we use the notations of Proposition 2.21 ([2]).

Namely ¢ := v?, Sji=s8jj = tfv_zd‘?-/, rg = tkzv_zdf—1~k, Pk = t,fv_Zd’“*.
Then

ity EZUMHSJ H Py Zsj_z H (sj —qri) H (Pr —sj)

j<i  k<i—1 j<i  k<i+l k<i—1

< 1 ((Sj—QSk)_l(Sk—Sj)_l)S§‘

JF#k<i
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—q > s [] 6i=m [] (x—asp

J<i k<i+1 k<i—1

< JT (65 =507 6k —asp™") s

j#k<i

+ . i -1_—1 -2

ol lavs, =0 [1si T pla™ ( 22 577 T1 6i—a T e—sp)
Jj<i k<i-1 P#J=<i k<i+1 k<i—1

< T (6 —as0 ee=sp™") 65 =97 @ sp —57'sg

J,p#Fk<i
—q >, s [] 6i=m [] (x—asp)
pFI<i k<i+1 k<i—1
< TT (650 e —asp™) s —a"sp)"
Jop#ksi
< (g 'sp—asp) M asp* + 5,747 ] @ 'sp—aro
k<i+1
< [T (e=a7"'sm 1 ((q_lsp—cISk)_l(Sk—q_lsp))(q_lsp)“
k<i—1 pAk<i
—as,°q” [T @ 'sp—m0 ] (e —sp
k<i+1 k<i—1
< JT (@ "sp =907 k=57 ) s
pFk=i

Hence,

2 4 i iGat] _ 1 )
W0 —spv'ef ) 1 =TV [Ts; T w (Z 5j

Jj<i k<i-1 pP#J=<i
< |1 6j—am ] x—sp
k<i+1 k<i—1
x JT (65 =as07" 6k =sp7") @ s = sp)s
JFk<i
-2
—q > s I] =m0 I] r—asp
pFj=<i k<i+1 k<i—1

X H ((sj — i) Nse —qu)fl)(sj —sp)(gsj)?
k<
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+5,2 [ 6p—ar0 [] ok —sp)
k<i+1 k<i—1

< TT (6p=a0 sk =sp ™)@' = s

pFk<i
+ TN B _ L ila+l , -1 -1 -2
@ragpr —V spU' ) I7+s:, =/ )HS/ H P4 Z 5j
Jj<i  k<i-—1 pFJ<i
< [ 6j—am ] (x—sp
k<i+1 k<i—1
< JT (6 =as0™ e =sp7") s =sp)!
J:pFk=<i

X (q_lsp — Sj)_l(Sj — q_lsp)s;?

—q > 572 [ 6= [] x—asp

p#J<i k<i+1 k<i—1
X H ((sj — sk)_l(sk — qu)_l)(sj — q_lsp)_1
JipFk=i

x (g Ysp—asp7Nasj — a7 sp)(gs)°

—qs,%q* ] @ sp—ro [] ok —sp
k<i+1 k<i—1

< T (@ 'sp =0 = sp)7") (1 =g Dsg !
pFk=<i

It is straightforward to check that these two expressions coincide.

b) a = 0. In this case, we know that (p;ro = Xi,0 + ;o <pi+1 = x;,1. The argument of
(a) shows

2 -2 '
(Xi,1 = v 8i pV Xi,0) |ggs, , = W Xist = 8ipV" Xi0) 17 -

i.p_

So in order to prove
+ ) B P S ity |~
(@i = v 7 sipv' 9 0) Igys, , = W9 —sipv o) I

itis enough to check v_zfp; 0 1d+s: )= ®; o Ig> which follows directly from the formula

0= tl__ltl.+]v_di+l+2di_di—l+1_ O

Now, we rewrite the formulas for <,0ii (z). From (23), we get for any a > O:

+ =k 42— 2dk,p ok + - _ —ag, ,+ 2. 2dy ok + -
(gpl,a—&-l v tpv Pv ¢l,a) |Q+5k.p_ (U (pl,a—i-l tpv Pv (Dl,a) |Q’
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ie.
2 —ax1—2d k_—1 - 2 —2d, k_—1
)@ = o w5 s =g @ T — T e T |5

