RIGIDITY FOR PATTERSON-SULLIVAN SYSTEMS WITH
APPLICATIONS TO RANDOM WALKS AND
ENTROPY RIGIDITY

DONGRYUL M. KIM AND ANDREW ZIMMER

ABSTRACT. In this paper we introduce Patterson—Sullivan systems, which con-
sist of a group action on a compact metrizable space and a quasi-invariant
measure which behaves like a classical Patterson—Sullivan measure. For such
systems we prove a generalization of Tukia’s measurable boundary rigidity the-
orem. We then apply this generalization to (1) study the singularity conjecture
for Patterson—Sullivan measures (or, conformal densities) and stationary mea-
sures of random walks on isometry groups of Gromov hyperbolic spaces, map-
ping class groups, and discrete subgroups of semisimple Lie groups; (2) prove
versions of Tukia’s theorem for word hyperbolic groups, Teichmiiller spaces,
and higher rank symmetric spaces; and (3) prove an entropy rigidity result for
pseudo-Riemannian hyperbolic spaces.
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2 KIM AND ZIMMER

1. INTRODUCTION

Let H"™ denote real hyperbolic n-space and let o, H" denote its boundary at
infinity. Given a discrete subgroup I' < Isom(H") and § > 0, a Borel probability
measure 4 on Oy H" is called a Patterson—Sullivan measure (or conformal measure)
for I of dimension § if for any v € I' and Borel subset F C 9, H",

(1) p(yE) = /E RAR

These measures play a fundamental role in the study of geometry and dynamics of
discrete subgroups of Isom(H™), or equivalently, of hyperbolic n-manifolds.

The celebrated rigidity theorem of Mostow [Mos75l, [Mos73] asserts that the ge-
ometry of a finite-volume hyperbolic n-manifold, n > 3, is determined by its funda-
mental group (see also [Pra73]). By considering Patterson—Sullivan measures, Tukia
generalized Mostow’s rigidity theorem to infinite-volume hyperbolic manifolds, as
in the following theorem (which implies Mostow’s rigidity).

Theorem 1.1. [Tuk89, Thm. 3C] Fori = 1,2 letT'; < Isom(H"") be a Zariski dense
discrete subgroup and let p; be a Patterson—Sullivan measure for I'; of dimension
0;. Suppose

* > er, e 914070 = 400 for some o € H™.

o There exists an onto homomorphism p : I'1 — T's and a pi-a.e. defined

measurable p-equivariant injective boundary map f : 0o H™ — 9o H™.

If the measures fiu1 and ps are not singular, then ny = no and p extends to an
isomorphism Isom(H™ ) — Isom(H"?).

Prior to Tukia’s work, Sullivan [Sul82, Thm. 5] proved the above theorem in
the special case when d; = d2 and n; = ny. Later Yue [Yue96] extended Tukia’s
theorem to discrete subgroups in isometry groups of negatively curved symmetric
spaces.

In this paper, we define “Patterson—Sullivan systems” which consist of a group
action and a quasi-invariant measure which behaves like a classical Patterson—
Sullivan measure. More precisely, given a compact metrizable space M and a
subgroup I' < Homeo(M), a function o : ' x M — R is called a x-coarse-cocycle if

(2) lo(y172,2) — (0(71,72%) + 0(72, %)) < &

for any 1,72 € I' and « € M. Given such a coarse-cocycle and § > 0, a Borel
probability measure g on M is called coarse o-Patterson—Sullivan measure of di-
mension § if there exists C' > 1 such that for any v € T" the measures pu,vy.p are
absolutely continuous and

(3) C~le=do(v7 ) < Clg—;u(x) < Ce=%0™"2)  for p-a.e. x € M.
When C' = 1 and hence equality holds in Equation , we call pu a o-Patterson—
Sullivan measure.

Remark 1.2. We note that we do not assume anything on the support of a Patterson—
Sullivan measure (e.g. supported on a minimal set). Further, in specific settings
these measures are sometimes called (quasi-)conformal densities.

A Patterson—Sullivan system consists of a coarse Patterson—Sullivan measure, a
collection of open sets called shadows, and a choice of magnitude function all of
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which satisfy certain properties (see Section E for the precise definition). The
definition is quite robust and in Example [I.31] below we list a number of examples
of Patterson—Sullivan systems.

In a classical setting, M is the boundary of real hyperbolic space, the coarse-
cocycle is an actual cocycle (implicit in Equation ), the shadows are the geodesic
shadows, and the magnitude of an element is the distance it translates a fixed
basepoint.

For Patterson—Sullivan systems we prove a version of Tukia’s measurable bound-
ary rigidity theorem (Theorem |1.1). Before stating our general theorem in Sec-
tion below, we describe a number of applications.

1.1. Random walks. In this section we describe applications of our main theorem
towards the singularity conjecture for Patterson—Sullivan measures and stationary
measures of random walks in a variety of settings.

One novelty in this work is the observation that the singularity conjecture can
be studied via Tukia-type measurable boundary rigidity theorems.

1.1.1. Random walks on Gromov hyperbolic spaces. Suppose (X,dx) is a proper
geodesic Gromov hyperbolic metric space and I' < Isom(X) is a non-elementary
discrete subgroup. Let m be a probability measure on I' whose support generates
I' as a semigroup, i.e.

(4) U [suppm]® =T.

n>1
Consider the random walk W,, = ~; - - - v, where the ;’s are independent identically
distributed elements of I' each with distribution m. Then, given o € X, almost every
sample path W,0 € X converges to a point in the Gromov boundary 0, X [Kai00,
Remark following Thm. 7.7] (see also [MT18]). Further,

(5) v(A) := Prob ( le Whyo € A)

defines a Borel probability measure v on 0,X called the hitting measure (or
harmonic measure) for the random walk associated to m, and is the unique m-
stationary measure on Jue X, that is mx v = v.

Fixing a basepoint o € X, the coarse Busemann cocycle f : ' X 00X — R is
the coarse-cocycle defined by

(6) Blg,x) = lirglj;lp dx(p,g~"0) — dx(p,0).

A coarse Busemann Patterson—Sullivan measure on X is a coarse S-Patterson—
Sullivan measure in the sense of Equation .

We will apply our generalization of Theorem to the following well-studied
problem.

Problem 1.3 (Singularity Problem). If m has finite support, determine when
the m-stationary measure v is singular to some/any coarse Busemann Patterson—
Sullivan measure for I" on 0, X.

In what follows, we will consider a slightly more general class of probability
measures: The probability measure m has finite superexponential moment if

(7) S ellm(y) < +oo

yel’
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for any ¢ > 1, where || is the distance from the identity with respect to a word
metric on I'.

We first present some applications of one of our main results (Theorem [1.9)
towards Problem For any finitely generated Kleinian group, we obtain the
following, which was previously known only for geometrically finite groups [GT20].

Corollary 1.4 (corollary of Theorem and Corollary . Suppose X = H?,
I' < Isom(HB) is a non-elementary finitely generated discrete subgroup, and m has
finite superexponential moment. IfT" is not convex cocompact, then the m-stationary
measure v is singular to every coarse Busemann Patterson—Sullivan measure of T’
on 8so H2. In particular, if T is not a cocompact lattice, then v is singular to the
Lebesgue measure class on Os H>.

Our results for general X involve relatively hyperbolic groups which is a class
of finitely generated groups including word hyperbolic groups, whose definition we
delay to Definition and quasi-convex subgroups of Isom(X) which are discrete
subgroups whose orbits are quasi-convex in X.

Theorem 1.5 (corollary of Theorem . Suppose T' is relatively hyperbolic (as
an abstract group) and m has finite superexponential moment. If I is not a quasi-
conver subgroup of 1som(X), then the m-stationary measure v is singular to every
coarse Busemann Patterson—Sullivan measure on Oso X .

Remark 1.6. In the special case when I' is word hyperbolic, X admits a geometric
group action, and m is symmetric, Theorem is due to Blachere—Halssinsky—
Mathieu [BHMTI], Prop. 5.5]. In the special case when T" acts geometrically finitely
on X (which implies it is relatively hyperbolic), Theorem is due to Gekhtman—
Tiozzo [GT20, Coro. 4.2].

Theorem [I.5] in full generality, is new even for negatively curved symmetric
spaces. In this case, quasi-convex subgroups are convex cocompact subgroups,
0soX has a smooth structure, and there is always a Busemann Patterson—Sullivan
measure in the Lebesgue measure class. Using these facts, we will prove the follow-
ing.

Corollary 1.7 (see Corollarybelow). Suppose X is a negatively curved sym-
metric space, T' is relatively hyperbolic (as an abstract group), and m has finite
superexponential moment. If T' is not a cocompact lattice in lsom(X), then the
m-stationary measure v is singular to the Lebesgue measure class on 0x X .

Corollaryfollovvs from Theoremand Corollary Indeed, when X = H?,
every finitely generated non-elementary discrete subgroup of Isom(HS) is relatively
hyperbolic relative to some (possibly empty) collection of peripheral subgroups

which are virtually abelian. This can be deduced by Scott core theorem [Sco73]
and Thurston’s hyperbolization [Thu82| (see also [MT98, Thm. 4.10]).

Remark 1.8. In the special case when X = H" is real hyperbolic space, n > 3,
and T is a non-uniform lattice in Isom(H"), Corollary is due to Randecker—
Tiozzo [RT21]. When X = H?, this was obtained in different contexts [GL.JI0,
DKNOQ9, [KLPTT, [GMTT5]. Further, Kosenko-Tiozzo [KT22] explicitly constructed
cocompact lattices of Isom(H?) such that hitting measures are singular to the
Lebesgue measure class on 0a HZ.
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In fact, we show that the non-singularity occurs precisely when any I'-orbit is
roughly isometric to the Green metric associated to the random walk. The Green
metric on I' is defined by

Gm(g,h)
G (id, id)

where Gm(g,h) = Y oo m** (g 'h) is the Green function. When m has finite
superexponential moment and T is finitely generated and non-amenable, the Green
metric dg on I' is quasi-isometric to a word metric with respect to a finite generating
set [GT20, Prop. 7.8]. So Theorem is a consequence of the following.

Theorem 1.9 (see Theorem below). Suppose T is relatively hyperbolic (as
an abstract group), m has finite superexponential moment, v is the m-stationary
measure, and | is a coarse Busemann Patterson—Sullivan measure for I' on 0xe X
of dimension 6. Then the following are equivalent:

(8) dg(g,h) = —log for gh €T

(1) The measures v and u are not singular.

(2) The measures v and p are in the same measure class and the Radon—
Nikodym derivatives are a.e. bounded from above and below by a positive
number.

(3) For any o € X,

sup |dg(id, ) — ddx(0,70)| < +o0.
~eTl’

In particular, T' is quasi-convex and 0 is the critical exponent of T'.

When T is assumed to be a quasi-convex subgroup of Isom(X) (in particular,
word hyperbolic) and m is symmetric, Theorem was obtained by Blachere—
Haissinsky—Mathieu [BHM11, Thm. 1.5]. In the special case when I' acts geo-
metrically finitely on X (which implies it is relatively hyperbolic), Theorem
is due to Gekhtman-Tiozzo [GT20, Thm. 4.1]. For relatively hyperbolic groups,
Dussaule-Gekhtman [DG20] proved an analogous statement for Patterson—Sullivan
measure coming from a word metric on I'.

1.1.2. Random walks on mapping class groups and Teichmiiller spaces. Let ¥ be
a closed connected orientable surface of genus at least two, Mod(X) denote the
mapping class group of X, and (7,dy) denote the Teichmiiller space of ¥ endowed
with Teichmiiller metric d.

Thurston [Thu88| compactified T by the space PMF of projective measured
foliations on ¥. This compactification is called Thurston’s compactification and
PMUF is also referred to as Thurston’s boundary.

Let I' < Mod(X) be a non-elementary subgroup (i.e. T' is not virtually cyclic
and contains a pseudo-Anosov element) and m a probability measure on I' whose
support generates I" as a semigroup. Kaimanovich-Masur [KM96] showed that there
exists a unique m-stationary measure v on PMJF and the subset UE C PMF of
uniquely ergodic foliations has full v-measure. Further, for any o € 7 the measure
v is the hitting measure for the associated random walk on the orbit T'(0) C T.

Analogous to Problem [I.3] Kaimanovich-Masur suggested the following.

Conjecture 1.10 (Kaimanovich-Masur [KM96l pg. 9]). If m has finite support,
then the m-stationary measure v is singular to every Busemann Patterson—Sullivan
measure for I'.
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For a special type of Patterson—Sullivan measure which is of Lebesgue measure
class on PMF, Gadre [Gadl4] proved the singularity of m-stationary measure for
finitely supported m. Later, Gadre-Maher—Tiozzo [GMTI17] extended this result
to m with finite first moment with respect to a word metric as well.

To the best of our knowledge, Conjecture [1.10] is only known for the Lebesgue
measure class. We also note that many subgroups of Mod(X) have limit sets with
Lebesgue measure zero (e.g. handlebody groups [Mas86, [Ker90]), which automati-
cally implies that the stationary measure is singular to the Lebesgue measure class.

As an application of our generalization of Tukia’s theorem, we prove Conjec-
ture for a certain class of subgroups of Mod(X), showing the singularity of
m-stationary measure and any Busemann Patterson—Sullivan measure. Before pre-
senting the theorem, we first define Patterson—Sullivan measures in this context.

Gardiner-Masur [GM9]1] introduced another compactification by dgar T, called
Gardiner—Masur boundary of T, and proved that PMJF is a proper subset of
Ocm T. Liu-Su [LST4] showed that dgas T is the horofunction boundary of (7, dr).
Hence, after fixing o € T, one can define a cocycle 5 : Mod(X) x dgm T — R by

B(g,x) = lim dr(p,g~"0) — dr(p,0)
p—x

where p € T converges to x € dgas T.- A Busemann Patterson—Sullivan measure
on dgy T is a [-Patterson—Sullivan measure in the sense of Equation . These
measures have been constructed and studied by several authors, including Coulon
[Cou24] and Yang [Yan22].

We also note that Athreya—Bufetov—Eskin-Mirzakhani [ABEMT2] constructed
a Patterson—Sullivan measure for Mod(X) on PMF using Thurston measure, and
Gekhtman [Gek12] constructed Patterson—Sullivan measures for convex cocompact
subgroups of Mod(X) on UE. Since the identity map 7 — 7 continuously extends
to a topological embedding UE — Igp T |[Miyl3], the Patterson—Sullivan mea-
sures constructed in [Gek12] are Patterson—Sullivan measures on dgpr 7. Further,
by works of Masur [Mas82] and Veech [Vee82], the Patterson—Sullivan measure con-
structed in [ABEMI12] gives a full measure on UE, and therefore can be identified
with a Busemann Patterson—Sullivan measure on dgas 7T .

Finally, since the m-stationary measure v also gives a full measure on UE, we can
view v as a measure on Ogar 7. Moreover, any measure on PMF is non-singular
to v on PMF if and only if its restriction on UE is non-singular to v viewed as
measures on Ogas T -

We now state our contribution towards Conjecture [I.10]

Theorem 1.11 (see Corollary below). Suppose T is relatively hyperbolic (as
an abstract group) and m has finite superexponential moment. If T' contains a mul-
titwist, then the m-stationary measure v is singular to every Busemann Patterson—
Sullivan measures on Oagyp T -

As explained above, Theorem [1.11] implies the same statement for Patterson—
Sullivan measures on PMF, such as the measures constructed in [ABEM12] [Gek12).
Note also that Patterson—Sullivan measures under consideration do not have any as-
sumptions on their supports. We also remark that in Theorem the multitwist
in I' does not necessarily belong to a peripheral subgroup of T'.

There are many examples of subgroups of Mod(X) which are relatively hyperbolic
and containing multitwists, so Theorem [I.11] applies to. For instance, the combina-
tion theorem for Veech subgroups by Leininger—Reid [LR06] produces closed surface
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subgroups in Mod(X) with multitwists, and so-called parabolically geometrically fi-
nite subgroups introduced by Dowdall-Durham-Leininger—Sisto [DDLS24] are rel-
atively hyperbolic and contain multitwists in their peripheral subgroups. Many
examples of parabolically geometrically finite subgroups were also constructed by
Udall [Uda25] and Loa [Loa2l]. Finally, in their proof of the purely pseudo-Anosov
surface subgroup conjecture, Kent-Leininger [KL24] constructed a type-preserving
homomorphism from a finite index subgroup of the fundamental group of the figure-
8 knot complement into Mod(X) when ¥ has genus at least 4. The image of such
a homomorphism is relatively hyperbolic and contains a multitwist.
Theorem will be a consequence of the following.

Theorem 1.12 (see Theorem below). Suppose T' is relatively hyperbolic (as
an abstract group), m has a finite superexponential moment with the m-stationary
measure v, and p is o Busemann Patterson—Sullivan measure for T' on gy T of
dimension 6. If the measures v and p are not singular, then:

(1) For anyo €T,

sup |dg(id, ) — dd7(0,70)| < +o0.
yel
In particular, § is the critical exponent of T' and Zver e—9dT(070) — | .
(2) If dy, is a word metric on T with respect to a finite generating set, then the
map

v € (I dw) = yo e (T,dr)

18 a quasi-isometric embedding.

For parabolically geometrically finite subgroups, we will also prove the converse

of Theorem see Theorem below.

1.1.3. Random walks on discrete subgroups of Lie groups. Let G be a connected
semisimple Lie group without compact factors and with finite center. Suppose
I' < G is a Zariski dense discrete subgroup, and m is a probability measure on I"
whose support generates I" as a semigroup. Let F denote the Furstenberg boundary,
the flag manifold associated to a minimal parabolic (i.e. F = G/P for a minimal
parabolic subgroup P < G). Then there is a unique m-stationary measure v on F
[GR&5]. The measure v is also referred to as the Furstenberg measure.

We will apply our generalization of Tukia’s theorem to consider the following
well-known conjecture (cf. Kaimanovich-Le Prince [KLP1I]).

Conjecture 1.13 (Singularity conjecture). If m has finite support, then the m-
stationary measure v is singular to the Lebesgue measure class on F.

For a large class of G and relatively hyperbolic I' < G (e.g. any free subgroup,
word hyperbolic group, or non-trivial free products of finitely many finitely gener-
ated groups), we give an affirmative answer to the singularity conjecture. Note that
we do not assume anything on I' as a subgroup of G, such as the Anosov property.

Theorem 1.14 (see Theorem below). Suppose G has no rank one factor, T'
is relatively hyperbolic (as an abstract group), and m has finite superexponential
moment. Then the m-stationary measure v is singular to the Lebesgue measure
class on F.
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When I'" < G is a lattice, there exists m with an infinite support such that the
m-stationary measure v on JF is in the Lebesgue measure class on F, as shown by
Furstenberg [Fur71], Lyons—Sullivan [LS84], Ballmann—Ledrappier [BLI6] (see also
[BQIE]).

We also study the singularity conjecture for a more general class of measures
introduced by Quint [Qui02a].

