Seventh homework set solutions

1. (a) Recall dt; = dto = dt3 = dt4 = 1/4, and measure dY; = 0.5, dYs = —0.25,
dYs = 0.25, and dYy; = 0.5. To show this is a multifractal, observe

log(dYil) _ log(1/2) _ 1
log(dty) log(1/4) 2
log((d¥3)) _ loa(1/4) _ |
log(dtz)  log(1/4)

log((d¥3)) _ loa(1/4) _ |
log(dty) — log(1/)

log(ldYi) log(1/2) 1
log(dty) — log(1/4) 2

(b) To find the trading time generators, first find D satisfying
(dY1)? + [dYa| P + (dY3)” + (dYy)” =1

That is,
(1/2)P + (/4P + (1/4)P + (1/2)7 =1

Taking = = (1/2)7, this becomes the quadratic equation
20422 =1

The positive solution is x = (=1 + v/3)/2. Then D = log(z)/log(1/2) and so
the trading time generators are

ATy = (dv1)P = (1/2)P = (1/2)log((71+\/§)/2)/log(1/2)
ATy = |dY2|D _ (1/4)1:) _ (1/4)10g((—1+\/§)/2)/log(l/?)
dTs = (dYs)P = (1/4)P = (1/4)log((fl+\/§)/2)/log(1/2)
dTy = (dy4)D — (1/2)D — (1/2)log((—1+\/§)/2)/log(1/2)



These answers are fine, but they can be simplifird substantially.

log(dT:) = log((1/2)'08(®)/ 1e(1/2))

log(x)
= ——log(1/2
~ log(x)
Because log(dT}) = log(z), we have
dT1 = dT4 =T = _1+\/§

Similarly,
log(dT) = log((1/4)'08(®)/ 1s(1/2))

_ log(x)
= m log(1/4)

log(x) 2
= mlog((lﬁ) )
_ log(z)

log(1/2)
= 2log(x)

— log(a?)

21og(1/2)

Because log(dT3) = log(x?), we have

Iy

dTQ—dT3—$2—<

2. To be a unifractal we must have

log(|d%il) _ log(|dYsl) _ log(ld¥al) _ log(|aYi)
log(dtq) log(dts) log(dts) log(dty)

That is,
log(|1/2)) _ log(11/2)) _ log(|1/2]) _ log(1/2])
log(a) log(1/2 —a)  log(1/4) log(1/2)
Because all the numerators are the same, all the denominators must be the
same. That is,

a=1/2—a=1/4=1/4

That is, a = 1/4. With this value of a, the cartoon is a unifractal.