This equation is especially interesting whenever ax,; # 0 giving the following
information:

+ - _ _
2 (2) |¢+5l+1,p _ 1—1z lylt]%v 2dj41,p 24)
+( ) |~ - l _ —lvl+2t2v—2dl+l.p ’
% (2)lg z »
+ - — _ —
9 (2) |¢+81_],p 1—z 1l 2t[27v 2d;-1,p
¥ =v 1,072, —2d (25)
@ () Iz I —z=hpu==a-tr
+ - — _
@ @) |4+51,p B 721 —z 1vl+2t;v 2dp,p 6)
‘Pz+(2) |E 1— Z—lvl—2t;v—2dl_p

Let us compute ¢; @) |7 Qo where do = (d;,j = O|Vi, j). In this case, the expression

for goi+ (z) reads as:

1112 12
0 @ g = ttiv =1 v P = D7

xz H (- H™! H (1 — 7!

a>1k<i—1 k<i—1
2 -2 —2 2.0 —1
< [T a=dg [T a=v2g > etvizh
k<i—1 k<i+1
2.0.—1
t V' Z
_ -1 —1,.2 -1 2 2 -2.2
= tl+1[, tl+1t, (U — 1) (1 —v )(1 _ti+1ti v )W
i+2_—1 2.0 _—1\—1
= 1o A = A 0P ha =iz
So,
-1 —1 2 i+2_—1 2.0 —1\—1
o @ |z=t v A= v P hA = ez H 7 (27)

From (24-27) we get a simple formula for (pl-+ (z), explicitly:

. . . . +

0 () = 5t 2 (0T a0 Da T ) a o) T
(28)
ajz):=[]a—z"gv ). (29)

P<j
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Now from (28-29) and Proposition 2.15b we get g0i+ (z) = 1//5r (2). In the same way,

one gets ¢, (z) = ¥; (2).
Theorem 2.12 is proved.

4 Parabolic sheaves and quantum toroidal algebra

In this section, we generalize the previous results to the affine setting.

4.1 Parabolic sheaves

We recall the setup of Sect. 3 of [2]. Let X be another smooth projective curve of
genus zero. We fix a coordinate y on X, and consider the action of C* on X such that
c(x) = ¢ 2x. We have XC = {Ox, oox}. Let S denote the product surface C x X.
Let D, denote the divisor C x cox U ooc x X. Let D denote the divisor C x 0x.

Given an n-tuple of nonnegative integers d = (dp, . .., d,—1), we say that a para-
bolic sheaf F, of degree d is an infinite flag of torsion free coherent sheaves of rank
nonS: ...CF_| CFyCF C...suchthat:

(@)  Fi4n = Fr (Do) for any k;

(b)) ch1(Fr) = k[Dg] for any k: the first Chern classes are proportional to the fun-
damental class of Dy;

(¢) chy(Fyx) =d; fori =k (mod n);

(d) Fpislocally free at Do and trivialized at Dso : Folp,, = W ® Op_;

() For —n < k < O the sheaf Fi is locally free at D, and the quotient sheaves
Fi/F-n, Fo/Fr (both supported at Dy = C x Ox C S) are both locally free at
the point coc x Ox; moreover, the local sections of Fj|soc xx are those sections
of Folooexx = W ® Ox which take value in (wy, ..., wy—¢) C W atOx € X.

The fine moduli space P, of degree d parabolic sheaves exists and is a smooth
connected quasiprojective variety of dimension 2dy + - - - + 2d,,—1.

4.2 Fixed points

The group T x C* x C* acts naturally on P4, and its fixed point set is finite. In order to
describe it, we recall the well known description of the fixed point set of C* x C* on the
Hilbert scheme of (C — co¢) x (X — oox). Namely, the fixed points are parametrized
by the Young diagrams, and for a diagram A = (Ag > A1 > ---) (where Ay = O for
N > 0) the corresponding fixed point is the ideal J, = Cy%z% @ Cy'z" @ ---. We
will view J;, as an ideal in O¢«x coinciding with O¢xx in a neighborhood of infinity.

We say A D pif A; > u; foranyi > 0. We say A S if A; > p;yq forany i > 0.