Delaying precise definitions until Section [9] we fix a Cartan decomposition g =
t+p of the Lie algebra of G, a Cartan subspace a C p, and a positive Weyl chamber
a™ C a. Then let A C a* be the corresponding system of simple restricted roots,
and let x : G — aT denote the associated Cartan projection.

Given a non-empty subset § C A, we let Pg < G denote the associated parabolic
subgroup and let Fyg = G /Py denote the associated partial flag manifold. We
denote by By : G x Fg — ag the partial Twasawa cocycle, a vector valued cocycle
whose image lies in a subspace ayp C a associated to 6.

Given a functional ¢ € aj and a subgroup I' < G, a Borel probability measure y
on Fy is called a coarse ¢-Patterson—Sullivan measure for T if it is a coarse (¢o By)-
Patterson—Sullivan measure for I' in the sense of Equation . We refer to these
measures as coarse Iwasawa Patterson—Sullivan measures.

In the case when G = Isomo(H"), A = {a} counsists of a single simple restricted
root and F, naturally identifies with d,, H". Employing the ball model for H"
with o € H" as the center of the ball so that 9. H" = S" 1,

|9 (2)]o mn = e (@°B)(g:2)

for all g € G and = € 9, H". So the above definitions encompasses the classical
case described in Equation .

As F = Fa always supports a Iwasawa Patterson—Sullivan measure in the
Lebesgue measure class [Qui02a, Lem. 6.3], it is natural to consider the follow-
ing generalization of Conjecture [1.13

Conjecture 1.15 (generalized Singularity conjecture). If m has finite support, then
the m-stationary measure v is singular to every coarse Iwasawa Patterson—Sullivan
measure on F.

We prove that non-singularity implies strong restrictions on how a discrete sub-
group embeds in G.

Theorem 1.16 (see Theorem below). Suppose T' is relatively hyperbolic (as
an abstract group), m has finite superexponential moment, and p is a coarse ¢-
Patterson—Sullivan measure on F of dimension . If the measures v and p are not
singular, then:

(1) sup,er |da(id,v) — 6é(k(7))| < +oo. In particular, 3. . e 9¢(M) = 4oo.
(2) If dy, is a word metric on T with respect to a finite generating set, (X,dx)
is the symmetric space associated to G, and xg € X, then the map

S (F,dw) = YT € (X,dx)
18 a quasi-isometric embedding.

For some classes of groups, it is easy to verify that the map in part (2) cannot
be a quasi-isometric embedding.

Corollary 1.17 (see Corollary below). Suppose T' is word hyperbolic (as an
abstract group) and m has finite superexponential moment. IfT' contains a unipotent
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element of G, then the m-stationary measure v is singular to every coarse Iwasawa
Patterson—Sullivan measure on F.

More generally, Corollary holds when I is relatively hyperbolic and contains
an element u which is unipotent (as an element of G) and the stable translation

length of u is positive on a Cayley graph of T' (e.g. wu is loxodromic [DG20l Prop.
7.8]).

1.2. Tukia’s measurable boundary rigidity theorem. In this section we de-
scribe special cases of our main theorem in a variety of settings.

1.2.1. Tukia’s theorem for word hyperbolic groups. We establish a version of Tukia’s
theorem for word metrics on word hyperbolic groups, which implies that any mea-
surable isomorphism between Gromov boundaries with respect to coarse Patterson—
Sullivan measures always extends to a homeomorphism.

Theorem 1.18 (see Theorem below). For i = 1,2 suppose T'; is a non-
elementary word hyperbolic group endowed with a word metric d; with respect to
a finite generating set and p; is a coarse Busemann Patterson—Sullivan measure
for I'; of dimension 0; on OsI';. Assume there exist

e a homomorphism p : 'y — 'y with non-elementary image and
® a p1-almost everywhere defined measurable p-equivariant injective map f :
3OOF1 — 600F2

If fapr and po are not singular, then ker p is finite, p(I'y) < Ty has finite index,

sup  [61d1(71,72) — d2da(p(11), p(12))] < +o0,
Y1,72€l1

and there ezists a p-equivariant homeomorphism f: OscT'1 — 0502 such that
(1) Ji = f Hi-a.e.,
(2) fip1, o are in the same measure class and the Radon—Nikodym derivatives
are a.e. bounded from above and below by a positive number.

In fact we prove Theorem for Patterson-Sullivan measures associated to
a more general class of cocycles introduced in [BCZZ24b], see Definition and
Theorem R.8

Remark 1.19. Given two minimal convergence group actions I'y »~ M; and T'y
M5 and an onto homomorphism p : I'y — T'g, it is known that any continuous p-
equivariant map f : M; — M, is injective on the so-called Myrberg limit set of 'y
[Gerl2 Prop. 7.5.2] (see also [Yan22 Lem. 10.5]). Moreover, for a word hyperbolic
group, the Myrberg limit set on its Gromov boundary is of full measure with respect
to any coarse Busemann Patterson—Sullivan measure [Yan22, Thm. 1.14] (see also
[Co093 Cor. 7.3]). Hence, any continuous equivariant maps between Gromov
boundaries of word hyperbolic groups satisfies the condition in Theorem

1.2.2. Tukia’s theorem for Teichmiller spaces. We establish a version of Tukia’s
theorem for Teichmiiller spaces.

Theorem 1.20 (corollary to Theorems and . Fori=1,2, let 3; be a
closed connected orientable surface of genus at least two and T; its Teichmiiller
space. Let T'; < Mod(X;) be a mon-elementary subgroup and p; a Busemann
Patterson—Sullivan measure for T'; of dimension d; on Ogns T4. Suppose
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° Z e~ drdry(oron) — 4 g foroy € Ty.
RIS
e There exists an onto homomorphism p : I'y — I's and a pi-almost every-

where defined measurable p-equivariant injective map f : Oan T1 — Oam To-

If fopr and ps are not singular, then for any oy € Ta, the orbit map vyo1 — p(7)o2
is a rough isometry after scaling, i.e.,

sup |61 d7, (01,701) — d2 d7, (02, p(7)02)| < +oc.

yely
Remark 1.21. As shown by Yang [Yan22], >  r e~0rdri(onv01) — 4 o0 implies
that UE(X1) C dga T1 has a full pj-measure. Hence, the boundary map f and
measure 47 can be regarded to be defined on PMF(X), i.e. Thurston’s boundary.

For a convex cocompact I' < Mod(X), there exists a unique I'-minimal subset of
PMUF, called the limit set of T, and is the image of a I'-equivariant embedding of
OsoI" into UE [FMO2], Prop. 3.2]. Moreover, if p is a Patterson—Sullivan measure
for I' of dimension 0 and Zvel“ e=0d7(070) — 40 then p is supported on the
limit set of T' [Gek12)] (see also [Cou24l [Yan22]). Hence, the boundary map f as in
Theorem always exists for two isomorphic convex cocompact subgroups. See
also Remark [L19

1.2.3. Tukia’s theorem in higher rank. Using the Iwasawa Patterson—Sullivan mea-
sures introduced in Section we extend Tukia’s theorem to a class of discrete
subgroups in higher rank semisimple Lie groups called transverse groups, which
can be viewed as a higher rank analogue of Kleinian groups. This class is defined
in Section [J] and includes the Anosov and relatively Anosov subgroups and their
subgroups. Further, any discrete subgroup of a rank one non-compact simple Lie
group is transverse.

Theorem 1.22 (see Corollary below). Let Gy, Gy be non-compact simple Lie
groups with trivial centers. Let I' < Gy be a Zariski dense Py, -transverse subgroup,
W a coarse ¢-Patterson—Sullivan measure for I' of dimension 6 > 0 on Fy,, and
p: ' — Gs a representation with Zariski dense image. Suppose

o 3 eI = 4o,

yel
o There exists a p-almost everywhere defined measurable p-equivariant injec-

tive map f: Fo, = Fo,-

If fop is not singular to some coarse Iwasawa Patterson—Sullivan measure for p(I),
then p extends to a Lie group isomorphism G; — Go.

Remark 1.23.

(1) As in Margulis’ superrigidity theorem, the representation p is not assumed
to be discrete in Theorem [I.22] in contrast to Theorem [[.I] and Yue’s gen-
eralization [Yue96].

(2) Theorem [1.22]follows from a more general statement (Corollary[9.14) about
a non-elementary transverse subgroup of a semisimple Lie group and its
irreducible representation into a semisimple Lie group.

(3) See Remark for a version of the theorem for non-transverse Zariski
dense discrete subgroups.
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Remark 1.24. Theorem [1.22] was previously established in a variety of special cases.
In all of these previous works, the representation p was assumed to be discrete
faithful and the boundary map was assumed to be a topological embedding.

e Kim—Oh [KO24] considered the cases when either
(1) Gy is rank one, p is faithful, and p(T') is Pa,-divergent.
(2) T is Pa,-Anosov, p is faithful, and p(I") is Pa,-Anosov.
e Kim [Kim24] considered the case where T' is Py, -hypertransverse (Py,-
transverse with an extra assumption), p is faithful, and p(T") is Pg,-divergent.
e Blayac—Canary—Zhu—Zimmer [BCZZ24b] considered the case where T' is
Po,-transverse, p is faithful, and p(T") is Py,-transverse.
In contrast to these previous works, in Theorem p does not need to be discrete
or faithful, and the boundary map does not even need to be continuous. Further,
in many natural settings the boundary maps will not be a topological embedding
(e.g. Cannon—Thurston maps [CT07]), continuous, or even defined everywhere (e.g.
maps between limit sets of isomorphic geometrically finite groups [Tuk95]).

1.3. Entropy rigidity in pseudo-Riemannian hyperbolic geometry. Delay-
ing more definitions until Section let HP? be pseudo-Riemannian hyperbolic
space of signature (p, q). The group PO(p, ¢ + 1) acts by isometries on this pseudo-
metric space and using this action Danciger—Guéritaud—Kassel [DGK18] introduced
HP>Y-convex cocompact subgroups of PO(p, ¢+1). Glorieux—Monclair [GM21] intro-
duced a critical exponent dgr.«(T") for a convex cocompact subgroup I' < PO(p, q)
and proved that
opra(T) <p—1.

The critical exponent dyr.«(I") is also referred to as entropy of I

Using our version of Tukia’s theorem for higher rank Lie groups (Theorem ,
we characterize the equality case.

Theorem 1.25 (see Theorem below). If I' < PO(p,q + 1) is H”?-convex
cocompact and dyr.«(I') = p— 1, then I" preserves and acts cocompactly on a totally
geodesic copy of HP in HP?,

Remark 1.26. A totally geodesic copy of H in HPY is a subset of the form P(V)N
H”9 where V C RPT9%! is a (k4 1)-dimensional linear subspace and the associated
bilinear form [-, -], 441 restricted to V has signature (k,1).

A number of special cases of Theorem have been previously established:

(1) H” is real hyperbolic p-space and HP"-convex cocompact coincides with
the usual definition in real hyperbolic geometry. In this case, the above
theorem follows from a result of Tukia [Tuk84], which also shows that a
non-lattice geometrically finite group has critical exponent strictly less than
p—1.

(2) Collier-Tholozan-Toulisse [CTT19] proved the above theorem when p = 2
and I is the fundamental group of a closed surface.

(3) Mazzoli-Viaggi [MV23] proved the above theorem when T" is the fundamen-
tal group of a closed p-manifold.

The techniques used in [CTTI19L MV23] strongly use the fact that I' is the fun-
damental group of a closed manifold and are very different than the approach taken
here. In the proof of Theorem [I.25] we construct coarse Iwasawa Patterson—Sullivan
measures on two different flag manifolds and show that there is a measurable map
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so that the push-forward of one of the measures is non-singular to the other. Then
we use Theorem to constrain the eigenvalues of elements in the group, which
in turn constrains the Zariski closure of the group.

1.4. Patterson—Sullivan systems. We now define Patterson—Sullivan systems
and then state our generalization of Tukia’s theorem. In the classical setting of
real hyperbolic geometry, “geodesic shadows” play a fundamental role in the study
of Patterson—Sullivan measures and our definition of Patterson—Sullivan systems
attempts to extract the key properties of these sets.

As in the beginning of the introduction, let M be a compact metric space and let
I' < Homeo(M) be a subgroup. Recall that coarse-cocycles and coarse Patterson—
Sullivan measures were introduced in Equations and .

Definition 1.27. A Patterson—Sullivan-system (PS-system) of dimension ¢ con-
sists of
e a coarse-cocycle o : I' x M — R,
e coarse o-Patterson—Sullivan measure (PS-measure) p of dimension 9,
e for each v € I', a number ||v||, € R called the o-magnitude of ~, and
e for each v € T and R > 0, a non-empty open set Ogr(y) C M called the
R-shadow of ~y
such that:
(PS1) For any 7 € T, there exists ¢ = ¢(7y) > 0 such that |0 (v, z)| < ¢(7) for u-a.e.
reM.
(PS2) For every R > 0 there is a constant C' = C'(R) > 0 such that

Iy, =C <olv,2) <, +C

for all v € T and p-a.e. € v~ ORr(y).

(PS3) If {v,} C T, R, — +00, Z C M is compact, and [M ~\ 7,1 Og, (7.)] = Z
with respect to the Hausdorff distance, then for any x € Z, there exists
g € I' such that

gxr ¢ Z.
We call the PS-system well-behaved with respect to a collection
H:={HR)cCT:R>0}
of non-increasing subsets of I if the following additional properties hold:

(PS4) T is countable and for any 7' > 0, the set {y € 3(0) : ||7]|, < T’} is finite.

(PS5) If {v,} C T, R, — +00, Z C M is compact, and [M ~\ 7,1 Og, (7.)] = Z
with respect to the Hausdorff distance, then for any hy,...,h, € I' and
x € Z, there exists g € I' such that

g ¢ O h;Z.
i=1

(PS6) If Ry < Ry and v € H(0), then Og, (7) C Og, (7).
(PS7) For any R > 0 there exist C > 0 and R’ > 0 such that: if o, 8 € H(R),
lall, < 11Bll,» and Or(@) N Or(B) # 0, then
Or(P) C Or(a)

and

181l = (lell, + [le="8]| )| < C.
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(PS8) For every R > 0, there exists a set M’ C M of full y-measure such that
lim diam Og(y,) =0
n—oo

whenever {7y,} C H(R) is an escaping sequence and

zeMn ﬂ OR(’Yn)-

n=1

We call the collection H the hierarchy of the Patterson—Sullivan system.

Remark 1.28. Property [(PS3)| and the stronger Property [(PS5)| can be viewed as
saying the action of I" on Z is “irreducible” and “strongly irreducible” respectively.

For a well-behaved Patterson—Sullivan system (M, T, o, 1) with respect to a hier-
archy H = {H(R) C T': R > 0}, we consider the following analogue of the conical
limit set:

con . I R>0, vyeT, an escaping sequence {7, € H(n)}
(9) A(H) = {:1? €M: st. 7 €y Op(y) for all n > 1 '

We now state our generalization of Tukia’s rigidity theorem (Theorem [1.1f) to PS-
systems.

Theorem 1.29 (see Theorem below). Suppose

o (Mq,T1,01, 1) is a well-behaved PS-system of dimension 61 with respect to
a hierarchy H; = {Hi(R) C 'y : R > 0} and

(A7 () = 1.

o (My,Ty,09,u2) is a PS-system of dimension ds.
e There exists an onto homomorphism p : I'y — T's and a pi-a.e. defined
measurable p-equivariant injective map f : My — M.

If the measures f.u1 and ps are not singular, then

sup |01 [[V[l,, = d2 (W), | < +o0.
velr

Remark 1.30. Although formulated differently, Theorem contains Tukia’s theo-
rem as a special case. Under the hypothesis of Theorem [I.1] the Patterson-Sullivan

measures y; are part of a well-behaved PS-system with respect to a trivial hierarchy
H;(R) =T; and with magnitude function

7y = dpni (0,704)

where o; € H™ is a basepoint. Further, the conical limit set defined in Equation @
coincides with the classical conical limit set in hyperbolic geometry. The classical
Hopf-Tsuji-Sullivan dichotomy then implies that uq(A°°*(H;)) = 1 and hence
Theorem [I.29] implies that

sup |01 dgmi (01,701) — 62 dpne (02, p(7)02)| < +oo.
v€E

It then follows from marked length spectrum rigidity that n; = ns and p extends to
an isomorphism Isom(H™) — Isom(H"?), as in Theorem Similarly, Theorem
[I.18] Theorem [I:20] and Theorem [T.22] are consequences of Theorem [T:29]

Example 1.31 (PS-systems). Our abstract setting encompasses the following:
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Stationary measures on the Bowditch boundary of a relatively hyperbolic
group associated to random walks with finite superexponential moments
are contained in well-behaved PS-systems (see Section .
Coarse Busemann PS-measures on the Gromov boundary of a proper geo-
desic Gromov hyperbolic space are contained in well-behaved PS-systems.
More generally, coarse PS-measures associated to expanding coarse-cocycles
(introduced in [BCZZ24D]) are contained in well-behaved PS-systems (see
Section .
Coarse Iwasawa PS-measures on a partial flag manifold associated to Zariski
dense subgroups (more generally “Pg-irreducible” subgroups) are always
contained in PS-systems. When the subgroup is transverse and the measure
is supported on the limit set, they are contained in well-behaved PS-systems
(see Section EI; see also Theorem for general Zariski dense discrete
subgroups).
Busemann PS-measures

e on the Gardiner-Masur boundary dgas T of Teichmiiller space for non-

elementary subgroups of a mapping class group,
e on the geodesic boundary of a CAT(0)-space for discrete groups of
isometries with rank one elements,

are contained in well-behaved PS-systems (see Section for a general
discussion on group actions with contracting isometries).
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Salazar, Yair Minsky, and Hee Oh for valuable conversation. Kim expresses his
special gratitude to his Ph.D. advisor Hee Oh for her encouragement and guidance.

Kim thanks the University of Wisconsin—-Madison for hospitality during a visit in
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by a Sloan research fellowship and grant DMS-2105580 from the National Science
Foundation.

2. PRELIMINARIES

2.1. Possibly ambiguous notation/terminology. We briefly define any possi-
ble ambiguous notation and terminology.

(1)
(2)

3)

A sequence {y,} in a countable set Y is escaping if it eventually leaves
every finite set, i.e. if F C Y is finite, then #{n : y, € F'} is finite.

Any connected semisimple Lie group G with trivial center is real algebraic
[Zim84, Prop. 3.1.6]. Hence, Zariski density is defined for H < G, in the
sense that no finite index subgroup of H is contained in a proper connected
closed subgroup of G.

Given a proper metric space X we endow the isometry group Isom(X) with
the compact open topology. Then a subgroup I' < Isom(X) is discrete if
and only if it is countable and acts properly on X.

