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0. Le t  M be a c o m p a c t ,  H e r m i t i a n ,  s y m m e t r i c  s p a c e  (c. H. s .  s . )  of r a n k  r k M  > 1. In each  t angen t  s p a c e  
r~M Vx ~ M, we  s h a l l  c o n s t r u c t  in a canon ic  way  a cone  Kx, such  tha t  the  cones  K x c o r r e s p o n d i n g  to d i s t i n c t  
po in ts  x a r e  l i n e a r l y  equ iva l en t .  Given  any d o m a i n  on M, the  l oca l  d i f f e o m o r p h i s m s  wh ich  p r e s e r v e  this  f a m i l y  
of cones  can  be ex tended  to h o l o m o r p h i c  a u t o m o r p h i s m s  of M. On the n - d i m e n s i o n a l  c o m p l e x  man i fo ld  J / ,  
w e  g ive  a cone  J~1 ~ r~J~, y ~ ~ ,  w h i c h  depends  h o l o m o r p h i c a l l y  on y and is  l i n e a r l y  equ iva len t  to the  cones  
K x.  At  the s a m e  t i m e ,  M i s  d i s t i n g u i s h e d  as  a man i fo ld  wi th  a f l a t  s t r u c t u r e .  

If  M = CG~, then  the cones  K x a r e  the cones  of the  null  d i r e c t i o n s  of  a c o n f o r m a l  c l a s s  of c o m p l e x  m e t -  
r i c s .  The s tudy  of th is  i n f i n i t e s i m a l  s t r u c t u r e ,  both  in the  f l a t  and c u r v e d  c a s e s ,  p l ays  an e s s e n t i a l  r o l e  in R. 
P e n r o s e ' s  t h e o r y  of t w i s t o r s .  P a r t  of the r e s u l t s  of the  p r e s e n t  w o r k  may  be i n t e r p r e t e d  as  a g e n e r a l i z a t i o n  to 
h i g h e r  d i m e n s i o n s  of P e n r o s e ' s  r e s u l t s .  

We r e m a r k  tha t  o u r  w o r k  is r e l a t e d  to i n t e g r a l  g e o m e t r y  (see  [1, 4,  5]). 

The p r o b l e m  of  c h a r a c t e r i z i n g  the i n f i n i t e s i m a l  s t r u c t u r e s  of e.  H. s .  s .  was  f o r m u l a t e d  by S. G. Gindik in .  
The au tho r  is  s i n c e r e l y  g r a t e f u l  to S. G. Gind ik in  fo r  his  g r e a t  i n t e r e s t  in th is  w o r k ,  and f o r  the  use fu l  d i s c u s -  
s ions  and s u g g e s t i o n s .  

1. L e t  us i n t r o d u c e  s o m e  nota t ion:  L is  a s e m i s i m p l e  L ie  g roup  o v e r  C; P is  a p a r a b o l i c  s u b g r o u p  of L 
wi th  Lev i  d e c o m p o s i t i o n  P = GN and s u c h  tha t  M = L / P  i s  a c .  H. s .  s . ,  wh ich  holds  i f  and only if  the r a d i c a l  N 
i s  Abe l i an ;  G o is  the  s e m i s i m p l e  p a r t  of G; 5~, ~ ,  ~,  :¢0 a r e  the  c o r r e s p o n d i n g  L ie  a l g e b r a s ;  Px  = GxNx is  t h e  
s t a b i l i t y  s u b g r o u p  at  the  po in t  x ~ M 

Def in i t ion .  L e t  Kx be the  cone  of  h i g h e s t  we igh t  v e c t o r s  in the  G x - m o d u l e  TxM (i .e . ,  e ach  v e c t o r  of K x 
is  the  h i g h e s t  r e l a t i v e  to s o m e  B o r e l i a n  s u b g r o u p  of Gx). 

P r o p o s i t i o n  1. The g roup  of a l l  l i n e a r  a u t o m o r p h i s m s  of the cone  K x equa ls  G x.  The n u m b e r  of n o n z e r o  
G x - o r b i t s  in TxM is r k M .  K x i s  m i n i m a l  among  t h e s e  o r b i t s ,  and z ~ L t a k e s  K x into  K/x.  

T h e r e f o r e ,  we  have  a s s o c i a t e d  to M, in a c o r r e c t  way ,  a cone  K (M) C V ___ C~, w h e r e  n = d i m M .  F r o m  
now on, we s h a l l  a s s u m e  tha t  L is  s i m p l e  (the g e n e r a l  c a s e  r e d u c e s  to th is  one) and tha t  r k M  > 1. Below we  
g ive  the  c o n c r e t e  r e a l i z a t i o n s  of  K(M). 

i. M = CG~. r x M  ~" (:• ® C,', K (M) ~--- {v ® w ~ C m ® Cn}. 