We consider a collection A = (A¥ )1<k.i<n of Young diagrams satisfying the fol-
lowing inequalities:

Al coocateay a2 AP calzea?, o
calmc...canbnzm (30)
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We set d(A) = >/, [AX ], and d(A) = (do(X) = dp (L), ..., dy—1 (V).
Given such a collection A we define a parabolic sheaf F, = F,(X), or just A by an
abuse of notation, as follows: for 1 < k < n we set

Fien= B Juw & @ Ju(-Doyw, (31)

1<i<k k<l<n

Lemma 4.3 The correspondence A — F(R) is a bijection between the set of collec-
tions A satisfying (30) such that d(\) = d, and the set of T x C* x C*-fixed points
in Pg.

Proof Evident. O

4.4 Another realization of parabolic sheaves

We will now introduce a different realization of parabolic sheaves, and another param-
etrization of the fixed point set which is very closely related to this new realization.
We first learned of this construction from A. Okounkov, though it is already present
in the work of Biswas [1]. Let o : C x X — C x X denote the map o (z, y) = (z, ¥"),
and let G = Z/nZ. Then G acts on C x X by multiplying the coordinate on X with
the nth roots of unity.

A parabolic sheaf F, is completely determined by the flag of sheaves

Fo(=Do) C F_py1 C--- C Fo,

satisfying conditions (a)—(e) above. To F, we can associate a single, G invariant sheaf
FonC xX:

F=0"F_pns1 + 0" F_pi2(=Dog) + -+ - + 0" Fo(—=(n — 1)Dy).

This sheaf will have to satisfy certain numeric and framing conditions that mimick
conditions 4.1(b)—(e). Conversely, any G invariant sheaf F that satisfies those numeric
and framing conditions will determine a unique parabolic sheaf.

If Foisa T x C* x C* fixed parabolic sheaf corresponding to a collection A as in
the previous section, then we have

n
F =P Ju(= - 1by)uy, (32)
I=1
where (A!, ..., ") is a collection of partitions, given by
! okl
kniﬂﬂ%ﬁrk# =% (33)

Here L%J stands for the maximal integer smaller than or equal to %
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For j € Z,let (j mod n) denote that element of {1, ..., n} which is congruent to j
modulo n. Fori > j € Z, if we denote

dij =" (34)

we obtain a collection (d;;) = z = z(k) of non-negative integers with the properties
that

dkj Edij Vi >k>j; di+n,j+n =dij Vi > j; dij =0fori—j>0. (35

For 1 < k < n, let us write

n

n
di(d) = def = Z Z di-niy = szii—m$]+k—z

Jj<k =1 iSLﬂJ I=1i>0
n
> E—am,

Summarizing the above discussion, we have:

Lemma 4.5 The correspondence A +— E(X) is a bijection between the set of col-
lections A satisfying (30), and the set D of collections d satisfying (35). We have
d(d) =d(d(})).

__ By virtue of Lemmas 4.3 and 4.5, we will parametrize and sometimes denote the
T x C* x C*-fixed points in Py by collections d such that d = d(d).

4.6 Correspondences

If the collections d and d’ differ at the only place i € I := Z/nZ, and d] = d; + 1,
then we consider the correspondence E;; C Py x P, formed by the pairs (F,, F,)
such that for j # i (mod n) we have F; = }';, and for j = i (mod n) we have
.7:; cF j-

It is a smooth quasiprojective algebraic variety of dimension2 > ,_; d; + 1.

We denote by p (respectively, q) the natural projection Ey; — P4 (resp. Eq; —
Py). For j = i (mod n) the correspondence E4; is equipped with a natural line
bundle L ; whose fiber at (F,, ) equals T'(C, F; /F j’.). Finally, we have a transposed

correspondence TEg,i C Py xPq.

4.7 Direct sum of equivariant K -groups

We denote by 'V the direct sum of equivariant (complexified) K-groups: 'V
@iKTXC*XC*(PQ). It is a module over K7 *C*C"(pr) = C[T x C* x C*] =
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Clx1, ..., xn, v, u]. Here u corresponds to a character (xj, ..., xu, v, u) —> u. We
define V = 'V ®7crxcr ) Frac(K*EXE (p)).

We have an evident grading V = ®4Vy, Vg4 = KTxC =T (Pa) ®g7xcrxcr
Frac(KT*C">C" (pr)).