2.2. The Hausdorff distance. Suppose (M, d) is a compact metric space. Given
a subset C' C M and € > 0, let N/.(C) denote the open e-neighborhood of C' with
respect to d. The Hausdorff distance between two compact subsets C1,Cy C M is

dHaus(ChCQ) - inf{e R Cl C Ne(CQ) and CQ - Ne(Cl)}
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Notice that for the empty set we have
0 ifC =90
+oo fC#0D

This metric induces a compact topology on the space of compact subsets of M
where C,, — C' if and only if

dHaUS(@’ C) _ dHaUS(C’ (Z)) _ {

lim d"(C,,C) = 0.

n—oQ

Notice that the empty set is an isolated point: C,, — 0 if and only if C,, = ) for all
n sufficiently large.

2.3. Relatively hyperbolic groups. There are several equivalent definitions of
relatively hyperbolic groups and we state the definition we use in this paper.
Suppose I' < Homeo(M) is a convergence group.

e A point x € M is a conical limit point of I if there are a,b € M distinct
and {v,} C I such that v,(z) — a and v,(y) — b for all y € M ~ {z}.

e An element v € T" is parabolic if it has infinite order and fixes exactly one
point in M.

e A point © € M is a parabolic fized point of T' if the stabilizer Stabr(x) is
infinite and every infinite order element in Stabr(x) is parabolic. A bounded
parabolic fixed point x € M is a parabolic fixed point where the quotient
Stabr(2)\(M — {z}) is compact.

o ['is a geometrically finite convergence group if every point in M is either a
conical limit point or a bounded parabolic fixed point of I'.

Definition 2.1. Given a finitely generated group I' and a collection P of finitely
generated infinite subgroups, we say that (I', P) is relatively hyperbolic, if T acts on
a compact perfect metrizable space M as a geometrically finite convergence group
and the maximal parabolic subgroups are exactly the set

{yPy':PcP,yeT}

Given a relatively hyperbolic group (T',P), any two compact perfect metriz-
able spaces satisfying Deﬁnition are I'-equivariantly homeomorphic (see [Bow12,
Thm. 9.4]). This unique topological space is then denoted by 9(I',P) and called
the Bowditch boundary of (T, P).

Remark 2.2. Note that by definition we assume that a relatively hyperbolic group is
non-elementary, finitely generated, and has finitely generated peripheral subgroups.

Part 1. Abstract PS-systems
3. BASIC PROPERTIES OF PS-SYSTEMS

In this section we observe some immediate consequences of the definitions intro-

duced in Section [1.4]

Proposition 3.1 (Shadow Lemma). Let (M,T',0,u) be a PS-system of dimension
d > 0. For any R > 0 sufficiently large there exists C' = C(R) > 1 such that

éeﬂsuvu, < 1(Or(y)) < Ce=tIl,
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forally €T and
inf p(y~" Or(v)) > 0.
~yer

Proof. We first show that for any R > 0 sufficiently large,
(10) inf ("1 Or(7)) > 0.
~el’

Suppose not. Then for every n > 1 there exists v, € I with

1t Onl(1m)) < %

Fix a metric on M which generates the topology. Passing to a subsequence, we
can suppose that M ~\ 7,1 O, (v,) converges to a compact set Z with respect to
the Hausdorfl distance (note it is possible for Z to be the empty set, in which case
M ;1 O, () is also empty for n sufficiently large).

Fix € > 0. Then M \ ;' Op () C N(Z) for n sufficiently large and hence

pNe(2)) = lim p(M N7, On(n)) = 1.
Since € > 0 is arbitrary and Z is closed,
wZ) = lim p(Nn(2)) = 1.

On the other hand, by Property Nyer7Z = 0. Since M is compact, there
exist finitely many v, ...,7, € I such that (), v;Z = 0, which is a contradiction
to u(Z) = 1 and the T'-quasi-invariance of p. Thus Equation is true for
sufficiently large R > 0.

Fix R > 0 satisfying Equation and let €o := infyer u(y~* Ogr(7)). Since

dy;
wORr(Y)) = / —dp,
v 1or() A
by Property there exists C = C(R) > 1 such that
%OB—NHHU < 1W(Ogr()) < Ce=dlo. 0

We will use the following version of the Vitali covering lemma.

Lemma 3.2. Let (M,T,0,u) be a well-behaved PS-system with respect to a hierar-
chy H={H(R)CT':R>0}. Let R> 0 and let R’ > 0 be the constant satisfying
Property[(PS7) for R. Then for any I C H(R), there exists J C I such that

U or() c JOor()
yel ~yeJ

and the shadows {Og(v) : v € J} are pairwise disjoint.

Proof. By Property [(PS4)| we can enumerate I = {7, } so that

Iy < lhelly < lhslly < -

Now we define indices j; < jo < --- as follows. First let j; = 1. Then supposing
J1,---,Jr have been selected, let ji41 be the smallest index greater than j; such
that

k
Or(Vjn) N | J Or(;,) = 0.
i=1
(This process could terminate after finitely many steps).



RIGIDITY FOR PS-SYSTEMS, RANDOM WALKS, AND ENTROPY RIGIDITY 17

We claim that J = {v;, } has the desired properties. By construction, the shad-
ows {Og(y) : v € J} are pairwise disjoint. For any v,, € I \. J, we can pick k such
that jr < n and that k is the maximal index with this property. Since 7, ¢ J, we
must have

k
Or(y) N | Or(v;,) #0
=1
and so

k
Or(vn) C U Or/(7;)

by Property Thus
U okt c J ort. D

yel ~yeJ

We will crucially use the following diagonal covering lemma several times in the
arguments that follow. It applies in the case when I' < Homeo(M;) is part of a
well-behaved PS-system and p(I') < Homeo(Mz) is part of a PS-system.

Lemma 3.3. Let My, My be compact metrizable spaces. Suppose T' < Homeo(M7)
and p : T' — Homeo(My) is a homomorphism. If
e /1 C My, Zy C Ms are compact,
o for any finitely many hy,...,hy € T and x € Z7, there exists g € I' such
that

m
gz ¢ U hiZ,
i=1
and
o for any y € Zs, there exists h € T’ such that p(h)y ¢ Za,

then we have
My x My = | ) (My ~yZy) x (Ma ~ p(7)Z2).
~el’

Proof. The third hypothesis implies that () . p(7)Z2 = (). Since Zs is compact,
there exist finitely many elements hq, ..., h,, € I' such that
Now suppose to the contrary that
C =My x My~ | (My ~7Z1) x (My \ p(7)Z2)
yel’
= ﬂ (Ml X p(’y)ZQ) U (’)/Zl X Mg)
yel’
is non-empty. Let (z,y) € C. Since C is invariant under the action of {(~, p(v)) :
v € T'}, we have
(yx, p(y)y) € C for all y €T
By the choice of {p(h1),...,p(hm)}, we have for some j € {1,...,m} that y ¢
p(hj)Zz, and hence
(1‘,y) S hjZl X Ms.
In other words,
(hj 'z, p(hy)~'y) € Z1 x Ms.
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By the second hypothesis, there exists g € I" such that
m
i=1

On the other hand, there exists i € {1,...,m} such that p(g)p(h;) "'y ¢ p(hi)Zo.
Since (gh; 'z, p(g)p(h;)~'y) € C, we have

(gh; 2, p(g)p(hy)~'y) € hiZy x Ms.
In particular,
g(hj'z) € hiZy.
This is a contradiction to the choice of g € I O

4. AN ANALOGUE OF THE CONICAL LIMIT SET

Let (M,T, 0, u) be a PS-system of dimension 6§ > 0. In this section we introduce
an analogue of the conical limit set and relate its measure to the divergence of the
Poincaré series.

Given a subset H C T, let Ar(H) C M be the set of points x € M where there
exists an escaping sequence {7v,} C H and R > 0 such that

z€ () Or(rm).
n>1

Using this notation, the conical limit set of a hierarchy H = {H(R) C T': R > 0}
defined in Equation @ can be rewritten as

AnFH) =T | [ Ar(H(n).
R>0n>1
For simplicity, we denote by A®?(I") the conical limit set of the trivial hierarchy
HR)=T.
Theorem 4.1.
(1) If W(Ar(H)) > 0 for some H C T and R >0, then >y e lle = 0.

(2) If (M, T, 0, 1) is well-behaved with respect to the trivial hierarchy H(R) =T
and ». cr e 0lle = 400, then p (A™(T)) = 1.

Remark 4.2. In many examples, the shadows have the following additional property:
for any o € T and R > 0, there exists R’ > 0 such that

aOr(7) C Op(a)
for all v € T'. In this case, one has A°*(T") = (Jzs Ar(D).

4.1. Proof of Theorem part (1). By Property [(PS2) there exists C' =
C(R) > 0 such that for any v € T,

wOR(M) =7 u(y ™ Or(y)) < Ce o

Now suppose ZweH e %"l < 400. Then H is countable and enumerating H =
{Vn}, we have
Ar(H) C U ORr(yn) forall N > 0.
n>N
Therefore, u(Ar(H)) = 0, which is a contradiction.
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4.2. Proof of Theorem part (2). The proof is exactly the same as the
proof of [BCZZ24b, Prop. 7.1], which itself is similar to an earlier argument of
Roblin [Rob03]. Since the proof is short, we include it here.

We use the following variant of Borel-Cantelli Lemma.

Lemma 4.3 (Kochen—Stone Lemma [KS64]). Let (X, v) be a finite measure space.
If {A,} C X is a sequence of measurable sets where

N
© _v(A,NA,
v(4,) =400 and liminf Znm=1¥{ )

n=1 N=oo (25:1 1/(141”))2

< +400,

then
v({x € X : x is contained in infinitely many of Ay, As,...}) > 0.
Using the Shadow Lemma (Proposition , fix R > 0 and C7 > 1 such that

(11) Ciefauvua < H(OR(’Y)) < Cye—dlhll,
1

for all v € I'. Using Property we can fix an enumeration I' = {7,,} such that

I, <lvell, <--- .

We will show that the sets A, := Og(v,) satisfy the hypothesis of the Kochen—
Stone Lemma.
The first estimate follows immediately from the divergence of the Poincaré series

- 1
A?’L > efél‘v‘la = +OO

yell

The other estimate is only slightly more involved. Using Property there
exists C% > 0 such that: if 1 <n <m and A, N A, # 0, then

¥nlly + (|7 ], < 1Ymll, + Ch-

Hence, in this case, %?l’YmHg < ||¥mll, + C2 where Cy = C) — ||71|, and

—1
Yn 'Y'mHU

(w(An N Ap) < p(Ap) < Cre~0lmlle < Cse—&lvn\lc,e—é

’
where C3 := C1e%2.

Let f(N) :==max{n : |||, < |v~|, + C2}, which is finite by Property
Then
N

Z (A N Ap) <2 Z Ay N Ap) < 2C5 Z efé\lvn\laef5||%717m”a

m,n=1 1<n<m<N 1<n<m<N

N JF(N)
<2053 etlmle 3 ol
n=1 n=1

Thus to apply the Kochen—Stone lemma, it suffices to observe the following.

Lemma 4.4. There exists Cy > 0 such that:
f(N) N

E 676‘|’77z‘|g S C4 E e*ﬁ“’y”‘la
n=1 n

=1

for all N > 1.
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Proof. Notice if N <n <m < f(N) and A, N A,, # 0, then
||%:17m”‘, < H'Ym”o - ||’>/n||o' + Oé <Cy+ Cé-
Let D :=#{y €T :|v|, < Cs+ C5}, which is finite by Property Then

F(N) f(N) F(N)
Sl <o N ) <op| Y Al <G
n=N+1 n=N+1 n=N+1

where Equation is applied in the first inequality. Hence
F(N) N
3 el < (1 + ClDeaumna) 3 et O
n=1 n=1

So by the Kochen—Stone lemma, the set
Ag(T) = {x € M : x is contained in infinitely many of Ay, As,...}

has positive y-measure. Hence p(A°™(T")) > 0.
Suppose for a contradiction that p(A°*(I')) < 1. Then

1
/ con (&
() = o i (AT N )
p(Acon(T)e)
is a 0-PS measure of dimension 4, and so by the argument above we must have
' (A°™(T")) > 0, which is impossible. Hence p(A®*(T)) = 1. a

5. AN ANALOGUE OF THE LEBESGUE DIFFERENTIATION THEOREM

Let (M, T, 0, u) be a well-behaved PS-system of dimension § > 0 with respect to
a hierarchy H = {H(R) C T': R > 0}. Fix Rog > 0 such that any R > Ry satisfies
the Shadow Lemma (Proposition .

In this section we prove the following analogue of the Lebesgue differentiation
theorem (which is known to hold for many particular PS-systems).

Theorem 5.1. Fix R > Ry. If h € L*(M, ), then for p-a.e. x € M we have

. 1
0= Jim oL / oo 1)~ H@dny),
and hence
_ 1
o) = Jim s / o R,

whenever x € (517 Or(n) for some v € T' and escaping sequence {v,} C H(R).

Delaying the proof of the theorem, we state several corollaries. We will use
Theorem [5.1] to prove that T' acts ergodically.

Corollary 5.2. If u(A®™(H)) = 1, then the T-action on (M,u) is ergodic. In
particular, if the hierarchy is trivial (i.e. H(R) =T) and 3 r e0lls = 400,
then the T-action on (M, u) is ergodic.

Corollary is a consequence of Theorem and the following lemma (which
is itself a corollary of Theorem .
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Lemma 5.3. Fiz R > Ry. If E C M is measurable, then for u-a.e. x € E we have
0= lim p (7, Or(ym) ~ 7 v E)
n—oo
whenever x € (51 v Or(n) for some v € T' and escaping sequence {7} C H(R).

Remark 5.4. Lemma [5.3| can be viewed as an analogue of the Lebesgue density
theorem.

For use in Section [8] we also record the following corollary about approximate
continuity of maps into separable metric spaces.

Corollary 5.5. Fixt R> Ry. If F: M — (Y,dy) is a Borel measurable map into
a separable metric space, then for p-a.e. x € M we have

0= lim mu ({y € 7 Or() : dy (F(2), F(y)) > €})

for all e > 0 whenever x € (1,5, 7 Or(vs) for some v € I' and escaping sequence
{m} Cc H(R).

The rest of the section is devoted to the proof of the theorem and the three
corollaries.

5.1. Proof of Theorem Recall that any R > Ry satisfies the Shadow Lemma
(Proposition and recall that Ar(H(R)) is the set of points € M such that
x €(),>1 Or(7n) for some escaping sequence {v,} C H(R).

Fix R > Ry and h € LY (M, p). For a € T, define functions Ayh, Boh : M —
[0, +00] by

Jim o sup s f o () — b)) dity) i @ € ahp(3(R)
YEH(R)
Anh(z) = IV, >T

z€a ORr(7)
0 else

Am S i orm Jeone MW duy) i@ € adr(3(R)
Y

Boh(z) = 71l =T
z€a ORr(y)

0 else

Lemma 5.6. If a« € T', then Ayh =0 p-a.e.

Proof. Tt suffices to show that u({z : Agh(x) > ¢}) = 0 for any ¢ > 0. To that end,
fix ¢,e > 0 and a continuous function g : M — R with

/ |h —g|dp < e.
M

Aah(z) < Ba(h = g)(@) + [h(x) = g(2)] + Aag().

Then

Hence
{:c : Aah(.’ﬂ) > C} C N1 UN2 UN3
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where
Ny :={x: Bo(h —g)(x) > ¢/3};
Ny :=A{z: |h(z) — g(x)| > ¢/3};
N3 = {z: Apg(z) > ¢/3}.
Since g is continuous, Property implies that p(N3) = 0. Further,

3 3
H(Na) < 7/ Ih— gldp < Se.
C M C

To bound p(Ny), we use Lemma For any z € Ny there exists v, € H(R)
such that x € a Og(y,) and

C
[ Ih-gldu> SuaOn(a))
aORr(Vz)

By Lemma [3.2] there exist Nj C N; and R’ > R such that
Ny C U aORr(7z) C U aOp/(7Vz)
TEN] TzEN]

and the shadows {& Og(v,) : * € Ny} are disjoint. By Property there exists
C, > 1 such that

Coln<a'n < Cap.
Then by the Shadow Lemma (Proposition [3.1)), there exists C = C(a, R, R') > 1
such that

40 O (7)) < Cpla On(3)
for all ¥ € I". Then

p) £ 3 Wa@Or () <C 3 maOrtw) < C 3 [ b glau

zEN] €N/ zEN] ORr(Vz)
4C 4C
<22 [ gldu< e
C M C
Thus
4C 3
p({z: Agh(x) > ¢}) < p(N1) + p(N2) + u(N3) < —€ + o +0.

Since € > 0 was arbitrary, we see that {z : Aqh(x) > ¢} is p-null. Then since ¢ > 0
was arbitrary, Aoh =0 p-a.e. O

We now finish the proof of Theorem Fix h € L*(M, i) and set

M = ﬂ {z : Aah(x) = 0}.

acl

Then p(M') =1 by Lemma [5.6]
Fix x € M’ and suppose that

HS ﬂ 'YOR(’YH)

n>1

for some v € T" and an escaping sequence {v,} C H(R). Then

. 1 _
fimsup / oo 1) B da) < Ahiz) =0
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completing the proof. O

5.2. Proof of Lemma [5.3] Fix R > Ry and a measurable set £ C M.
For each g € T', consider the function 1,-15. Then by Theorem we have a
measurable subset M, C M such that u(M,) =1 and for any y € M, Ng™'E,

1 — 1 M9 EN7YORr(3m))
n=oo (Y Or(Tm))

whenever y € (>, 7 Or(7n) for some v € I' and escaping sequence {v,,} C H(R).
Set -

Mg = m gM,.
gerl
Since p is I-quasi-invariant, u(Mg) = 1.
Fix x € EN Mg and suppose that € (),~;7Or(yn) for some v € T' and
escaping sequence {v,} C H(R). We then have ;’1:5 € M, N~ 'E and moreover
vtz €N,>; Or(yn). Therefore

-1 -1 —1,-1 -1
n—oo  (Or(m)) n—o0 (v i) (v Or(n))

In particular,

i e T ES N9 Or(yn))
n—o0 (v ') (' OR (7))
By Property |(PS2)] there exists C'= C(R) > 1 such that

=0.

d —1
Ce 0l < 727;;# < Ce= 0l p-a.e.

on v, L Or(v,). So
i M0 T ES N3 Or(im)
nvoo v Or(m))

Since p(7;,t Or(7n)) < 1, we then have

lm p(v, 'y EC Ny, Or(1n)) =0,

n—roo

=0.

which implies that
0= lim u(y,' Or(yn) ~ 7, v LE).

n—roo

O

5.3. Proof of Corollary Once we show the first statement, the second follows
from Theorem A1

Recall that A“*(H) =T - UpwoNn>1 Ar(F(n)), which is assumed to have full
p-measure. We show that the I-action on (M, p) is ergodic using Lemma
Let E C M be a I-invariant measurable set with p(F) > 0. Since the sequence
I'-N,>1 Ar(H(n)) is non-decreasing in R by Property there exists R > Ry
such that u(ENT -,s; Ar(H(n))) > 0.