2 .  M = SO (n + 2 ) / S 0  (n) X SO (2) is  a q u a d r i c  in C P  n+~, K(M) i s  a n o n d e g e n e r a t e  q u a d r a t i c  cone .  

3. M = S O ( 2 n ) / U  (n) i s  the  connec t ed  c o m p o n e n t  of the m a n i f o l d  of m a x i m a l  i s o t r o p i c  s u b s p a c e s  r e l a t i v e  
to a n o n d e g e n e r a t e  c o m p l e x  m e t r i c  on C~,K (M) ~ {v A w ~ A2C,~}. 

4. M = Sp (n ) /U(n )  (the L a g r a n g i a n  G r a s s m a n i a n ) .  K (~)4) ~ {v .v  ~ S~C~}. 

5. M = E 6 / C 0 ( 1 0 )  (the c o m p l e x i f i c a t i o n  of the  p r o j e c t i v e  p lane  o v e r  the  oc ton ions ) .  K(M) is  i s o m o r p h i c  
to the  cone  of s i m p l e  h a l f - s p i n o r s  in the  h a l f - s p i n o r i a l  r e p r e s e n t a t i o n .  

6. M = E 7 / E  6 • U (1). K(M) is  i s o m o r p h i c  to the  cone  o v e r  the i r r e d u c i b l e  i d e m p o t e n t  e l e m e n t s  in the  J o r -  
dan  a l g e b r a  c o n s t r u c t e d  f r o m  the  c o m p l e x i f i e d  H e r m i t i a n  m a t r i c e s  of o r d e r  3 o v e r  the  oc ton ions ) .  

L e t  y be the v e r t e x  of the  Dynkin  d i a g r a m  of  5~ s u c h  tha t  the d e l e t i o n  of y r e s u l t s  in the  d i a g r a m  of ~ .  
In the f u n d a m e n t a l  r e p r e s e n t a t i o n  c o r r e s p o n d i n g  to y,  c o n s i d e r  the  cone  K y of  h i g h e s t  we igh t  v e c t o r s .  F o r  
M = CG n ,  K T is the  cone  of  d e c o m p o s a b l e  m - v e c t o r s ,  wh i l e  fo r  M = S O ( 2 n ) / U ( n ) ,  Ky i s  the  cone  of s i m p l e  
h a l f - s p i n o r s  in the  s e n s e  of E. C a r t a n ' s  de f in i t i on ,  in the  h a l f - s p i n o r i a l  r e p r e s e n t a t i o n  (see  [2]). 
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83 -84 ,  J u l y - S e p t e m b e r ,  1981. O r i g i n a l  a r t i c l e  s u b m i t t e d  M a r c h  19, 1981. 
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P r o p o s i t i o n  2. K~ is a cone over  M. The i n t e r s e c t i o n  of K 7 wi th  the s u b s p a c e  t angen t  to K T along the 

g e n e r a t r i x  C* . x ,  whe re  x ~ M, i s  a cone ove r  /~x c TxM. 

Using  this p ropos i t i on  and induc t ion ,  we a r e  able  to d e s c r i b e  the connec ted  componen t s  of the manifo ld  

of i so t rop i c  s u b s p a c e s  (we ca l l  t hem f a m i l i e s ) .  

P r o p o s i t i o n  3. The re  is a b i j ec t ive  c o r r e s p o n d e n c e  be tween the f a m i l i e s  in K(M) and those subgraphs  of 
the  Dynkin d i a g r a m  of 5~ which con ta in  ? and a r e  i s o m o r p h i c  to the d i a g r a m  A m (chains).  The d i m e n s i o n  of 
an i so t rop i c  s u b s p a c e  equals  the n u m b e r  of v e r t i c e s  in  the c o r r e s p o n d i n g  chain .  The group G acts  t r a n s i t i v e l y  

on each  fami ly .  

n If M = CGm,  we say  that  a g iven  i so t rop i c  s u b s p a c e  has type c~ ( r e spec t ive ly ,  fl) if i t  is  con ta ined  in a 

m a x i m a l  i s o t r o p i c  s u b s p a c e  of the f o r m  c ~ ® w ( re spec t ive ly ,  (, ® c ~ ). 