(pt)

4.8 The action of quantum affine group on V

The grading and the correspondences TEQ’[, E4.; give rise to the following operators
on V (note that though p is not proper, p. is well defined on the localized equivariant
K -theory due to the finiteness of the fixed point set of 7 x C* x C*):

b = tillltiu—ﬁo,,‘v—2d,‘+d,‘71+d,'+1—l . V¢—> Vi (36)
e = tij,-ll plin=di=itlp q* Va = Va-i (37
fi _ _ti—luﬁo,i vdi—di71+i—1q*(Li ®p*) . Vi N VQ-H' (38)

According to the Conjecture 3.7 of [2], the following theorem holds

Thegzem 4.9 Forn > 2, these operators ¥, ¢;, §i(i € Z/nZ) satisfy the relations in
Uy(sly), i.e. they give rise to the action of quantum affine group on V.

Since the fixed point basis of M corresponds to the Gelfand—Tsetlin basis of the
universal Verma module over U, (gl,,), we propose to call the fixed point basis of V
the affine Gelfand—Tsetlin basis.

4.10 Quantum toroidal algebra

Let (ak)1<k <n = X,z_l stand for the Cartan matrix of ;[n. The double affine loop
algebra U (s[,) is an associative algebra over Q(v) generated by ek, fi.r, vE hic.m
(1 <k <n,r € Z,m € Z\{0}) with the relations (9-14), where k, [ are understood
as residues modulo 7, so that for instance if k = nthenk +1 = 1.

The quantum toroidal algebra U, (;[,,) is an associative algebra over C(u, v) gen-
erated by e, fip, V", hgw (1 < k < n,r € Z,m € Z\{0}) with the same
relations as in U} (s(,,) except for relations (10, 13) for the pairs (k, ) = (1, n), (n, 1).
These relations are modified as follows. We introduce the shifted generating series
J?ff(z) = xni(zv"uz), l/f,f(z) = I/I,f[(zv"uz).

Now the new relations read

EExEW) @ —vFlw) = 0Tz — wixF ) (2), (39)
VS @xF W)z — vFlw) = xF )P ) 0Tz — w), (40)
U (@EE W)z — vFlw) = ZE )yl @)W Flz — w). 1)

Thus, we have U/ (sl,) =U, (sl,) /0"u® = 1).
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Note that U, (sl,,) coincides with (7—modification of U introduced in [16], with d
not specialized to a complex number and with central element ¢ = 1. The isomor-
phism ¥ : U, (;[,,) — U’ takes v to v and u to dZ v~ 2. It is defined on the generating
series as

Vet () =€ [ d72), V(@) =15 ,d ), YWT@R) =k (@ 2).

4.11 Main theorem

For any m < i € Z we will denote by W,,; the quotient F;/F,, of the tauto-
logical vector bundles on P; x C. Under the Kiinneth decomposition, for the exte-

rior power AJ(Wy,i) we have AJWoni) = A{jy(Wai) ® 1+ A{;_y W) ® 7
where A’ )(sz) A (- 1)(wm,) e kK TxC* (P4). We introduce the generating series

b (@) = 1+ 252, (AL W) = 0L, W) (=2,

Corqllary 4.12 The expression bmi(zv_i_z)_lbmi(zv_")_lbm,,‘_l(zv_")bm,i_H
(zv™'=2) is independent of m < i.

The proof is similar to the proof of Corollary 2.16.
We will denote by 1//1.i (z) the common value of the expressions

+
1, di=2d;+d;_—1 —i—2y—1 —iy—1 —i —i—2
e 2 (0 ) T (20 T b (0 b (207 ))

(42)

Recall that v stands for the character of T x C* x C* : (t, v, u) — v. We define the
line bundle L;C := v*L; on the correspondence Eg ¢, that is L;C and Ly are isomorphic
as line bundles but the equivariant structure of L) is obtained from the equivariant
structure of L by the twist by the character v*.