Fix a sequence R, — +o0o. For each k > 1, let M} C M a full measure set
satisfying Lemma We then set Mg :=(),~; My which is of p-full measure.
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Fixx € ENMpNT-(,5; Ar(3(n)). Then there exist v € I and an escaping
sequence {y, € H(n)} such that

x e ﬂ Y ORr(Yn)-
n>1

Since the hierarchy JH consists of a non-increasing sequence of subsets of I', for each
k > 1, we have v, € H(Ry) for all large n > 1. Then by Property Lemma
and the I'-invariance of F,

0= lim pu(y,' Or, ()~ E).

n—oo

Hence, after passing to a subsequence of {7,}, we have
0= lim u(v," Or, ()~ E).
n—oo

Fix a metric on M which generates the topology. Passing to a subsequence,
we can suppose that M ~ v, ! Og, (7,) converges to some compact set Z C M
with respect to the Hausdorff distance (it is possible for Z = ), in which case
M\~ ORr, (vn) = 0 for n sufficiently large).

Then for each j > 1,

M\ 7, Og,, () CN1y;(2)
when n is sufficiently large. Therefore
WM~ 2) ~ B) < p((M N N1y (2)) N )+ p(N15(2) \ Z)
< lim p(v," Or, (y) N B) + p(N1y5(2) \ Z)
= N1y (Z2) \ Z).
Since Z is closed, Ny /i(Z) ~\ Z is a decreasing sequence of sets whose limit is
the empty set. Therefore, taking j — +o00, we have
wW(MNZ)\E)=0.

By Property , M = Uver M~ ~vZ. Therefore, it follows from the I'-invariance
of E and the I'-quasi-invariance of u that

WM~ E) < Zu (M ~~vZ)\E) ny* (MNZ)\E)=0.
yell ~el’

This shows p(F) = 1, finishing the proof. O

5.4. Proof of Corollary Fix R > Ry and fix a countable dense subset D =
{zn} C Y. For k € N define f; : M — N by letting

fr(z) = min{n : dy (F(x), z,,) < 1/k}.

Then for K € N let hy g (x) = min{ fi(x), K'}. Each hy k is bounded and hence in
LY(M, u). Then there exists a full measure set M’ such that Theorem [5.1] holds for
every x € M’ and every hy g, for our given R > Ry.

Now fix € M’ and € > 0. Then fix k¥ € N with 5 < € and fix K € N with
fe(z) < K. Then for y € M,

dy(F(x),F(y)) > €= |hk,K(x) — hk,K(y)| > 1.
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So whenever z € (1,5, 7 Or(yn) for some v € I' and escaping sequence {7,} C
H(R), we have

0< lim mu ({y € v Or(m) : dy (F(2), F()) > ¢})
) 1 _
< Jim s / o (@) = s dty) = 0

6. MIXED SHADOWS AND A SHADOW LEMMA

For the rest of the section suppose

o (Mq,T1,01,p1) is a well-behaved PS-system of dimension d; with respect
to a hierarchy H; = {H1(R) c Ty : R > 0}.

o (M5,Ty, 09, 12) is a PS-system of dimension Js.

e There exists an onto homomorphism p : I'y — I's and a measurable p-
equivariant map f : Y — My where Y C M; is a I'j-invariant subset of full
[i1-Ieasure.

In this section we introduce mixed shadows, which play a key role in our main
rigidity result, and prove a version of the Shadow Lemma.

Definition 6.1. For R > 0 and vy € I, the associated mized shadow is
Oh() == Or(y) N fH(Or(p(1)) NY C M.

Theorem 6.2 (Mixed Shadow Lemma).
(1) For any sufficiently large R > 0, there exists C = C(R) > 1 such that

ée—(SlH’Y”gl < (O};(’y)) < Ce o,
for all v € T.

(2) Suppose, in addition, that f maps Borel subsets of Y to Borel subsets of
My and po(f(Y)) > 0. Then for any sufficiently large R > 0, there exists

C =C(R) > 1 such that
1

Fe Hrles <y (1 (04))) < Cem el

for all v € T.

Delaying the proof of the theorem for a moment, we establish the following
corollary.

Theorem 6.3. There exists Ry > 0 such that: if R > Ry and h € LY(My, 1),

then for pi-a.e. x € My we have

. 1
h(x) "1er;°;u<(y‘m/<9§(7'rt)h(y)dul(y)

whenever x € (,~1 Or(yn) for some escaping sequence {v,} C Hi(R).

Proof. Fix Ry > 0such that any R > R, satisfies Propositionfor (My,Ty,01,p1)
and Theorem [6.2] part (1). Fix R > Ry and h € L*(My, u1). Let M{ C M; be a
full p1-measure set satisfying Theorem for h and R.
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Now fix # € M{ and an escaping sequence {7, } C H1(R) wherez € (1,5, Or(n).
By Theorem
1

0= Jim s /O ) k)

By our choice of Ry, there exists C = C(R) > 1 such that
i (Oh(m)) = Cui (Or(m)).

Then, since Oé(’yn) C Or(vn),

1
0< ———~ h(y) — h(z)|dpa (y)
1 ((92(7@) /OQ(%L)

1
S—7—= h(y) — h(z)|dps
Cm (Oj;(%)> /OR(%)| (y) — h(z)|dp(y)
C
= m(o}mn))/%(%) [h(y) = h(@)[dpa(y) — 0.
Therefore,
1
h(z) — llm ———— h d 1
) Ly rwdi
<t [ ) - b)) =0
" (Oﬁ(%)> Of(m)

]

6.1. Proof of Theorem Fix metrics on M7, M5 which induce their topologies.
As in the proof of the classical Shadow Lemma, we start by proving lower bounds
for translates of shadows.

Lemma 6.4. For any sufficiently large R > 0,
inf gy (’y*l Oé('y)) > 0.
RIS
Proof. Suppose not. Then there exist sequences R, — 400 and {v,} C I'; such

that

1
K1 (’Y;l @én(%)) <~ for all n > 1.
Since 11(Y) = 1 and f is p-equivariant,

i (72 O, () 177 (o)™ O, (9))) <

Note that
M~ (% On, (0) N 7 (p(3) ™ O, (p(3)) )
= (Mi~ 77 O, () U (M1~ £ (p(0) ™ O, (p()) )

= (My 37 O, () ) U S (Ma . pl3n) ™ O, (030))).
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After passing to a subsequence, we can assume that
[My N7, Or, ()] = Z1

for some (possibly empty) compact subset Z; C M; with respect to the Hausdorff
distance and

(M2~ p(Vn)il Ok, ()] = Z2

for some (possibly empty) compact subset Zo C My with respect to the Hausdorff
distance.
For any € > 0 and n > 1 sufficiently large (depending on ¢),

My~ 7" O, () CNe(Z1) and Mz~ p(ya) ™" Or, (p(7n)) € Ne(Z2).
Hence
i (N(Z) U S N (Z2))) > 1= 1/n
for all large n > 1. Taking the limit n — oo, we have
i (NUZ) U W Z2)) = 1.
Since Z1 and Z5 are closed,

21U f N (2) = m Nik(Z1) U f_l(Nl/k(Z2))~

E>1
We therefore have 1 (Zy U f~1(Z5)) = 1. In other words,
(12) pr (My N Zy) N f~H (M N Z3)) =0,

and hence

p | U @~ yZ)n (Mo N p(7)Z2) | =0
vel
by the I'i-quasi-invariance of p;. However then Lemma implies pq(M7) = 0,
contradiction. (]

Lemma 6.5. Suppose that f maps Borel subsets of Y to Borel subsets of My and
w2(f(Y)) > 0. For any sufficiently large R > 0,

inf fio (p(v)‘lf (02(7))) > 0.
yel'y
Proof. Suppose not. Then there exist sequences R, — 400 and {7,} C I'; such
that )
2 (p(%)’lf <0£n,(vn))) <
Then, since f is p-equivariant,
(13) w2 (f (1t Or, (1) NY) N ()~ Or,, (p(70))) — 0.
After passing to a subsequence, we can assume that
[My ~ 7, O, ()] = Z1

for some (possibly empty) compact subset Z; C M; with respect to the Hausdorff
distance and

[Ms ~ p(vn) " Or, (p(n))] = Zo

for some (possibly empty) compact subset Zo C Ms with respect to the Hausdorff
distance.
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By Lemma [3.3]
My x My = | ] (My~7Z1) x (My ~ p(7)Z2)
vel
and hence
Myx M= | (M1 N 7/\/6(21)) x <M2 N p(’y)NE(ZQ)) .

e>0 ’yerl
By compactness, we can fix € > 0 and a finite set F' C I' such that

(14) My x My = | (My /N2 (Z0)) % (Me N p(y)N2(Z2) )

veF

Now for n > 1 sufficiently large,
My~ O, (1) CN(Z1) and Mz~ p(1) ™" O, (p(n)) C Ne(Z2)
and hence
Mi~N(Z1) C v, Og,(yn) and Mz \N(Z2) C p(va)~ ! Or, (p(1n))-
So, by Equation ,
p2 (f (Y NNe(Z1)) N (M~ Ne(Z2))) = 0.

Then, since ps9 is p(I')-quasi-invariant,

pa | U F Y NANU(Z0)) N (Ma N p(v) Ne(Z2)) | = 0.

yEF
Then Equation implies that po(f(Y)) = 0, which is a contradiction. O
With the lower bounds in Lemmas and one can complete the proof of
Theorem by arguing exactly same as in Proposition [3.1 (]

7. THE MAIN THEOREM
In this section we prove Theorem which we restate here.

Theorem 7.1. Suppose

o (My,T1,01,11) is a well-behaved PS-system of dimension & with respect to
a hierarchy Hy, = {H(R) CT'y : R > 0} and

(A" (31)) = 1.

o (My,Ty,09,u2) is a PS-system of dimension ds.

o There exists an onto homomorphism p : 'y — T's, a measurable I'1 -invariant
set Y with full pi-measure, and a measurable p-equivariant injective map
f Y — Mg.

If the measures f.pu1 and ps are not singular, then
sup |01 [[]l,, — 82 [lp(9)ll,, | < +oo.
velr

Remark 7.2. By Theorem u when we have the trivial hierarchy 3(; (R) = T'y, the
condition g1 (A®?(H;)) = 1 in Theorem is equivalent to

S el = oo,

RISIN
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7.1. Proof of Theorem The rest of the section is devoted to the proof the
theorem. For notational convenience, we write || - ||; = || - ||, for ¢ =1, 2.

Suppose that f.p1 and pg are not singular. Since f|y is injective and Mj, My
are compact and metrizable, f maps Borel subsets of Y to Borel subsets of M,
[Kec95l Coro. 15.2]. Hence

(15) fiz = p2(f(Y N-))
defines a finite Borel measure on Mj.

Lemma 7.3. The Borel measure [io is non-zero, and after possibly replacing Y
with a subset, we can assume that fig < py (i.e., fio <K p1 and fig > py ).

Proof. Decompose
~/

fiz = fiy + i
where [iy, < pp and 14 is singular to p;.

Suppose for a contradiction that [} is the zero measure. Then fiy is singular to
p1. Then there exists a measurable subset Y’ C Y C M; such that pq(Y’) = 1 and
f2(Y’) = 0. Then

e (f(Y) 2> m(Y') =1
and

p2(f(Y")) = fia(Y') = 0.
Hence pg and fi.p; are singular, which is a contradiction. So [ is not the zero
measure. In particular, fis is non-zero.

Now fix a measurable subset A C Y such that p;(A) = 1 and g5(A4) = 0.
Since p is I'i-quasi-invariant, A" := (| cp, 74 also has full y1-measure and so by
replacing Y with A’ we can assume that fio < p.

Suppose for a contradiction that p; <« fio. Then there exists a measurable
subset B C Y where u1(B) > 0 and ji(B) = 0. Since the T'y-action on (M7, 1)
is ergodic (Corollary [5.2)), p1(T'y - B) = 1. Since pg is I's-quasi-invariant and

p2(f(Y N B)) = fa2(B) =0,
fi2(T1 - B) < > pa(p(7) f(Y N B)) = 0.
RISIN
Hence 1 and jie are singular, which contradicts the fact that fio < p1. So p1 < fig
and thus pp < jio. O

By Lemma [7.3] we can consider the following Radon-Nykodim derivative:
dity: _ 4
h:=—=¢€L (My,u)-
o (M, pa)
Since p1, o are PS-measures, h satisfies the following.
Lemma 7.4. There exists C; > 0 such that for any v € I'y and pi-a.e. © € My,

e~ C1tdio1(v,2)=0202(p(7),f (@) | h(z) < h(’}/x) < C1td101(7,@)=6202(p(7),f(2)) h(x)

Proof. Since us is a coarse g2-PS measure of dimension do, there exists ¢; > 0 such
that

—1
670176202(,0(7),?4) < dP(’Y )*,U'Z (y) <65176202(p(7),y)
> dMQ >
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for all v € I'; and pg-a.e. y € My. Since Y is I'-invariant and f is p-equivariant,
we have for a measurable A C M that

v 2 (A) = pa(f(Y NyA)) = pa(p(7) f(Y N A)) = p(3); e (F(Y N A)).

Hence
71~
(16) emer=0202p(1) (@) < D 120y o er=B20a(6(). (@)
< =5, @<

for all v € 'y and fis-a.e. © € M;. Since 1 < i, this equation holds for pi-a.e.
x € Ml.
Since p1 is a coarse o1-PS measure of dimension ¢7, there exists co > 0 such that

-1
(17) e (1) < 76”[{ P () < ezmtron(r)
H1

for all v € Ty and pp-a.e. © € M.
Finally, for any v € I'y,

dy, Lo =1~ g1 _ -1
dn hdpy = dv, iz = dv, (hp) = (hoy)dy, .
Combining with Equations and , we get the desired inequalities with C; :=
c1 + co. O

Since p1 < fig and I'y is countable, using Property we can replace Y with
a I-invariant full p;-measure subset such that for all v € T'y,

(18) sup |o1(7, )| < +oo and  sup |o2(p(7), f(x))] < +oo.
€Y z€Y

Since

1= (A (F0) =m [T | [ Ar(FG(n)) | >0
R>0n>1
and p is I'y-quasi-invariant, we can fix R > 0 such that (), Ar(31(n)) has
positive jj-measure. Since p; X< fio, h is positive and finite pi-a.e. and thus we
can fix ng > 1 sufficiently large so that the set

E:={zeY :ny' <h(z) <ne}n ] Ar(Hi(n))
n>1
has positive p-measure.

Fix a sequence R, — +oo with R, > R for all n. After possibly increasing
R > 0, we can assume that

e R satisfies Theorem
e there is a subset M| C M; of full y;-measure that satisfies Theorem [6.3] for
h and R, and satisfies Lemma [5.3| for E and all R,,.

Fix
o € EN M{

Since zg € E C (),,»1 Ar(H1(n)), there exists an escaping sequence {v, € H;(n)}
such that -

To € ﬂ OR(’yn)'

n>1
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Since {Vn}n>r C Hi(R) and ¢ € M7, we have

- (!
h(zg) = lim f;/ hdu; = lim “2(0+W")).
7% 11 (O (1)) 0% () n=0 113 (0% (7))

Since xy € F, we have h(xg) € [ng"',no]. Further, since R satisfies Theorem [6.2
there exists Cy = C3(R) > 1 such that

e I < n(Oh) < Cae 1 and
(19) “

Cie—éznpwlz < fiz(Oh (7)) < Che 2P

2

for all v € I'y. Thus

(20) C3 := sup |01 ||7nll, = 82 [lp(v) ]
n>1

is finite.

Using Lemma we will prove the following covering lemma.

Proposition 7.5. There exist R' > 0, ai,...,q, € T'1, and My C My with full
w1 -measure with the following property: for any x € MY there exist 1 <i < m and
n € N such that

r €y, 'E
and
(z, f(x)) € (@' Ori(m)) x (p(ai)p(7) ™! Ore (p(1n)) -

Delaying the proof of the proposition, we complete the proof of Theorem [7.1

Lemma 7.6. There exists D > 1 such that
D '<h(x)<D

for pui-a.e. x € M.
Proof. Let R’ >0, ay,...,a,, € 'y, and M{" C M; be as in Proposition

We start by fixing some constants. Fix x > 0 such that o1, 05 are both k-coarse-
cocycles. Since I' is countable and p; < fio, using Propertywe can fix Cy > 0

and replace M{" with a full p;-measure subset such that: if z € My and v € T'y,
then

lo1(7,2) = [I7ll,] < Ca
whenever z € v Op/(y) and

lo2(p(7), () = lp(Mllo] < Ca

whenever f(z) € p(v)™! Or/(p(7)). Replacing M;' by M{'NY, we can also assume
that M7 C Y and hence

az(ﬂ(ai)_l,f(y))!} < 400

. -1

Cs := 11Snizgnmax{ sup |01(ai ,y)|7 sup
is finite, see Equation . Again replacing M| with a full p;-measure subset
we can also assume that the estimate in Lemma holds for all € M{" and all
v € I'y. Finally, since u; is I';-quasi-invariant and I'; is countable, we can replace
Mi" by (,epvM{" and assume that M7’ is I'i-invariant.



32 KIM AND ZIMMER

Fix x € M{'. By Proposition there exist 1 < ¢ < m and n € N such that
z€amy, ENan, Op(w) and  f(z) € p(ai)p(ya) " Or(p(7n))-

By Lemma [7.4]

6*01*5101(Vnafl7m)+5202(ﬁ(7n)P(0‘i)_1,f(z))h(,ynai—lx)

< h(z) < ecl*5101(%0‘;171)+5202(P(’Yn)/3(az‘)71»f(w))h(vnai—lx)_
Further, since a; ' € 7, Op/(v,) N M}, we have
|01('7na;17x) - ”'Vn”l’ S KA+ |Ul(7na0‘;1x) +Ul(a;1»x) - H'7n||1|
<k+C4+Cs.
Likewise,
|o2(p(rn)p(ci) ™ f(@)) = [lp(y)lla] < K+ Ca+ Cs.
Since ’yna;lx e E,
ng' < h(yne; ') < ng.
Finally notice that
61yl = S2llp(n)ll2] < C3 < 00

by Equation . Thus
D' < h(z) <D,
where D = 601+C3+(61+52)('{+C4+C5)n0. 0

Recalling that h = Z—ﬁf, it follows from Lemma that

D™ (O () < fi2(O%(7)) < Dua(Of(7))
for all v € I';. Therefore, by Equation , we have the desired estimate:

sup |01 [7]l5, = 02 lp(M)l,,] < +oo.
yel’

Now the proof of Theorem is complete once we show Proposition [7.5

7.2. Proof of Proposition Fix metrics on M; and M> inducing their topolo-
gies. For each j > 1 fix a subsequence {#%;,} C {7y} so that

[My N A0 Or,(jn)]l = Z; and  [May~ p(35n) " Or, (p(Fj.0))] = Z;
for some (possibly empty) compact subsets Z; C M; and Z; C M with respect
to the Hausdorff distance. Then passing to a subsequence of {R;}, we can assume

that
Z; — Z and Zj'-—>Z’
for some (possibly empty) compact subsets Z C My and Z' C M, with respect to
the Hausdorff distance.
By a diagonal argument, we can extract a subsequence {7yy,,} C {7,} so that
[My~ 7, Or,(7n;)) = Z  and  [Ma \ p(3,.") Or, (p(7n;))] = 2

with respect to the Hausdorff distance. Since (M7,T'1,01, 1) and (Ma,T'a, 02, p2)
are PS-systems and (M1,I'1,01, p1) is well-behaved (with respect to the hierarchy
Hi ={Hi(R) CT'1: R>0}), it then follows from Lemma [3.3| that

My x My = ] (My~~yZ) x (My~ p(7)Z)).
Y€
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This implies that

My x My = | | My~ AN(2)) x (Mz ~ p(y)N(Z7)).

e>0~vyely
By the compactness, there exist € > 0 and aq,...,a,, € I'1 such that
My x My = [ J(My N aiNo(Z)) x (M ~ p(ei) N o(Z7)).
i=1

We then fix jo > 1 such that
Zjo CNG/Q(Z) and ZJ/,O CNe/Q(Z/).
Let {%.} = {Fjo,n}- Then there exists N > 1 such that for any n > N,

My N3, Ory, (n) CNe2(Z5,) and - Mz N p(3n) " Oy, (p(Fn)) € Nej2(Z5,)-

Therefore,

m

(21) My x My = (0¥, " On,, () % (p(ai)p(3n) ™" Oy, (p(3n)))

i=1

for all n > N.
Recall that M satisfies Lemma for F and all R,. Also, since n — H(n) is
a non-increasing sequence of sets and 7, € H(n) for all n, we have {¥,}n>r,, C
H(Rj,). So by Lemma
lim i1 (3,1 Or,, (m) N 5, E) = 0.