Now let  us give,  on the n - d i m e n s i o n a l  complex  mani fo ld  z g ,  a cone ~ c r~,~,  y ~ ~ such  that  ~"~, 
depends  h o l o m o r p h i c a l l y  on y and t he r e  ex is t s  a C - l i n e a r  i s o m o r p h i s m  A,: V --. T ~  wi th  Av (K (M)) = Y~,,. C o m -  
pos ing  the t r a n s f o r m a t i o n s  f r o m  G wi th  the i s o m o r p h i s m s  Ay, we obta in  a G - s t r u c t u r e  on .ZZ. Set y(-~) = v, 
y¢(o) = ~ c Y~ (v), ~(k) = s ~ v *  ® 5¢ ~-~) ~ v* ® ~(~-~). A Lie a l g e b r a  s t r u c t u r e  can be in t roduced  on @ ~(~) (see [3]). 

P r o p o s i t i o n  4. If r k M  > 1, then ~(~) ~ v*, ~(~) = 0, 2~ --- ~(-~) ® ~(0) @ ~(~), .~ ~ ~(0) @ ~(~), ~ )  = 0 

C o n s i d e r  a doma in  in  C n upon which t he r e  is g iven a f iat  (in the s e n s e  of G - s t r u c t u r e )  f ami ly  of cones .  
Then i t  follows f r o m  P r o p o s i t i o n  4 that  the Lie a l g e b r a  of the local  Lie group of those  d i f f e o m o r p h i s m  which 
p r e s e r v e  the g iven  f ami ly  of cones  is i s o m o r p h i c  to 5~. If G = CO(n), n -> 3, this is L i o u v i l l e ' s  t h e o r e m .  The 
a l g e b r a  ,~ is r e c o v e r e d  as the s u b a l g e b r a  of ~ p r e s e r v i n g  a point .  

P r o p o s i t i o n  5. A f la t  G - s t r u c t u r e  is induced on M. 

This  is  a c o n s e q u e n c e  of the fact  that  N is Abel ian .  

2. Set 

C ~'J = H o r n  (A z V, ;F(~-I))), 
l 

act (~'1 . . . . .  ~t+l) = ~, ( -  t)~ f ( r l  . . . .  v~÷l-i  . . . .  vz+l) (vz+ l -0 '  

w h e r e  / ~_ c~,t. Then  ad ~ c": I, ~+1, and atoat-l=o. Let  H~.t = Ker at F1 C k J / I m  0I-1 A C~J. The o b s t r u c t i o n  to iden t i fy ing  
the (k + 1)- th  i n f i n i t e s i m a l  ne ighborhood of a point  in a mani fo ld  wi th  G - s t r u c t u r e ,  wi th  the (k + 1)- th  i n f i n i t e -  
s i m a l  ne ighborhood of a point  in a G- f l a t  mani fo ld ,  is  g iven  by the k - t h - o r d e r  s t r u c t u r e  funct ions  (s. f.) (see 
[3, 7]) u n d e r  the a s s u m p t i o n  of ann ih i l a t ion  of the lower  o r d e r  s . f .  This o b s t r u c t i o n  takes  va lues  in the G- 
module  H k-1,2. F o r  the c o n f o r m a l  s t r u c t u r e  (G = CO(n)), the f i r s t - o r d e r  s . f . ,  i . e . ,  t o r s i o n ,  is equal  to ze ro  

because  H°, 2 = 0 for  CO(n), whi le  the s e c o n d - o r d e r  s . f .  is the Weyl t e n s o r .  

THEOREM 1. a) M=# CG n ~ the .Y - m o d u l e  @/g~,~ is i r r e d u c i b l e .  H0,~ =# 0 ~> ~ =~ ~o (~). //~,-~ #= 0 ~ Y = ~o (,) 
k 

n ~ 4 .  H~,2=/=O+#.~ = co (3). 

b )  M = CGnm ~ O H '~'2 = H +  G H -  - -  the s e l f - d u a l  and a n t i - s e l f - d u a l  p a r t s ,  which  c o r r e s p o n d s  to the decompo-  

s i t i on  

A s (C m ® C n)  = A~+ O A 2_ = $2C m ® ASC n O ASC m ® SSC n, 

H+ and H_ a r e  i r r e d u c i b l e .  H~: s (H°_ '2) = 0 ~ m = 2 (n = 2). H ~  ~ = 0 <~ H ~  ~ =# 0. 