For 1 < k < n we consider the following generating series of operators on V:

Vi @) = Zwi 2 Vg = VallzT', (43)
@ =D ez Va— Vaullz 210, (44)
@ = D ferz " Va— Vawllz. 27, (45)

err = 1 R A D (LD® @ q") Vg — Vai (46)

fior o= —t w1 g (L @ (LD®" @ p*) 0 Va — Vg (47)



196 A. Tsymbaliuk

Theorem 4.13 These generating series of operators 1//ki(z),xki(z) on V defined

in (42-47) satisfy the relations in U, (an), i.e. they give rise to the action of U, (5/1\[,1)
onV.

Now, we compute the matrix coefficients of operators e; -, f; , and the eigenvalues
of 1/fl.jE (z). For accomplishing this goal, we need to know the torus character in the
tangent space to E4; (and P,) at the torus fixed point given by indices E, z (and z
correspondingly). These characters are computed in [4] (see Propositions 4.15, 4.21
and Remark 4.17 of loc. cit.):

Proposition 4.14 (a) The torus character in the tangent space to Eg ; at the torus
fixed point given by indices d, d’ equals

n I'<k—1 2 2d ’ —2d,
(k—Dl" — kl _r _
2l D e BT
2 _
k=1 I<k ’ v 1

V2 —

2

t = —k

k22 - 7 250125
+z Z v v2_1 u

k=11'<k— 1tl’

n Usk 2dyy —2dy, ,
_ZZ i 2T DRI =) oty

tl, v2 —1

k=1 1<k
- t12 vk |

2

1= s .
+U2 _ U—Zdij+2d(,'_1)j + iz . U—Zdij+2dii . M2L4’11J_2L4njj

1

1

2

t o i

+ z o2 (v2dik _ v2d<i—1)k) . MZL%J_ZL#J
2
Jj#k<i—1 T

fd’ =d;j + 1 for certain j < i.
(b) The torus character in the tangent space to Py at the torus fixed point E equals

2d .y —2d, /
S Lt oD@ T s

tlz, v2 —1

n 2 2d /
t pe=n — =l —k
ko227 7 2 215012150
+2 2 2V T !
k=10'<k—1 "1
n I'sk 2 2d —2d
t v — 1) (v =% — 1 - -1
_E 2 L~U2( )( )-uZI-TJ_zLTJ

tlz, v2 —1

- tlz v 2

_ ZZ <. Uzﬁ 223

=1 1=k 'k



K -theory of Laumon spaces 197

So analogously to Theorem 3.17 ([4]) we get the following proposition

—2d;j,—2L5 _ g2

—2d;; 2747
(mod n)v j (mod n)v YuTin

Proposition 4.15 Define p; ; := tjz.

(a) The matrix coefficients of the operators f; r, e; , in the fixed points basis {[E]} of
V are as follows:

Fividan = — t7 v gy s (pi oD (1 = 0!
—1y—1 -1
x H (L= pijpiy) H (= pijpi_y )
jksi k<i-1

ifdl-/’j =d; ; + 1 for certain j < i
- —1 . di 1 —di+1—i ) 2,1
¢ rigan = iV T T (i v (= v)

< [1 a=pixpip™ TT O = piviar)

j#k<i k<i+1

ifdl.”/. =d; j — 1 for certain j < i;
All the other matrix coeﬁ‘icienti of eir, fi.r vanish.
(b) The eigenvalue of I//l-i (z) on {[d]} equals

1 di —2di4di —1 142 1 i -l
1 A I I(l—Z Vi T A =z pi )
Jj<i
142 1
< [T a=z""*piy [ A=z pic1 ).

j<i+l j=i—1

Remark 4.16 These formulas are the same as in Proposition 2.15 with the change
Si,j e Pi,j-

Proof For arbitrary k € Z, we define xki (2), 1/fkﬂE (z) by the same formulas (42-47).
The formula for the eigenvalue of wl»i (z) on {[d]} from Proposition 4.15b shows
that ¥ (2) = ¥,F (zv"u?) = ¥F (2).
From the formulas of Proposition 4.15a we get x,in () = x,f (zv" uz). In particular,
Xy (2) = xF(2v"u?) = 25 (2).
Now the relations (39—41) follow again from Theorem 2.12 and the remark above.
O

4.17 Specialization of Gelfand-Tsetlin basis

We fix a positive integer K (alevel). We consider an n-tuple u = (tt1—p, ..., o) € Z"
such that o+ K > Mlen = M2—n = 100 = o] = o. We view w as adominant (inte-
grable) weight of gl,, of level K. We extend u to a nonincreasing sequence w= (iiez
setting [ := Ui (mod n) + L5 1K.