Hence, since pq is I'1-quasi-invariant,

lim 1 (aidy "t O, (n) N aify, "E) = 0

foralli=1,...,m. We set

M7 = My ~ ﬂ U (et Og;, (Fn) N aif, 'E),
n>Ni=1

which is of full pq-measure.

For x € M{', there exists n > N such that

m

2 ¢ | J (%, Or,, () ~ ai¥y 'E) .

i=1

On the other hand, by Equation , there exists 1 < ¢ < m such that
(z, f(2)) € (i¥n " Or,, (n)) % (p(i)p(Fn) ™" Or,, (p(3n)))

and therefore we must have

T € oY, 'p
as well. This completes the proof of Proposition with R’ := Rj,, and hence the
proof of Theorem [7.1 g
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Part 2. Examples and Applications
8. CONVERGENCE GROUPS AND EXPANDING COARSE-COCYCLES

In [BCZZ24b|, Blayac—Canary—Zhu—Zimmer developed Patterson—Sullivan the-
ory for coarse-cocycles of convergence groups. In this section we show that this
theory is a special case of the definitions developed in the current paper.

Let M be a compact metrizable space and let ' < Homeo(M) be a non-
elementary convergence group. In [BCZZ24bl Prop. 2.3] it was observed that
the set I' U M has a unique topology such that

e 'L M is a compact metrizable space.

e The inclusions I' = 'L M and M — I'U M are embeddings (where in the
first embedding I" has the discrete topology).

e the I'-action on I' U M, induced by the left-multiplication on I" and the
given I'-action on M, is a convergence action.

Moreover,

ey, = a € M and v}

uniformly.

— b € M if and only if v, |y} — a locally

For the rest of the section fix a metric d on I' U M which generates this topology.
In this setting, shadows can be defined as follows: for v € I' and R > 0 let

(22) On() =7 (M~ Biyn(y )

where By, p(7™") denotes the open ball of radius 1/R centered at y~!

to d.

with respect

Remark 8.1. In [BCZZ24b], shadows are defined to be the closed sets

v (M~ Byr(v™h).

For the results cited below the difference between the two definitions is immaterial.

Observation 8.2. [BCZZ24b, proof of Lem. 5.4] With shadows as in Equa-
tion (22)), the set A°(T') defined in Section [4] coincides with the set of conical
limit points in the usual convergence group sense. Moreover, if d(a,b) > 1/R,
vtz — a, and v,y — b for all y € M ~ {z}, then

T e n OR(’)’n)'

n>1

In [BCZZ24Db| Def. 1.2, Prop. 3.2 and 3.3] the following special class of coarse-
cocycles where introduced.

Definition 8.3. A coarse-cocycle o : I' x M — R is called expanding if:
(1) There exists £ > 0 such that for any v € T', the function o (7, -) is k-coarsely-

continuous: for xg € M,

lim sup |0'(va ZC) - U(’y’ 'IO)‘ < K.
Tr—xo
(2) For every v € T, there is a number ||v||, € R, called the o-magnitude of ~,
with the following properties:
(a) limy o0 |||, = o0 for any escaping sequence {v,} C I'.
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(b) For any € > 0, there exists C' > 0 such that
Ve = C < o(v,2) < |lle + C
whenever x € M \ B.(y71).

Part of [BCZZ24D)] was devoted to developing a theory of PS-measures for ex-
panding coarse-cocycles and using these results we show that this theory is a special
case of our well-behaved PS-systems.

Theorem 8.4. Let 0 : ' x M — R be an expanding coarse-cocycle and p a coarse
o-PS measure, then (M,T,o,p) is a well-behaved PS-system with respect to the
trivial hierarchy H(R) = T', with shadows as in Equation (22).

Proof. Since each o(7,-) is coarsely-continuous, Property is satisfied. Prop-
erty follows from the defining property of the o-magnitude and the definition
of the shadows. Property [[PS6)| follows from the definition of the shadows.

Property [(PS4)| is a consequence of Prop. 3.3 part (2)], Prop-
erty |(PS7)|is a consequence of Prop. 5.1 parts (3) and (4)], and Prop-
erty |(PS8)|is a consequence of [BCZZ24bl Prop. 5.1 part (2)].

To verify Property and Property assume {y,} C I', R,, = 400, and
[M N\ 7,1 Or, (70)] = Z with respect to the Hausdorff distance. Then Z must be

singleton or empty. Then, since I' is a non-elementary convergence group, Property

and Property [(PS5)| are true. O

8.1. Examples. We will describe one class of examples of expanding coarse-cocycle,
for more see Sect. 1.2]. For the rest of this subsection suppose (X, dx)
is a proper geodesic Gromov hyperbolic metric space and " < Isom(X) is discrete.

Following Def. 1.9] (which is similar to Def. 2.2]), a function
P: X x X — R is a coarsely additive potential if

(1) limy oo infay (p.g)>r ¥ (p, q) = +00,
(2) for any r > 0,

sup  |[¢(p,q)| < +o0,
dx (p,@)<r

(3) for every r > 0 there exists K = k(r) > 0 such that: if u is contained in the
r-neighborhood of a geodesic in (X,dx) joining p to ¢, then

[v(p, @) — (V(p,w) + ¥(u, q))| < k.
Theorem 8.5. Thm. 1.11 and 1.13]
(1) If ¢ is a T-invariant coarsely additive potential, then
oy (7, ) = lim sup Y(y™ o,p) = ¥(o,p)
is an expanding coarse-cocycle on 0o X and one can choose
Inll,, = ¥(o,70).

(2) If T acts cocompactly on X and o : T' X 0, X — R is an expanding coarse-
cocyle, then there exists a I'-invariant coarsely additive potential 1) such
that

sup |o(y,x) — oy (7, 7)| < +o0.
YED,2E€00 X
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Example 8.6. The distance function dx is a Isom(X)-invariant coarsely additive
potential and the associated expanding coarse-cocycle is just the coarse Busemann
cocycle.

Example 8.7 (see [BCZZ24Dbl Sect. 1.2.5]). Suppose I' is word hyperbolic, X is a
Cayley graph of I', and m is a probability measure on I" with finite superexponential
moment and whose support generates I' as a semigroup. Then the Green metric dg
is a I'-invariant coarsely additive potential and the unique m-stationary measure
on dooI' is a 04,-PS measure of dimension 1. Note: in [BCZZ24bl Sect. 1.2.5] it is
assumed that m has finite support, but using [Goul5] the same discussion is valid
when m has finite superexponential moment.

In Section [II] we consider stationary measures on the Bowditch boundary of a
relatively hyperbolic group.

8.2. Measurable isomorphisms. As an application of Theorem we show
that for word hyperbolic groups a measurable isomorphism between boundaries
endowed with PS-measures is always induced by a homeomorphism.

Theorem 8.8. For i = 1,2 suppose I'; is non-elementary word hyperbolic, o; :
I'; X 0o = R is an expanding coarse-cocycle, and p is a coarse o;-PS measure
for T'; of dimension 0; on OxI';. Assume there exist

e a homomorphism p : I'y — T'y with non-elementary image and
® a u1-almost everywhere defined measurable p-equivariant injective map f :
8OOF1 — 8OOF2

If fapr and po are not singular, then ker p is finite, p(I'1) < Ty has finite index,

< 400,

sup |01 [17ll,, = 82 2(V)l,,
yel'y

and there exists a p-equivariant homeomorphism f: OsoT'1 — 02 such that
(1) f =1 m-ae.,
(2) SUD(, myer, xors |11 (1) = 8202(p(7), ()] < +o0,

(3) f*ul, Lo are in the same measure class and the Radon—Nikodym derivatives
are a.e. bounded from above and below by a positive number.

8.3. Proof of Theorem For notational convenience, we let [|-[|; :== |||,

By Theorem we can assume that each o; corresponds to a coarsely additive
potential on a Cayley graph. Then the third defining property for coarsely additive
potentials implies that there exist ¢ > 1 such that

(23) ¢! |’Y|1 —c< ”'YHl < C|’Y|¢ +c

for all v € I';, where |-, is the distance from id € I'; with respect to a word metric
on I'; with respect to a finite generating set.
By Theorem [1.29]

(24) sup [0 [|7]ly — 02 [p(V) 5| < 4o0.
Y€

Then Property [[PS4)] implies that ker p is finite and Equation implies that
p induces a quasi-isometric embedding I'y — I'2. So there exists a p-equivariant
embedding f : 0,cI'1 = Oscl's.
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For a subgroup H < T'g, let d,,(H) be the critical exponent of the Poincaré
series s — dem e *l9los  Since o is a coarse o2-PS measure for I'y of dimension
02, [BCZZ24Db), Prop. 6.2] implies that do > 0, (I'2). Moreover, since every point in

0L is conical, [BCZZ24Dbl Prop. 6.3] implies that for i = 1,2,

3 el = oo

veTl;

This, together with Equation , implies that
002 (T'2) = 06, (p(T'1)) = 02.

Then [BCZZ24b, Thm. 4.3] implies that f(9sT'1) = dscl'2. Since p(I'y) is quasi-
convex in I's, this implies that p(I'1) < I's has finite index.

Now by replacing I'y with T'y/ker p and T'y with p(I'2), it suffices to consider
the case where I' := I'y = I's, p : I' — T is the identity representation, and
[ 00ol’ = 05T’ commutes with the I' action, then show that

(1) f=ido.r pi-ae.,
2) sup  [0101(7, @) = 0202(7,2)| < +o00,
(7,2)ET X0 T

(
(3) p1, pa2 are in the same measure class and the Radon—Nikodym derivatives
are a.e. bounded from above and below by a positive number.

Assertions (2) and (3) are an immediate consequence of [BCZZ24b, Prop. 13.1 and
13.2).

We now show (1). Fix R; — +oo. After possibly passing to a tail of {R;},
by Corollary and the fact that H;(R) = T, there exists a pi-full measure set
M’ such that whenever € M’ N (1, ~,; 7 Or, () for some j > 1, v € T, and an
escaping sequence {7v,} C I', we have

0= lim — s ({y € 7O, (va) : d(f(2). F(4)) > €})

for all e > 0.

Fix x € M'. Since I" acts on 95.I" as a uniform convergence group, x is a conical
limit point. So there exist {v,} and distinct a,b € 5T such that 4, 'z — a and
vty — b for all y € 9T ~ {x}. Then v, — x and v, ' — b in ' Ud,I. So
Ynlor{py — @ locally uniformly. Further, by Observation

xr € n OR’('Yn)

n>1

where R’ := d(ib).

Lemma 8.9. After replacing {7y, } with a subsequence we can find a pi-full measure
set E where v, f(y) — f(z) for ally € E.

Assuming the lemma for a moment we finish the proof. By [BCZZ24bl Prop. 6.3
and 7.1], p1 has no atoms and by assumption f is injective on a full measure set.
Thus f(E) has at least two points. Then, since v, |s_r-{»y — 2 locally uniformly,
we must have f(xz) = z. Since x € M’ was arbitrary, we see that f =ids_r pi-a.e.
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Proof of Lemma[8.9 For R; > R', notice that

. 1
0= nh_)H;o mﬂ ({y € OR]‘ ('Vn) : d(f({L‘), f(y)) > 6})

i ! —1 —1 : T €
= lim (vﬁl)w(%l(?zzj(%))(% )eit ({y € 7" Or, () : d(f (2), 10 f (1)) > €})

for all € > 0.
By Property |(PS2)| there exists C; = C;(R;) > 1 such that
Ul < B 51l
Fje Iyl < du < Cje Iyl [-a.e.

on v, Og, (yn). Hence
0= lim mu ({v € 7" Or, () : d(f(2), 1 f (v)) > €})

for all R; > R’ and € > 0. Since

p(y" Or,(7) < 1,

we have
0= tim p({y €7, Or, () : d(f(2): 1 f () > €})

for all R; > R’ and € > 0.
After passing to a subsequence of {~,}, we can fix €, N\, 0 such that

(25) Y o u({y €7 Or, () : d(f (@), 1 f(y) > en}) < +o0.

n=1

Recall that v, ' — b in I'U M. Then let
By ={y €7, Or, (7)1 d(f (@), mf(y) > en}

and
E:= (0T - )~ () U En
N=1n>N

By [BCZZ24bl, Prop. 6.3 and 7.1], 1 has no atoms and hence Equation implies
that F has full yj-measure. Further, if y € E C 05T \ {b}, then

Y €7, Or, (Yn) = oI’ \ Bi/g, (v ")

for n sufficiently large and there exists N > 1 such that y ¢ UnZ ~ En. Thus
Wnf(y) = (). O

9. DISCRETE SUBGROUPS OF LIE GROUPS

Let G be a connected semisimple Lie group without compact factors and with
finite center. We fix a Cartan decomposition g = € 4+ p of the Lie algebra of G, a
Cartan subspace a C p, and a positive Weyl chamber at C a. Then let

k:G—oal
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denote the associated Cartan projection. Denoting by A = expa and AT = expa™,
we have G = KATK for a maximal compact subgroup K < G. The Jordan projection

A: G — at is given by
n
Ag) = lim g )

n—o0o n
We also let i : a — a denote the opposition involution, which is defined as i(-) =
— Ady, (+) where wy is the longest Weyl element. We then have k(g~!) = i(k(g))
for all g € G.

Let X := G /K and fix a basepoint o0 = [¢] € G /K. Fix a K-invariant norm || - ||
on a induced from the Killing form, and let dx denote the G-invariant symmetric
Riemannian metric on X defined by dx(go, ho) = ||k(g~1h)]| for g,h € G.

Let M < K be the centralizer of A, and A the set of all simple roots associated
to at. For a non-empty subset § C A, let Py be the standard parabolic subgroup
corresponding to 6. That is, Py is generated by MA and all root subgroups U,,
where « ranges over all positive roots and any negative root which is a Z-linear
combination of A ~\. §. We denote by Ny the unipotent radical of Py. We simply
write P = PAo and N = Na.

Let ag := ﬂaeA\g ker o and let aj denote the space of R-linear forms on ag. Let
Do : a — dag be the unique projection which is invariant under all Weyl elements
fixing ap pointwise. We can identify aj with the subspace of pg-invariant linear
forms on a.

The Furstenberg boundary and general §-boundary are defined as

F=G/P=K/M and F4:=G/Py
respectively. We denote by my : F — Fy the quotient map.
Let PgP? = wg Pj) wy " which is a parabolic subgroup opposite to Py, and
denote by NgP” the unipotent radical of Py”". Two points = € Fy and y € Fp) are
called transverse if there exists g € G such that

x=gPg and y= gwoPipy)-.
One can see that x € Fy is transverse to wo Py if and only if 2 € NP Py.
9.1. Iwasawa cocycles and Patterson—Sullivan measures. The [wasawa co-

cycle B : G xXF — a is defined as follows: for g € G and = € F, fix k € K such that
kM = z and let B(g, z) € a be the unique element such that

gk € K(exp B(g,z)) N.
For general 0 C A, the partial Iwasawa cocycle By : G X Fg — ag is defined as
Bﬂ(ga (E) = Do (B(gv i.))

for some (any) € 7, '(z) € F. This does not depend on the choice of & [Qui02a}
Lem. 6.1]. Then By satisfies the cocycle relation: for any x € Fy and g1, g2 € G,

Bo(9192,x) = Bo(91, 922) + Bg(g2, ).

Let H < G be a subgroup. Recall from the introduction that for § > 0 and
¢ € aj, a Borel probability measure it on Fy is called a coarse ¢-Patterson-Sullivan
measure (coarse ¢-PS measure) for H of dimension § if there exists C' > 1 such
that for any v € H the measures p, v, p are absolutely continuous and

Cle=Bols™a)) < dd”—*“(x) < Ce 9 Bols™ ) for ae. z e Fy.
m
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If C = 1, then p is a ¢-Patterson-Sullivan measure (¢-PS measure) for H of di-
mension 0.

9.2. Limit sets. We say that a sequence {g,} C G converges to x € Fy if

o a(k(gn)) = +oo for all @ € § and
e a Cartan decomposition g, = ky(exp k(gn))ln € KATK satisfies

k‘n P9 —x in Fy.

We say that the sequence g,o € X converges to x if g, — x. This notion of
convergence leads us to define the limit set of a discrete subgroup.

Definition 9.1. Let I' < G be a discrete subgroup. The limit set of I' in Fy is
defined as

Ag(T) :={z € Fp : 7o — x for some sequence {y,} C T'}.

When I'" < G is Zariski dense, then Ap(T") is the unique I'-minimal set in Fy
as shown by Benoist [Ben97]. Note that if {g,} C G is a sequence converging to
a point in Fp, then {g,!} C G has a subsequence converging to a point in Fio)-
The following well-known lemma asserts that such a sequence {g,} C G exhibits a
source-sink dynamics, giving the motivation for the definitions above.

Lemma 9.2. Let {g,} C G be a sequence such that g, — © € Fy and g, — y €
Fioy as n — oo. Then for any z € Fy transverse to y € Fyp), we have

gn? — T asmn — oo.

For a proof see [LO23, Lem. 2.9] (for § = A), [KOW23, Lem. 2.4], [CZZ24,
Prop. 2.3], or [KLP17, Sect. 4].

9.3. Transverse subgroups. The class of transverse subgroups of G provides well-
behaved PS-systems.

Definition 9.3. A discrete subgroup I' < G is Py-transverse if

o a(k(gn)) = +oo for all @ € § and
e any distinct x,y € Aguie) (') are transverse.