Def ini t ion.  A s u b m a n i f o l d  ~ c JZ such  that rx2Z C $'~ ; W ~ J r  , is ca l led  an i n t e g r a l  mani fo ld  in  

THEOREM 2. Let  M be i r r e d u c i b l e ,  r k M  > 1, and M ~ Sp ( n ) / U ( n ) .  

a) If M ~ CG n ,  then the G - s t r u c t u r e  on Jtl is f la t  ~ g iven any f ami ly  of i so t rop i c  subspa c e s  of d i m e n -  
s ion  >1 and any s u b s p a c e  in  the f ami ly ,  t he r e  exis t s  an i n t e g r a l  mani fo ld  t angen t  to this  subspace .  

b) If M = CG n ,  then the (anti) s e l f - d u a l  pa r t  of the s . f .  van i shes  <~ given any f ami ly  of i so t rop ic  s u b -  
spaces  of d i m e n s i o n  >1 and type ~ ( r e spec t ive ly ,  fl) and any subspace  in  the f ami ly ,  t he re  is  an i n t e -  
g r a l  manifold  t angen t  to this subspace .  If both pa r t s  of the s. f. van i sh ,  then the G - s t r u c t u r e  on ,* is 

f lat .  

3. Let  us fix a decompos i t i on  Hom (V/~ v, v) = C O 0x (Horn (V, ~ ) ) .  S ince 5¢ is  r e d u e t i v e ,  t he re  is a canon ica l  
choice  for  C. F o r  the G 0 - s t r u c t u r e ,  t h e r e  is  a canon ica l  G0-connec t ion  on . g .  If G O = SO(n), then the l a t t e r  is 
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the L e v i - C i v i t a  connection. While there is no canonical G-connection on d~, one may define a Cartan connec-  
tion labour Cartan connections see [7]). One may also define O-geodesics on J~. 

Consider  the bundle ~:.~f0 ~,d~ whose fiber ~-l(x) is the projeetivization of the cone 3 ~  

THEOREM 3. The choice of the complement  C determines a field of directions l(y), v ~ Jl0, and l(y) 
projects  isomorphical ly  into a genera t r ix  of the cone ~(,,). 

The O-geodesics  are  precise ly  the projections of the integral curves of this field of direct ions.  
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A R E M A R K  ON E X T E N S I O N  OF M E A S U R E S  

E.  P .  D e m i d o v i c h  a n d  M. T.  T a r a s h c h a n s k i i  

Let (~, ~) be a measurable  space,  ~ be a c - suba lgebra  of the c - a i g e b r a  ~, and #o be a u-addi t ive  mea-  
sure  defined on 9 .  Suppose that there exists a c -homomorph i sm h of the c -a lgeb ra  ~ onto the algebra ~/~,o 
of the #0-equivalence c lasses  that is an extension of the canonical c -homomorph i sm go of the u -a lgebra  ~ onto 
~/~0. Then a c-addit ive measure  ~ that is defined on ~ and extends #0 can be put in correspondence with the 
measure  #0. Indeed, for this it is sufficient to set  # (A) = #0(A') for A ~ .% where A' is an a rb i t r a ry  r ep re sen -  
tative of the class go 1 (hiA)). 

It is c lear  that not every extension # of the measure  #0, if it exists ,  has the above form.  Never theless ,  
the existence of at least  one extension of the measure  #0 to a c-addit ive measure  defined on ~ implies the 
existence of a u -homomorph i sm h: ~ ~ ~/~0 that extends the u -homomorph i sm go. The present  communicat ion 
is devoted to a proof of this statement.  

1. A well-known theorem of Sikorski (see [1, Theorem 33.1]) a sse r t s  that complete Boolean algebras are  
injective objects in the ca tegory of Boolean algebras with homomorphisms as morphisms of the category.  This 
theorem becomes invalid when the ca tegory of ~-algebras  with c -homomorph i sms  (see [2, Example]) or  the 
ca tegory  of complete algebras with complete homomorphisms (see [3, Theorem 4]) is considered.  However,  
Sikorski ' s  theorem remains valid for  the ca tegory  of the c -a lgebras  that sat isfy the c -chain  condition (and, by 
the same  token, for the ca tegory  of the complete Boolean algebras) with cr-homomorphisms. More precise ly ,  
each object of this category is injective. 

In o rde r  to show this, we introduce the following notation. Let X and Y be the Stone spaces of Boolean 
algebras ¢ and 2 ,  respect ively ,  and h 0 and h~ be i somorphisms of the algebra ~ onto the algebra @(X) of the 
clopen subsets of X and of the algebra ~ onto the algebra ~(Y) of the clopen subsets of Y, respect ively.  F u r -  
ther ,  let h be a homomorphism of the a lgebra  ~ into the algebra 5 .  It defines a homomorphism h' of the alge-  
b ra  • (X) into the algebra ~(Y) in a natural manner;  namely, h' iF) = h~hh~ 1 iF) fo reach  F ~ ¢ (X). B y v i r t u e o f  
Theorem 11.1 and a r e m a r k  in [1], this homomorphism is induced by a continuous mapping $ of the space Y 
into X, and, by definition, $-1(F) = h'(F) for  each F ~ ¢ (X). 
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