198 A. Tsymbaliuk

We dgfme a subset D(u) (affine Gelfand-Tsetlin patterns) of the set D of all col-
lections d satisfying the conditions (35) as follows:

d e D) iff dij —Jij <diijor—ijuVj<i >0 (48)
We specialize the values of #1, ..., t;, v, u so that
u=v K1 tj = pHi—it1 (49)

We define the renormalized vectors

(d) = c3'1d] (50)

where C3 is the product [, er;p, w of the weights of T x C* x C* in the tangent

space to Py at the point E The explicit formula for the multiset {w} is given in Prop-
osition 4.14b).

Proposition 4.18 The only nonzero matrix coefficients of the operators fi,, e r in
the renormalized fixed points basis {(d)} of V are as follows:

— tl‘;l] va'l‘Jrl—d,'—i(pi’jvi)r(l _ v2)—1

< [T a=pirid™ T] Q= pijpilio

j#k<i k<i—1

€ird d

ifdi”j =d; j + 1 for certain j < i;

‘fl"r<é/’z) — _tl‘71Udi_di_l_2+ipi,jl)2(pi,jvi+2)r(1 _ v2)—l
< [T a=pixpip™" T1 A = piviar)
JFk=i k<i+1

ifdl.’J =d; j — 1 for certain j < i;

Proof According to Proposition 4.15 the matrix elements eirg i ( f,-,,@ 3]) are

nonzero only if Z = E + i @/ = z — §;,j) for some j < i. According to the Bott—
Lefschetz fixed point formula:

w
i weT~ P
) — —1 d;+|—di—i 2 —Zd;,‘ Zfi—‘ iNr d d .
Cirid @) =l (o =Humn v o
wET@i/)Ed.i
w
o di—di -2 D 24 i 2 i weTy Py
fir@/zﬂ:_ti ]vd, di—1 2+l(t]2v 2d,1+2u2[n])(t]2'v Zd,_/+2u2[n]vl r d’d
s s w
weT )Ei-i

dd
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So after renormalizing vectors according to (50) we have:

g di =2didi 221
Cirdd = i@ttt :
= i+ 2di—di 420
fi,r(g,d/) = fi,r[d/,g]ti tip1v i —d; )
Now the proposition follows from Proposition 4.15. O

We define V(1) as the C(v)-linear span of the vectors @) for E € D(w).

Theorem 4.19 The formulas of Theorem 4.13 give rise to the action of U, (E[,,) /
w—v KM invp).

Proof The proof is exactly the same as the proof of Theorem 3.20 of [4].
We have to check two things:

(a) for E € D(u) the denominators of the matrix coefficients e; , @y Jir @) do
not vanish; _

(b) ford € D(u), d ¢ D(u) the numerators of the matrix coefficients € r@d)
Ji.r@ay do vanish.

Both are straightforward. O

Restricting V (u) to the sp\balgebra of U, (;[n), generated by {e; o, fi.0, pthi M<i<n
which is isomorphic to Uy (sl,) (called horizontal in [16]) we obtain the same named
U, (sl,)-module with the Gelfand—Tsetlin basis parameterized by D(u). Recall that
in the proof of Theorem 3.22 [4] there was constructed a bijection between D (1)
and Tingley’s crystal B, of cylindric plane partitions model of section 4 [14]. This
answers Tingley’s Question 1 ([14], p. 38).

Finally we formulate a conjecture:

Conjecture 4.20 U, (;[,,) J(u—v= K" —module V (1) is isomorphic to Uglov-Takem-
ura module, constructed in [15].

It seems likely that these U, (s?[n)—modules are obtained by the application of the
Schur functor ([7]) to the irreducible X-semisimple modules over the double affine
Cherednik algebra H, (v) of type A,—1, see [13].

Acknowledgements I thank Boris Feigin and Michael Finkelberg for teaching me remarkable mathemat-
ics, for introducing to this topic and for frequent discussions. I am grateful to Alexander Molev for some
useful remarks concerning ¢-Yangians.
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