A Py-transverse subgroup I' < G is called non-elementary if #Agu;g)(I') > 2.

Remark 9.4. In the literature, transverse groups are sometimes called antipodal
groups (e.g. [KLP1T7)).

It is easy to see that for a Py-transverse I' < G, the canonical projection
Aguicoy(I') — Ag(I") is a I'-equivariant homeomorphism (cf. [KOW23 Lem. 9.5]).
An important feature of a Pyp-transverse subgroup I' < G is that the I'-action on
Ay(T) is a convergence action ([KLP17, Thm. 4.16], [CZZ24] Prop. 2.8]) and that
there is a natural class of expanding cocycles.

Proposition 9.5. [BCZZ24d, Prop. 10.3] Let I' < G be a non-elementary Py-
transverse subgroup and ¢ € aj. If ¢(k(vn)) — +oo for any sequence {y,} C T
of distinct elements, then 04 := ¢ o Bg|px,(r) s an expanding coarse-cocycle with
magnitude v — (K()).

Hence, if i is a coarse ¢-PS measure for T supported on Ag(T') of dimension ¢,
then (Ao(I"),T', 04, 1) is a well-behaved PS-system of dimension § with resepct to
the trivial hierarchy H(R) =T, with shadows as in Equation (22).
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Given a subgroup I' < G and a functional ¢ € ajj, let §4(I") € [0, +00] denote the
critical exponent of the Poincaré series

3 emseln),

yel’

i.e. the series diverges for s € [0,04(I")) and converges for s € (§4(I'), +00). For
transverse groups, we have the following existence/uniqueness results.

Theorem 9.6. Suppose I' < G is a non-elementary Po-transverse subgroup and
¢ € ay satisfies 04(I") < 4o0.
1) |[CZZ24] There exists a ¢-PS measure for I' of dimension d,(I") supported
[
on Ag(T).
2) |CZZ24] If e~ 0sMe(M) = 400, then there is a unique ¢-PS measure
~yerl
for T' of dimension 04(I") supported on Ag(T).
(3) [KOW23] If I is Zariski dense and > _ e 0 Me(M) = yoo, then any
¢-PS measure for T' of dimension 64(I") is supported on Ag(T).

9.4. Anosov and relatively Anosov groups. A non-elementary Py-transverse
group I' is Py-Anosov if it is word hyperbolic (as an abstract group) and there is
an equivariant homeomorphism between the Gromov boundary 0.,I" and the limit
set Ag(T"). More generally, a non-elementary Py-transverse group I is relatively Pg-
Anosov with respect to a collection P of subgroups if it is relatively hyperbolic with
respect to P (as an abstract group) and there is an equivariant homeomorphism
between the Bowditch boundary 9(I",P) and the limit set Ag(T).

For relatively Anosov groups, the Poincaré series diverges at its critical exponent.

Theorem 9.7. [CZZ25] IfT' < G is relatively Pg-Anosov, ¢ € a3, and §4(T") < 400,
then 3 cp e 0e(Me(r(M) = 400,

9.5. Irreducible subgroups. We now consider a more general class of subgroups.

Definition 9.8. A subgroup I' < G is called Pg-irreducible if for any = € Fy and
y € Fi), there exists v € I' such that yx is transverse to y. We say that I' is
strongly Pg-irreducible if any finite index subgroup of I' is Pg-irreducible.

It is easy to see that any Zariski dense subgroup of G is strongly Py-irreducible.
We will show that irreducible subgroups form PS-systems, with higher rank shadows
defined as follows. First, for p € X and R > 0, let Bx(p, R) denote the metric ball
{r € X : dx(z,p) < R}. Then, for q € X, the 6-shadow O%(q,p) C Fy of Bx(p, R)
viewed from ¢ is defined as

O%(a,p) :={gPo € Fo: g € G, go=gq, gA 0N Bx(p, R) # 0}.
Note that for any g € G, ¢,p € X, and R > 0,
90%(a,p) = O% (94, 9p).
We will use the following observations.

Lemma 9.9 ([LO23, Lem. 5.7], [KOW23, Lem. 5.7]). For any R > 0 there exists
C > 0 such that: if g € G and x € O% (g9~ '0,0), then

Ipo(k(g)) — Bo(g,z)l| < C.
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Lemma 9.10. For any relatively compact subset V. C NP there exists Ry > 0
such that: if g € G has a Cartan decomposition g = kal € KATK, then

VP, C O%O (g_lo, 0).
Proof. Notice that the desired inclusion is equivalent to V Py C 016%0 (a=to,0).
Fix h € V and let
ah = k'bn € KAN.

denote the Iwasawa decomposition of ah. Notice that
aha™ = K (ba" ") (ana™t) € KAN,

is the Iwasawa decomposition of aha™'. Since V' C NgPP is relatively compact and
a € AT, there exists a relatively compact subset V/ C Ng"P, which only depends
on V, such that aha™! € V’. Then, since the Iwasawa decomposition induces a
diffeomorphism K x A x N — G, there exists a relatively compact subset W C G,
which only depends on V', such that

ba" Y ana=t e W.

Since n € N and @ € AT, there exists a relatively compact subset W’ C G, which
only depends on V', such that n € W’.
Then

b lae v -w—t.w!

is uniformly bounded. Thus there exists Ry > 0, which only depends on V', such
that

hn~*b"tao € Bx (o, Ry).

Therefore, h Py = h(n='b"1) Py € O% (hn~'b'0,0). Since hn™'b~! = a™ 'k, we
have h Py € O% (a~'0,0). This finishes the proof. O

We now verify that irreducible subgroups give PS-systems. We emphasize that
I" is not assumed to be discrete in the following.

Theorem 9.11. Let I' < G be a Pg-irreducible subgroup. If ¢ € aj and p is
a coarse ¢-PS measure on Fy, then (Fo,T',04, 1) is a PS-system with magnitude
v+ ¢(k(7)) and shadows {Og(7y) := 0% (0,7v0) : v €T, R > 0}.

Proof. Since By is continuous and Fy is compact, Property [(PS1)[ holds. Property

follows from Lemma We now show Property
Suppose {7} C T, R, — 400, and [M \ v, Og, (y,.)] = Z with respect to the

Hausdorff distance. Since

Yt O, (1) = O% (v, M0, 0),

Lemma|9.10|implies that Z C Fy~ kNP Py for some k € K. Since kNy P Py consists
of points transverse to kwg P;(g), Property follows from the definition of Py-
irreducibility. ([l



RIGIDITY FOR PS-SYSTEMS, RANDOM WALKS, AND ENTROPY RIGIDITY 43

9.6. Zariski dense discrete subgroups. In this section, we show that Zariski
dense discrete subgroups give rise to well-behaved PS-systems with respect to some
natural subsets.

Let I' < G be a Zariski dense discrete subgroup. For R > 0 and v € T, we
consider the shadow

(26) Or(y) := OR(0,70) C F.
For u € intat and r > 0, we collect elements of I" along the direction u:
Lyr:={yel:|k(y) —tu| <r for some t > 0}.

Theorem 9.12. Let I' < G be a Zariski dense discrete subgroup and u € inta™.
Let ¢ € a* be such that ¢(u) > 0 and let p be a ¢-PS measure for T on F. Then for
any r > 0, the PS-system (F,T',04, 1) is well-behaved with respect to the constant
hierarchy H(R) = 'y, ., with magnitude v — ¢(k(7y)) and shadows as in Equation
29).

Proof. By Theorem (F,T,04, 1) is a PS-system. To see Property |(PS5)| let
{yn} € T and R,, — +0o0 be sequences so that [M ~v,, ' Or, (7.)] = Z with respect
to the Hausdorff distance. Since

Yt Ok, () = OR, (7,0, 0),
Lemma [9.10| implies that Z C F ~kN°PP P for some k € K.
Thus Z is contained in a proper subvariety of F. Hence, Property follows

from the Zariski density of I". Property [(PS4)| and Property are straight-
forward. By [BLLO23l Lem. 3.6 and its proof], Property |(PS7)| holds. Property

is a consequence of u € intat. O

Remark 9.13. The set A" (T, ) = A" (H) above is related to the notion of “u-
directional limit set” discussed in [Lin06, BLLO23| [Sam24, [KOW25]. When T is
an irreducible lattice and u is a K-invariant measure on F, it follows from the work
of Link [Lin06] that pu(A<™(T, ,)) = 1 for all large » > 0. For general I' and , it
was shown by Burger-Landesberg-Lee—Oh [BLLO23] that p(A°"(T,,)) = 1 holds
for large r > 0 if and only if the right-multiplication of exp(uR) on I'\ G /M is
ergodic with respect to a Bowen—Margulis—Sullivan measure associated to p (see
also [KOW25]). It was also shown in [BLLO23| that if I' < G is Pa-Anosov and
rank G < 3, p(A°*(T,,)) = 1 for some u € inta™ and all large r > 0.

9.7. Tukia’s theorem in higher rank. Let G;, Gy be connected semisimple Lie
groups without compact factors and with finite centers. For i = 1,2, let 6; be a
non-empty subset of simple roots for G;. Combining Proposition [9.5| and Theorem
we obtain the following.

Corollary 9.14. Fori=1,2, letI'; < G;, ¢; € ap_, and p; a coarse ¢;-PS measure
for I'; of dimension 8; on Fy,. Suppose
o I'y is non-elementary Py, -transverse and ZweFl e 0181(r(7) = 400,
o I'y is Py, -irreducible.
o There exists an onto homomorphism p : I'y — T's and a pi-almost every-
where defined measurable p-equivariant injective map f : Fo, = Fo,.

If fep1 and po are not singular, then

5;1%3 10101(k(7)) — d202(k(p(7)))| < +o0.
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Remark 9.15. Note that I's is not assumed to be discrete. When 6 is the set
of all simple roots for Gy, by Theorem we can replace the first condition in
Corollary with T'; being Zariski dense discrete and p3 (A (I'y4,)) = 1 for
some u € int aj with ¢;(u) > 0 and r > 0.

To complete the proof of Theorem [I.22 from the introduction, we use the fol-
lowing result of Dal’Bo—Kim.

Theorem 9.16. [DKOQO] For i = 1,2, suppose that G; is simple and has a trivial
center and let T'; < G; be a Zariski dense subgroup and ¢; € af~{0}. Ifp:T1 — T'5
is an onto homomorphism and

sup [1(A(7)) = d2(A(p(7)))] < +oo,

RESI N
then p extends to a Lie group isomorphism G; — Gs.

9.8. The Linear Case. For use in Section [13| we specialize some of the above
discussion to the case when G = PGL(d, R). In this case, we can let

a = {diag(a1,...,aq) 1 a1 + -+ aq =0}
and
at = {diag(ai,...,aq) €a:a; > --- > aq}.
Then the Cartan and Jordan projections are given by

r(g) = (logoi(g),...,logoa(g)) and A(g) = (log Ai(g),...,logAa(g))
Z..

where o1(g) > -+ > 04(g) are the singular values and A;(g) - > Aa(g) are the
absolute values of the generalized eigenvalues of some (any) representative of ¢ in
GL(d,R) with determinant +1.

With this choice of a*, A = {ay,...,aq_1} where

aj(diag(a, ..., aq)) = aj — ajq1

and the opposition involution satisfies i(a;) = aq—;.

We also let w; € a* denote the fundamental weight associated to «;, which
satisfies

wj(diag(as,...,aq)) = a1 +--- +aj.
Notice that when 8 C A,
ap = (Wjla, : j €6).

Given 0 = {aj,,...,j, } C A with j; < --- < ji, the parabolic subgroup Py is

the stabilizer of the partial flag
(€1,...,€5,) C(e1,...,€5,) C - C(e1,...,€5.)

where e1, ..., eq is the standard basis of R%. So we can identify F, with the partial
flag manifold Fj, ., (Rd) and Fj() with the partial flag manifold Fyq_j, ... a—j (Rd).
Using these identifications, two flags = = (27)%_; € Fy and y = (y*7)E ;| € Fy(
are transverse if and only if 27¢ and y¢~J are transverse for all i = 1,..., k.

To avoid cumbersome notation, in this setting we often replace 6 subscripts with
the indices appearing in 0, e.g. if § = {1, aq—1}, then

Pri-1 =Py, Fia-1=Fy, and Ajq_1(T)=Ag(T).

The standard inner product on R? induces an inner product on AJR? where
{ei, N+~ Ney,} is an orthonormal basis. Given v € A R?, we let ||v|| denote the
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norm induced by this inner product. Then when a; € 0, the partial Iwasawa cocycle
satisfies

1g(or A - Ayl
27 i (B =1
( ) w]( 9(g3x)) 0g ||’U1/\"'/\Uj||
where 27 = (v1,...,v;) and g is some (any) representative of g in GL(d,R) with

determinant +1.

Recall that a subgroup I' < PGL(d, R) is irreducible if there are no I'-invariant
proper linear subspaces and strongly irreducible if every finite index subgroup is
irreducible. We will use the following result of Labourie.

Proposition 9.17. [Lab06, Prop. 10.3] If T' < PGL(d,R) is strongly irreducible,
then T is strongly Pg-irreducible for every non-empty 6 C A.

10. GROUP ACTIONS WITH CONTRACTING ISOMETRIES

In this section we use the theory of contracting isometries on general metric
spaces developed by Coulon [Cou24] and Yang [Yan22|, to verify that Busemann
PS-measures on the Gardiner—-Masur boundary of Teichmiiller space are part of
PS-systems. Let X, (7,dr), and Mod(X) be as in Sectionm

Theorem 10.1 (Teichmiiller space). Suppose I' < Mod(X) is non-elementary and
u is a Busemann PS-measure for T' of dimension § on Ogpr T. Then u is part of
a well-behaved PS-system with respect to some hierarchy H = {H(R) C T': R >
0} and with magnitude function v — dy(o,70) for a fized o € T. Moreover, if
> ver e=047(079) = 100, then

p(A" (30)) = 1.

In fact, we show a more general result about isometric actions on general metric
spaces which have a contracting isometry (see Theorems [10.11| and [10.13| below).

Remark 10.2. Let X be a proper geodesic CAT(0) space. The same statement as in
Theorem holds for a non-elementary discrete subgroup of Isom(X) with a rank
one isometry and a Busemann PS-measure on the visual boundary (which coincides
in this case with the horofunction boundary) (see Examples [10.5} [10.7] and [10.14]).

10.1. Contracting isometries. Let (X, d) be a proper geodesic metric space. For
a closed subset Y C X and x € X, a point y € Y is called a nearest-point projection
of x on Y if d(z,y) = d(z,Y). This defines a set-valued map my as follows: for a
subset Z C X,

7wy (Z) = {y € Y : y is a nearest-point projection of some z € Z}.

Definition 10.3. For a > 0, a closed subset Y C X is called a-contracting if for
any geodesic L C X with d(L,Y) > «,

diam7y (L) < a.
We call Y contracting if Y is a-contracting for some o > 0.

Definition 10.4. Anisometry g € Isom(X) is called («-)contracting if an orbit map
Z — X, nw— g™z, is a quasi-isometric embedding and the image is («-)contracting,
for some (hence any) z € X.
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Note that conjugates of contracting elements are contracting. In this section, we
consider the assumption:

(CTG) I < Isom(X) discrete with a contracting isometry.

Such T is acylindrically hyperbolic [Sis18]. We also call I' non-elementary if T" is
not virtually cyclic.

Example 10.5. The following are examples of metric spaces and contracting isome-
tries:

(1) When X is Gromov hyperbolic space, any loxodromic isometry on X is
contracting [Gro87].

(2) Let I" be a relatively hyperbolic group acting properly and cocompactly on
a metric space X by isometries (e.g. X is a Cayley graph of I'). Then
any infinite order element of I' which is not conjugated into a peripheral
subgroup is contracting [GP13| [GP16].

(3) If X is CAT(0), any rank one isometry of X is contracting [BF09].

(4) Let X be a closed connected orientable surface of genus at least two. Con-
sider the action of its mapping class group Mod(X) on its Teichmiiller space
T equipped with the Teichmiiller metric. Then pseudo-Anosov mapping
classes are contracting [Min96].

10.2. Horofunction compactification. We recall the horofunction compactifica-
tion of X. Fix a basepoint o € X and let

Ci(X):={h: X - R:h(o) =0}

which is equipped with the topology of uniform convergence on compact subsets.
We embed X — C,(X) via the map

x+— d(z,-) —d(z,o0).

Then by Arzela—Ascoli theorem, its image has the compact closure. This gives the
horofunction compactification.

Definition 10.6. The horofunction compactiﬁcationj of X is the closure of X in
C.(X). The horofunction boundary of X is 0p X = X ~ X.

Note that every h € X is 1-Lipschitz. Since uniform convergence on compact
subsets is equivalent to pointwise convergence for 1-Lipschitz functions, it follows
from the separability of X that X is metrizable.

Example 10.7. The following examples are horofunction boundaries. See [Yan22]
for further discussion on each of them.

(1) When X is CAT(0), it is well-known that the visual boundary is the same
as the horofunction boundary [BH99, II.8].
(2) As mentioned in the introduction, the horofunction boundary of a Te-

ichmiiller space 7 equipped with its Teichmiiller metric is the same as
Gardiner-Masur boundary dgp T of T [LS14].

We employ a slightly different point of view on the horofunction compactification,
which is more suitable to our purpose. For h € C,(X), the function ¢, : X x X — R
defined as

cn(w,y) == h(z) — h(y)
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is a cocycle, i.e. cp(x,z) = cp(z,y)+cn(y, z). Conversely, given a continuous cocycle
¢: X x X — R, we have ¢(-,0) € C.(X). This gives another characterization of
C.(X) as the space of all continuous cocycles.

In this perspective, each point z € X corresponds to the Busemann cocycle
by : X X X — R defined as

bm(ya Z) = d(l’,y) - d(xa Z)

In the rest of this section, we regard each point of X as a cocycle. It is easy to see
that for c € X,
le(x,y)| < d(z,y) forall x,y € X.

For g € Isom(X), its action on X extends to a homeomorphism of X, by
(9e)(@,y) = clg™ ', 97 1y).
In particular, (gc)(gz, gy) = c(x,y).

10.3. Shadows. Given =,y € X and ¢ € X, the Gromov product is

() = 5((y,2) + ey, 7)),

which is equal to the usual Gromov product when ¢ € X.
Definition 10.8. Let z,y € X and R > 0. The R-shadow of y seen from x is
Ogr(z,y) :=={ce X : (x,¢), < R}.
Note that for g € Isom(X),
9Or(x,y) = Or(gz, gy).
The following is direct from the definition:
Observation 10.9. Let z,y € X and R > 0. If c € Og
d(z,y) — 2R < ¢(z,y) < d(z,y

(x,y), then
)
10.4. Patterson—Sullivan measures. For I' < Isom(X), the Busemann cocycle
B:Tx X —Ris
B(v,¢) = c(v"10,0).

Recall from Equation (3) that a probability measure y is a 5-PS measure for I' of
dimension § > 0 on X if for every v € T,

dysph

dp

(in this setting we do not consider coarse PS-measures). We denote by dr > 0 the
critical exponent of the Poincaré series

S Z e—sd(00),

yell

(c) = &%) for prae. c € X

Following Patterson [Pat76] and Sullivan [Sul79]’s construction, Coulon and Yang
showed the existence of PS-measures in the critical dimension.

Proposition 10.10 ([Cou24l Prop. 4.3, Cor. 4.25], [Yan22 Lem. 6.3, Prop. 6.8]).
Let T < Isom(X) be a non-elementary subgroup satisfying . If or < 400,
then there exists a B-PS measure of dimension dr, which is supported on OgX.
Moreover, if a B-PS measure for T of dimension & exists, then § > dr.
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10.5. Verification of PS-system. In the rest of this section, let I' < Isom(X) be
a non-elementary subgroup satisfying (CTG|). We verify that the I'-action on 9y X
gives a PS-system. For v € I, we define the S-magnitude by

(28) 17115 := d(0,70)
and the R-shadow of v to be
(29) Or(y) := 0 X NOg(0,70).

Theorem 10.11. Let I' < Isom(X) be non-elementary and satisfying (CTG). If
w is a B-PS measure for T, then (X,T, 8, u) is a PS-system with magnitude and

shadows as in Equations and ([29). Moreover, Properties [(PS5)}H{(PS6) hold

with any choice of the hierarchy H.

We further show that the PS-system in Theorem is well-behaved under
some condition related to a saturation of Oy X; w call ¢ € Oy X saturated if for any
d e X ~Ace}, lle— oo = +o00.

To make an appropriate choice of the hierarchy {H{(R) C T": R > 0}, we use the
notion of contracting tails, following [Cou24].

Definition 10.12. Let o, L > 0. For z,y € X, we say that the pair (z,y) has an
(v, L)-contracting tail if there exists an a-contracting geodesic 7 ending at y and a
projection p € T of = such that d(p,y) > L.

We then consider the following subset of I':
Clay, L) :={y €T : (0,7v0) has an («, L)-contracting tail}.
Note that for a fixed o > 0, the set C(«, L) is non-increasing in L > 0.

Theorem 10.13. Let I' < Isom(X) be non-elementary and satisfying . If
w is a B-PS measure for T' and p-a.e. point in A®™(T') is saturated, then the
PS-system (0gX,T, 8, 1) is well-behaved with respect to the hierarchy {H(R) =
Cla, R+ 16a + 1) : R > 0} for some o > 0, with magnitude and shadows as in

FEquations and .
Example 10.14. The following are examples that almost every point is saturated:

(1) Suppose that (X,d) is CAT(0). Then its horofunction boundary 0y X is
the same as its visual boundary, and every single point of 0y X is saturated.

(2) Suppose that (X,d) is the Teichmiiller space T of a closed connected ori-
entable sufrace ¥ of genus at least two, equipped with the Teichmiiller met-
ric. Then its horofunction boundary dgps 7T contains the space PMF of
projective measured foliations on ¥ as a proper subset [GM91]. Moreover,
the subset UE C PMF of uniquely ergodic ones is topologically embedded
in dgpr T [Miy13], Coro. 1], and every point in UE is saturated [Yan22,
Lem. 12.6].

Let I' < Mod(X) be non-elementary and p its PS-measure of dimension
dondemT. If 3 p e04(079) < 400, u(A™(T)) = 0 by Theorem
> cr e 940079 = 4o, we have u(UE) = 1 [Yan22, Thm. 1.14, Lem.
12.6]. Therefore, in any case, the condition in Theorem is verified.

In general, points in 0y X may not be saturated, even in contracting limit sets.

On the other hand, one can proceed the same argument as in our proof of the rigidity
theorm (Theorem [7.1]) in the so-called reduced horofunction boundary of X, which
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is obtained as the quotient of dyX under the equivalence relation ¢ ~ ¢’ if and
only if |j¢ — ¢|lec < +00. When the reduced horofunction boundary is metrizable
(e.g. X is a proper geodesic Gromov hyperbolic space), the same argument can
be proceeded. In general, one should employ [Cou23, Prop. 5.1]. We omit this
discussion in the current paper.

10.6. Boundary of contracting subsets. To prove Theorem[10.11]and Theorem
10.13} we need to introduce more notation. Let Y C X be a closed subset and ¢ € X.
A point p € Y is called a projection of c on Y if

c(p,y) <0 forallyeY.

When ¢ € X, a point y € Y is a projection if and only if it is a nearest-point
projection. The boundary at infinity OTY is the set of all ¢ € 9z X such that there
is no projection of c on Y.

Going back to a classical setting for a moment, a non-elementary discrete sub-
group of Isom(H"™) has infinitely many loxodromic elements with disjoint fixed points
on O0,,H". The following is a similar phenomenon in this current setting.

Proposition 10.15 ([Yanl9, Lem. 2.12], [Cou24, Prop. 3.15]). Let ' < Isom(X)
be a non-elementary discrete subgroup. If v € T' is a contracting isometry, then
there exist infinitely many g; € ' such that

9" (gi(v)0) NOT (g;(v)0) =0 for all i # j.
In particular, O% ({givg; H)o) N 3+(<gj'ygj_1>o) =0 foralli #j.
10.7. Invisible locus. We describe the locus which cannot be seen from a sequence

of shadows. The following two lemmas can be proved by a slight modification of
[Cou24, Proof of Prop. 4.9].

Lemma 10.16. [Cou24l Proof of Prop. 4.9] Let {z,} C X be a sequence converging
toz € Oy X. Let g € Isom(X) be an a-contracting isometry such that z ¢ 9% ({g)o).
Suppose that {p,} C (g)o is a sequence of projections of z, and that p, — p € (g)o.
Then for any R,, — 400, we have

X N\ Og, (24,0) C{c€ X :¢c(p,gFo) < 4a for all k € Z}  for all large n.

Lemma 10.17. [Cou24, Proof of Prop. 4.9] Let g € Isom(X) be an a-contracting
isometry. Fori=1,...,m, let p; € (g)o and set

Zi={ce X :cp;,g"0) < 4a for all k € 7}.
Then there exists N > 0 such that for all n € Z with |n| > N, we have

10.8. Proof of Theorem [10.11] As we observed above, |c(z,y)| < d(z,y) for all
c€ X and z,y € X. Hence, Property (PS1)[ follows. Property follows from

Observation Property |[(PS4)| and Property |(PS6)] are straightforward.
Fix a metric on X which generates the topology. Property is implied by

Property To see Property let {v,} C T and R,, — 400 be sequences
such that [0y X ~ 7,1 Or, (vn)] = Z with respect to the Hausdorff distance. After
passing to a subsequence, we may assume that v, 'o — z € 9y X. By Proposition
for any hq, ..., h, €T, there exists an a-contracting isometry g € I' such that
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2, h1z, ... himz & 0% ({g)o), for some a > 0. Then Property is a conseqeunce
of Lemma [[0.16] and Lemma [I0.17 O

10.9. Properties of contracting tails. To show the well-behavedness, we employ
some propeties of contracting tails obtained in [Cou24].

Proposition 10.18. [Cou24, Lem. 4.15, Lem. 5.2] Let a,L,R > 0 with L >
R+16a. If [1illg < |1v2lls and Or(o,710) N Or(0,720) # O for y1,72 € C(a, L),
then
(1) [lI2lls = (vills + 177 M2llg)] < 4R + 44a;
(2) Or(0,720) C ORr4424(0,710).
Recall from Section M the notion of conical limit set for a subset of I'. As a
generalization of Hopf-Tsuji—Sullivan dichotomy, the following was obtained by

Coulon [Cou24| (see also Yang [Yan22]).

Theorem 10.19. Coro. 519] If Z’YEF 6_51“”"/”[3 = 400, then there exists
ag, Rg > 0 such that for any B-PS measure p of dimension dr,

p(Ar,(C(ao, L)) =1 forall L>0.

Property says that shadows converging to a generic point have diameter
decaying to 0. This can be observed from contracting tails. Recall that ¢ € 0g X
is saturated if for any ¢’ € X \ {c}, ||c — /||oc = +00.

Lemma 10.20. Coro. 5.14] Let a,L,R > 0 with L > R + 13a. Let
c € Ar(C(a, L)) be saturated. For any open neighborhood U C X of ¢, there exists
T > 0 such that for any v € C(«, L) with d(o,v0) > T,

¢ € Ogr(0,70) = Og(0,7v0) C U.

10.10. Proof of Theorem By Thoerem it suffices to verify Prop-
erties [[PS7)] and [(PS8)l First, note that for any a > 0, the hierarchy {H(R) =
C(a, R+ 16a+ 1) : R > 0} satisfies Property [(PS7)| by Proposition

Hence, it suffices to show that Property ds for some @ > 0. We consider
two cases separately. Suppose first that nyel‘ e %I"ls < 400. Then by Theorem

10.11] and Theorem

H(A (1)) = 0.
Setting M’ := 9y X ~ A®°*(T"), Property is vacuously true for any a > 0.
Now suppose that nyer e dllls = +00. By Theorem there exist ayg, Ry >
0 such that
(AR, (Clag, L)) =1 forall L>0.

We then consider the hierarchy {H(R) = C(ap, R+ 16ap + 1) : R > 0} and set

M :={ce ﬂ AR, (C(ag, L)) : ¢ is saturated
L>0
which has the full pg-measure by the hypothesis. To see Property |(PS8)} fix R > 0.

Then for any ¢ € M, if ¢ € ()7—; Or(7») for some escaping sequence {7, } C H(R),
then lim,, ;o diam Or(7y,) = 0 by Lemma [10.20, This completes the proof. O

10.11. Proof of Theorem This follows immediately from Example [10.14]
Theorem [10.13] and Theorem [10.19 (]
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11. RANDOM WALKS ON RELATIVELY HYPERBOLIC GROUPS

In this section we use results in [GGPY21] to show that the stationary measures
on the Bowditch boundary of a relatively hyperbolic group (Definition are
examples of PS-measures on well-behaved PS-systems. For word hyperbolic groups
see the discussion in Section

For the rest of the section suppose (', P) is relatively hyperbolic and suppose m
is a probability measure on I' such that:

(1) The support of m generates I' as a semigroup, see Equation .
(2) m has finite superexponential moment, see Equation .

By the work of Maher-Tiozzo [MTI8, Thm. 1.1], there exists a unique m-
stationary measure v on 9(I', P) and this measure has no atoms. Moreover, it is
realized as the hitting measure for a sample path in a Gromov model for (T, P). In
particular, v is I'-quasi-invariant. We consider the measurable cocycle defined by

dy; v

om(7,") = —log “dv

so that v is a o,-PS measure of dimension 1. More precisely, let M’ C 9(T',P)
be a I'-invariant subset of full v-measure on which the Radon-Nykodim derivative
dvj;y is defined for all v € T'. Then we set on(y,2) = — log dvj;u for x € M’ and
om(y,2) = 0 for x ¢ M'. Since the set of bounded parabolic points is countable
and v has no atoms, v assigns full measure to the set of conical limit points.

In the rest of the section, fix a metric d on TUJ(T, P) that generates the topology
described at the start of Section[8 Also let dg be the Green metric on I' associated

to m, which is a left I'-invariant asymmetric metric on I', see Equation .

Theorem 11.1. With the notation above, (O(T,P),T,om,v) is a well-behaved PS-
system of dimension 1 with respect to the trivial hierarchy H(R) = T', with magni-
tude function |||, := da(id, -) and shadows as in Equation (22)). Moreover,

3 eIl = foc.

yel’

11.1. Proof of Theorem As described above, the conical limit set has full
v-measure. Then by Theorem and Observation it suffices to prove the first
assertion in Theorem [[1.11

For notational convenience, we write

-1 =1 -

Properties [(PS3)| [(PS5)L |(PS6)l and [(PS8)| can be verified as in the proof of
Theorem By [GT20, Prop. 7.8], the Green metric d¢g is quasi-isometric to any
word metric on I with respect to a finite generating set and hence Property
holds.

Property |(PS1)| follows from the fact that v is a stationary measure and supp m
generates I' as a semigroup. In particular, since

v=m"*xp= Z m** ().,
yel’

we have

> *k .
V_(%gm WOVV
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and

> *k/ —1 -1 _ xk.—1 )
VeV > Ve (Iggicm (v )) (v )wv <I;ggi<m (v )>V

It remains to verify Properties|(PS2)[and Property The following can be
deduced from [GGPY21l Coro. 1.8].

Theorem 11.2. [GGPY2I] For every € > 0 there exists C = C(e) > 0 such that:
if d(a, B) > €, then

(30) dG(aaﬂ) S dG(a7id) + dG(lda /8) S dG(avﬁ) + C.

Remark 11.3. One always has dg(a, 5) < dg(a,id) + dg(id, 8) and so the non-
trivial part of the above statement is the second inequality.

We first prove Property |(PS2)]

Proposition 11.4. There exists a T-invariant full v-measure subset Y C O(T',P)
where for any R > 0, there exists C = C(R) > 0 such that: if v € v~ *Op(y)NY
for some v € T, then

IV IF = om(y, 2)] < C.

Proof. We consider the Martin boundary 9/ (I, m), which is the horofunction
boundary for the Green metric dg. First, for v € I', define K, : I' = R by K, (g) =

g:((i%’;)), where Gy, is the Green function for m (Equation (8)). Then the Martin
boundary O (I, m) consists of functions K : I' — R where K = lim,,_,, K, for
some escaping sequence {7, } C I'. Then the set I' U d/(I', m) has a topology mak-
ing it a compact metrizable space and where an escaping sequence {v,} converges
to K € Op(T', m) if and only if K, — K pointwise (see [Woe00, Sect. 24]). Fur-

ther the left action of I on I' extends to a continuous action on I'U 0y (I, m) where

Kovy~!
v K=oy
By [GGPY21l, Coro. 1.7], the identity map I' — T extends to a continuous
surjective equivariant map

m:TUIM(T,m)—TUIT,P)

where the pre-image of each conical limit point « € 9(I", P) is a singleton { K, } and

K, = lim K.,.

Y=

There exists a m-stationary measure v on dps (I, m) such that

(K)=K(v)

for vp-a.e. K (see [Woe00, Thm. 24.10]). Since 7 is equivariant, 7,1y is a stationary
measure on J(I',P) and so, by uniqueness, v = m,vp. Then

dv.1o
Cll/o

dy: ' _
(@) = —log Ko(v7)
for v-a.e. conical limit point . Let Y be a v-full measure set where every x € Y is
conical and satisfies Equation . Since v is I'-quasi-invariant, replacing Y with
mvel‘ 7Y, we may assume that Y is I'-invariant.
Now fix R > 0. Fix y € " and

r €y Or(1)NY = (3, P)~ Bya( D) NY.

(31) om(y,x) = —log
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Then z is conical and on(y,2) = —log K,(y~1). Fix a sequence {a,} C T' con-
verging to z. Then d(y~!, a,) > 1/(2R) for n large. Hence by Theorem m

vl = om (v, 2)| = |da(id, ) + log Ko (y 1)
= 1i_>m |dg('y_1,id) +dg(id, ) — dg(v7 1, an)’
is bounded by a constant which only depends on R. (]

To verify Property [(PS7)] we will use the following lemma whose proof follows
[BCZZ24b), Prop. 3.3 part (7)].

Lemma 11.5. For any € > 0, there exists a finite subset F' C I' such that: if
a,BeT, |laf <8I, and B~ra & F, then

d(ﬁ_l,ﬁ_la) <e.

Proof. By Theorem there exists C = C(e) > 0 such that if o, 8 € T and
d(a™1,8) > ¢, then

dG(a713 ld) + dG(ldvﬁ) < dG(ailvﬁ) + Ca
which is equivalent to
lledl + 118l = € < [lef].
Let F:={y €T : ||| < C}, which is finite by Property [(PS4)| shown above. Now
if a, B € T satisfy ||| < ||8]| and S~ a ¢ F, then
1Bl + 187 all = C > (18] = [lall = 1887 a].

Therefore, (81, 37 1a) < € as desired. O

We now prove the first half of Property

Proposition 11.6. For any R > 0, there exists R’ > 0 such that: if o, € T,
llell < IBIl, and Or(a) N Or(B) # 0, then

Or(B) C Or(a).

Proof. Suppose to the contrary that there exist R > 0 and sequences ay, 3, € I’
such that [Jan| < ||Bnll, Or(an) N Or(Bn) # 0, and Ogr(B,) ¢ On(ay) for all
n > 1. This implies that for all n > 1,

azlBn (a(m)) N 31/3(@;1)) ¢ (T, P) ~ Bym(an’).

Then the sequence {f3;, *a,} is escaping; otherwise, B;lanBl/n(agl) C Bl/R(ﬁgl)
for all large n > 1, which contradicts our assumptions.

By Lemma d(B; L, B ) — 0 as n — oo. Hence, for n > 1 sufficiently
large we have

0" OnlBn) = oy B (9T, P) < Biyn(5ah))

€ 0 B (AT, P) ~ Biyory (B 'an) ) € Ozrlar o).

Since {a,;13,} is escaping as well, it follows from [BCZZ24b, Prop. 5.1 part (2)]
that diam Oag (a1 8,) — 0 as n — oo, and hence diam ;! Og(8,) — 0 asn — co.

Since Og(a,) NORr(BL) # 0 and o, ! Og(ay,) = (T, P) BI/R(aﬁl), it follows
from lim,, o, diam a;;* Og(B,) = 0 that

a, ' Or(Bn) C (T, P) ~ W for all large n > 1.
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Therefore, Og(8,) C O2r(ay,) for all large n > 1, which is a contradiction. This
finishes the proof. ([

We prove the second half of Property |(PS7)]

Proposition 11.7. For any R > 0, there exists C > 0 such that if o, € T,
lell < |IBIl, and Or(a) N Or(B) # 0, then

81 = (ladl + [~ B[] < €.

Proof. Suppose to the contrary that there exist R > 0 and sequences a.,, 3, € '
such that ||a,|| < ||Bnll, Or(an) NOr(B,) # 0, and

’||5n|| — (Jlan]l + Ha;lﬁn’m >n foralln>1.
By Theorem [I1.2] we have
1Ball < el + [l Bal

for all n > 1. Hence, by assumption, the sequence {a;,13,} is escaping. Similarly,
for all n > 1,

lla Ball = oz I < N1Ball < llewnll + o Bull,
and hence the sequence {a,} is also escaping. Since ||a,| < ||Bnll, {8} is an
escaping sequence as well. Since {a;;13,} is escaping, Lemma implies that

lim d(8; ", B, a,) = 0.
n—oo
As Properties |(PS1)H(PS3)| have been verified, (9(T', P), T, om, ) is a PS-system.

Hence, by Proposition there exists Ry > 0 such that v(Og,(v)) > 0 for all
v € I'. Now by increasing R > 0, we may assume that R > Ry. By Proposition
111.6) we can fix R’ > 0 such that

Or(Bn) C Op/(ay,) forallm > 1.

Let Y C 9(I', P) be the subset in Proposition [[1.4] Since each Og(,) has positive
measure, for each n > 1 there exists a point

Tn € OR(ﬁn) ny c OR/(Oén) ny.

Moreover, since Og(8,) = Bn (8(I‘, P)~ m) and lim,, o0 d(8;, 1, B, L) =
0, we have
A5 s B ) 2 (B i, 1) — (B s 61) 2 5
for n sufficiently large. Hence,
o, r, € Opla,*B,)NY.
Now if C' = C(max{R',2R}) > 0 satisfies Proposition then
|||0‘n|| - Um(amarjlxn” <C, “lﬁnH - Um(ﬁn7ﬁr:1xn)| < C, and
o Ball = om(ay Bn, By Han) | < C.

Further, by the cocycle property

(B By n) = Om(anog B, B ) = Om(am, 07 20) + 00, B, By ).
Combining altogether,

18l = (el + oz Ba || < 3C,

which is a contradiction, finishing the proof. |
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The proof of Theorem [I1.1]is now complete. O

12. RIGIDITY RESULTS FOR RANDOM WALKS

In the following subsections we suppose that
e (I',P) is a relatively hyperbolic group and
e m is probability measure on I" with finite superexponential moment as in
Equation and whose support generates I' as a semigroup.
Let vy be the unique m-stationary measure on 9(T', P) and let (O(T,P),T, om, o)
be the well-behaved PS-system in Theorem [11.1
In the subsections that follow we will assume that I" is a subgroup of either the
isometry group of a Gromov hyperbolic space, the mapping class group of a surface,
or a semisimple Lie group.

12.1. Random walks on the isometry group of a Gromov hyperbolic
space. In this subsection we further suppose that

e (X,dx) is a proper geodesic Gromov hyperbolic space, and
e I' < Isom(X) is a non-elementary discrete subgroup.

In this setting, Kaimanovich proved that there exists a unique m-stationary measure
v on the Gromov boundary 0., X, and is the hitting measure for a sample path
[Kai00, Remark following Thm. 7.7].

A subset Y C X is quasi-convex if there exists R > 0 such that any geodesic
joining two points in Y is contained in the R-neighborhood of Y. Then a discrete
subgroup I < Isom(X) is quasi-convez if for any o € X the orbit I"(0) C X is
quasi-convex (see [Swe(l] for properties of such groups). Using the Morse Lemma,
it is easy to see that a subgroup is quasi-convex if and only if any orbit map is a
quasi-isometric embedding with respect to a word metric on the group with respect
to a finite generating set.

Theorem 12.1. If i is a coarse Busemann PS-measure for I' on 0 X of dimension
§, then the following are equivalent:

(1) The measures v and p are not singular.

(2) The measures v and p are in the same measure class and the Radon—
Nikodym derivatives are a.e. bounded from above and below by a positive
number.

(3) For anyo€ X,

sup |dg(id, v) — d dx (0,70)| < +oo.

~el’
In particular, T' is quasi-convex, § is equal the critical exponent of I', and
Zver e~8dx(09) = to0.

Proof. The implication (2) = (1) is clear. We now prove (1) = (3). By [Kai00,
Remark following Thm. 7.7], the spaces (O(T', P), 1) and (0oc X, V) are both Poisson
boundaries for (I'; m). Hence, there is a I'-equivariant isomorphism

f: (O, P),1v) = (0 X, V).

By assumption v = f,1q is not singular with respect to . As explained in Example
and Theorem [8-4] 1 is a coarse PS-measure in a PS-system which has magnitude
function

7+ dx(0,70).
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Then by Theorem

sup |dg(id, v) — d dx (0,70)| < +oo.

yel
Moreover, since d¢ is quasi-isometric to a word metric on I with respect to a finite
generating set by [GT20, Prop. 7.8], T is quasi-convex. Since p is of dimension ¢, §
is at least the critical exponent of the Poincaré series [Co093l Coro. 6.6]. Together
with Ewer e~ delidn) — 450 (Theorem7 we have that § is equal to the critical
exponent and the Poincaré series diverges at 0.

It remains to show (3) = (2). Assuming (3), I' is a word hyperbolic group
and the orbit map v € I' — ~v0 € X is a quasi-isometric embedding with respect
to a word metric on I' as mentioned above. Hence we can assume that P = ()
and so O(I', P) coincides with the Gromov boundary d,,I'. Further, the orbit map
continuously extends to f : 0o’ = 05X which is a I'-equivariant homeomorphism
onto its image. Since both v and vy are hitting measures, we have f.vy = v. Since
Z'\/EF e~9dx(070) = 450 Theorem Observation and Theorem , imply
that p(f(0-I')) = 1. Hence, we can take a pull-back of the Busmann cocycle on
00X and 1 10 JooT'. Since the Busemann cocycle on 05X is expanding (Example
[8.6), the same is true for the pull-back. Therefore, (2) follows from [BCZZ24b,
Prop. 13.1 and 13.2]. O

We now restate and prove Corollary

Corollary 12.2. Suppose X is a negatively curved symmetric space. If T is not a
cocompact lattice in lsom(X), then v is singular to the Lebesque measure class on
Ooo X .

Proof. Suppose that v is non-singular to the Lebesgue measure class on J,, X . Since
the Lebesgue measure class contains a Busemann PS-measure for T' (cf. [Qui02a]
Lem. 6.3]), it follows from Theorem that I' is convex cocompact. Since v is
supported on the limit set on I', the limit set has a positive Lebesgue measure class.
By the classical Hopf-Tsuji-Sullivan dichotomy [Rob03], the Lebesgue measure
class gives a unique PS-measure supported on the limit set. Therefore, 0., X is the
limit set of I', and hence I' must be a cocompact lattice. (|

12.2. Random walks on mapping class groups and Teichmiiller spaces. Let
Mod(X) denote the mapping class group of a closed connected orientable surface ¥
of genus at least two and let (7,d7) is the Teichmiiller space of ¥ equipped with
the Teichmiiller metric.

We continue to assume that I' and m satisfy the assumptions at the start of the
section. In this subsection we further suppose that

e I' < Mod(Y) is a non-elementary subgroup.

Thurston compactified 7 with the space PMF of projective measured foliations
on ¥ [Thu88]. In this setting, Kaimanovich-Masur showed that there exists a
unique m-stationary measure v on PMF, and is the hitting measure for a sample
path in 7 and supported on the subset UE C PMF of uniquely ergodic foliations
[KM96, Thm. 2.2.4]. Since UE is topologically embedded in the Gardiner—Masur
boundary dga T [Miyl3], v can also be regarded as a measure on dgpr T, where
PS-measures are defined.

Theorem 12.3. If u is a Busemann PS-measure for I' on Oga T of dimension §
and the measures v, | are not singular, then:
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(1) For anyo € T,

sup ‘dG(lda 7) - §dT(Oa 70)| < H-00.
yel’
In particular, § is the critical exponent of I' and nyer e0d7(070) — 400,
(2) If dy, is a word metric on T with respect to a finite generating set, then the
map
,7 € (Fa dw) = fYO € (Ta dT)

s a quasi-isometric embedding. In particular, T' has no multitwist.

Proof. By [Kai00, Thm. 2.2.4] the space (PMF,v) is a Poisson boundary for (I, m)
and by [Kai00, Remark following Thm. 7.7], the space (0(I', P), 1) is a Poisson
boundary for (I',m). Hence there is an isomorphism

f: 0@, P),vy) = (PMF,v).

Since v(UE) = 1, we can view [ as a map into UE C Ogpn T -
By assumption v = f,1q is not singular with respect to p. By Theorem [T0.13] p
is a PS-measure in a PS-system which has magnitude function

v = d7(0,70).
Then by Theorem

sup |dg (id, 7) — 6 d7(0,70)]| < +oc.
yel

Since p is of dimension § > 0, § is at least the critical exponent of the Poincaré
series ([Cou24, Prop. 4.23], [Yan22, Prop. 6.8]). Since > e de(id) = yoo by
Theorem [11.1] we have that ¢ is equal to the critical exponent and the Poincaré
series diverges at d, showing (1).

By [GT20l Prop. 7.8] the Green metric is quasi-isometric to d,,. Therefore, (2)
follows. The “in particular” part is due to [FLMO01] which shows that every infinite
order element v € I' has positive stable translation length with respect to d,,. O

We can now restate (as a corollary) and prove Theorem

Corollary 12.4. If " contains a multitwist, then the m-stationary measure v is
singular to every Busemann Patterson—Sullivan measures on Ogn T -

Proof. By Farb-Lubotzky—Minsky [FLMO01], every infinite order element g € Mod(X)
has positive stable translation length on its Cayley graph, i.e.,
dy, (id, g™
lim sup M
n—00 n

>0

for any word metric d,, on Mod(X) with respect to a finite generating set. On the
other hand, an infinite order mapping class has zero stable translation length on 7
if and only if one of its power is a multitwist. So the result follows from Theorem

@3 O

For a special class of subgroups, we prove the converse of Theorem A
subgroup IV < Mod(X) is parabolically geometrically finite (PGF) if
e (I'",P') is relatively hyperbolic for some P’ = {Py,..., P,} where each
P, < T” contains a finite index, abelian subgroup consisting entirely of
multitwists;
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e the coned off Cayley graph of (I",P’) embeds I’-equivariantly and quasi-
isometrically into the curve complex of X.

See [DDLS24, Def. 1.10] for details. When P’ = (), the group I" is convex
cocompact. This is equivalent to the original definition of [FM02] as shown by
[KLOS, [Ham05).

Theorem 12.5. Suppose I' is PGF. If u is a Busemann PS-measure for T' on
Oam T of dimension 0, then the following are equivalent:

(1) The measures v and p are not singular,

(2) The measures v and p are in the same measure class and the Radon—
Nikodym derivatives are a.e. bounded from above and below by a positive
number,

(8) For anyo €T,

sup [dg(id, v) —  dr(0,70)| < +o0.

el
In particular, T' is convex cocompact, 0 is the critical exponent of I', and
Z’yGF 6_5d7'(0770) = 400.

Proof. The implication (2) = (1) is clear and (1) = (3) follows from Theorem [12.3]
Now suppose (3). Then I is word hyperbolic and the orbit map vy — ~o continuously
extends to a [-equivariant map f : 0., — UE which is a homeomorphism onto
its image, after replacing o € T with another point if necessary [FM02, Thm. 1.1,
Prop. 3.2]. Hence, v = f.1g since both v and vy are hitting measures. Since
2 yer e0d7(070) = J o0, Theoremimplies that u(f(9-oI")) = 1. Hence, we
can take the pull-back of the measure p to J..I" via f, which is a PS-measure for
the cocycle o7 given in Proposition [12.6] below. In Proposition [12.6] below we will
verify that o7 is an expanding cocycle. Therefore, (2) follows from [BCZZ24bl
Prop. 13.1 and 13.2]. O

Proposition 12.6. Suppose I' < Mod(X) is convex cocompact. Let f : Ol —
UE C Ogm T be the T'-equivariant embedding induced from a quasi-isometric em-
bedding v € T' = ~vo € T for some o € T. Then the cocycle o7 : ' X 0" = R
given by

UT(W?‘%') = f(x)(ly_lO?O)
is an expanding cocycle with magnitude v — d7(0,70).

Proof. Tt is clear that o7 is a cocycle and lim,, _, o d7(0,v,0) = +00 for any escaping
sequence {v,} C I'. Moreover, since f(JoI') C UE, o1 is continuous [Miy13].
Recalling the metric d on 'L 9o I from Section [8] it remains to show that for any
€ > 0, there exists C' > 0 such that

dr(0,70) = C < o7(v,7 @) < dy(0,70) + C

whenever z € v (&,OF ~ Be('y—l))7 where B, is the open d-ball of radius € centered
at v~ L.

Let d,, be a word metric on I" with respect to a finite generating set. Fix
€ > 0. It is easy to see that there exists Ry > 0 such that for any v € I' and

T €y <8OOF ~ B (7*1)), any geodesic ray [id,z) C " with respect to d,, intersects
the d,,-ball of radius Ry centered at .
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Let vy €I’ and = € v <0OOF ~ Be('y—l)). Fix a geodesic ray [id,z) C T and for
each n > 1, let 7, € [id, z) be such that d,(id,~,) = n. By [Miy13],

o7 (7,77 2) = lim d7(1m0,0) — d7(1n0,70).

Fix k > 1 with d,(7y,v) < Rp. Since the orbit map I' — 7T is a quasi-isometric
embedding, we have

d7(y0,710) < R
for some R > 0 determined by Rjp.

For each n > 1, let L, C T be the geodesic from o to y,0. Since I'(0) C T
is quasi-convex [FMO02], there exists Cy > 0 such that L, is contained in the Cp-
neighborhood of T'(0) for all n > 1. Hence, the nearest-point projection L!, C I'(0)
of L, is a quasi-geodesic. Since the orbit map is a quasi-isometric embedding,
it follows from the Morse Lemma for (T',d,,) that for some uniform C; > 0, the
quasi-geodesic {v10,...,7,0} C T is contained in the Ci-neighborhood of L,,, for
alln > 1.

Now for all n > k,

dr(yo,L,) < R+ Cy

and hence

|(d7 (Ym0, 0) — d7(7n0,70)) — d1(0,70)| < 2(R+ C4).

Taking n — oo, we have ’07-(7,7*110) — d7~(0,70)| < 2(R + (), completing the
proof with C' := 2(R + C1). O

12.3. Random walks on discrete subgroups of Lie groups. We continue to
assume that I' and m satisfy the assumptions at the start of the section. In this
subsection we suppose that

e G is connected semisimple Lie group without compact factors and with
finite center, and
e ' < G is a Zariski dense discrete subgroup.

Recall that F = G / P is the Furstenberg broundary. Guivarc’h and Raugi showed
that there exists a unique m-stationary measure v on F, and it is the hitting measure
for a sample path [GR&E].

As a higher rank analogue of critical exponent, Quint introduced the notion of
growth indicator on I" [Qui02b]. Fixing any norm ||-|| on a, the growth indicator of
T is the function ¢r : a — RU{—o0} defined as follows: for u # 0,

Yr(u) = |jull ég£ critical exponent of s — ;e_‘q““(”)“
gl

where the infimum is over all open cones in a containing u, and ¥r(0) = 0. A
functional ¢ € a* is tangent to the growth indicator of I' if ¢ > ¢r on a and there
exists non-zero u € at with ¢(u) = ¢r(u).

Theorem 12.7. If i is a coarse ¢-PS measure for I' on F of dimension § and the
measures v, |4 are not singular, then:
(1) super [da(id,v) — 66(k(7))| < +oo. In particular, > cp e~ 00(r(M) =
+o00. Moreover, if u is a ¢-Patterson—Sullivan measure without coarseness,
then d¢ is tangent to the growth indicator of T'.
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(2) If dy, is a word metric on T' with respect to a finite generating set, (X,dx)
s the symmetric space associated to G, and xg € X, then the map

aS (Fadw) = YTo € (X7dX)
18 a quasi-isometric embedding.

Proof. By [Kai00, Thm. 10.7] the space (F,v) is a Poisson boundary for (I',m)
and by [Kai00, Remark following Thm. 7.7], the space (9(T',P),1p) is a Poisson
boundary for (I',m). Hence there is an isomorphism f : (O(T', P), 1) — (F,v).

By assumption v = f,1q is not singular with respect to u. By Theorem I
is a coarse PS-measure in a PS-system which has magnitude function

v = o(k(7))-
Then by Theorem [7.1

sup |dg(id, ) — d¢(k(7))] < +o0,
vyel’

showing the first part of (1). Since > e 96097 = 400 by Theorem [11.1} we

have

Z e 99(r(7) — 4.

yel
Then [Qui02b, Lem. 3.1.3] implies that d¢(u) < ¢r(u) for some u # 0. Finally, if
i is a ¢-PS measure of dimension 4, then d¢ > ¢r by [Qui02a, Thm. 8.1] and so
d¢ is tangent to the growth indicator of I'.

To show (2), let S C T" be the finite symmetric generating set which induces d,,.

By [GT20l, Prop. 7.8] the Green metric is quasi-isometric to d,, and so there exist
a > 1 and b > 0 such that

a” dy(y1,72) = b < G(k(71 2)) < adw(y1,72) +b
for all v1,72 € I'. Then

duw(71,72) < ad(k(y; '72)) +b < allgll ||k(v1 'y2)|| +b=all¢] dx (710,720) + b
and
dx (M0, 7220) < Cdw(71,72)
where C' := maxes dx (zg, s20). So (2) follows. O

We now restate and prove Theorem [I.14]

Theorem 12.8. Suppose G has no rank one factor. Then v is singular to the
Lebesgue measure class on F.

Proof. Suppose for a contradiction that v is not singular to the Lebesgue measure
class on F. Let p be a K-invariant probability measure on F, which is in the
Lebesgue measure class. By [Qui02a, Lem. 6.3], p is a U-PS-measure for I of
dimension 1, where W is the sum of all positive roots. Hence, by assumption and
Theorem [12.7] we have
U (u) = tr(u)

for some non-zero v € at. On the other hand, since G has no rank one factor
and T is relatively hyperbolic, I" cannot be a lattice in G by [Hae20]. Hence, by
([Qui03, Thm. 5.1], [LO24, Thm. 7.1]), ¢r < ¥ on at \ {0} and so we have a
contradiction. (]
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Corollary 12.9. If T is word hyperbolic (as an abstract group) and contains a
unipotent element of G, then v is singular with respect to every coarse Iwasawa
PS-measure on F.

Proof. Suppose for a contradiction that v is non-singular to some coarse ¢-PS
measure p of dimension §. Fix a word metric d,, on I' with respect to a finite
generating set and x¢p € X. By Theorem the map

v e (I, dy) = vxo € (X,dx)

is a quasi-isometry. However, if 4 € I is a unipotent element of G, then

1
lim —dx(u"zg,29) =0

n—oo n
while
im ~ dy(u”,id) > 0
n—oo N
since T" is word hyperbolic and u € T has infinite order (hence is loxodromic). So
we have a contradiction. d

13. PSEUDO-RIEMANNIAN HYPERBOLIC SPACES

In this section we prove Theorem from the introduction. Throughout the
section we will freely use the notation introduced in Section
Let [-,-]p.4+1 denote the symmetric bilinear form on RPT7H! defined by

[V, Wp,g41 = V1wt + -+ + VpWp = Vpp1Wpa1 — -~ Upgg i1 Wptgt1-

Then let O(p, ¢+ 1) < GL(p + ¢ + 1,R) denote the group which preserves [-, ] 4+1
and let PO(p,q + 1) < PGL(p + ¢ + 1,R) denote its projectivization.
The associated pseudo-Riemannian hyperbolic space is

HPY = {[v] € P(RPTITY) : [v, 0], 401 < 0}
By studying the action on H”?, Danciger-Guéritaud—Kassel [DGK18| introduced
convex cocompact subgroups of PO(p, g+ 1).
A subset of P(RFT?TY) is properly convez if it is bounded and convex in some

affine chart of P(RPTITY). A non-trivial projective line segment is a connected
subset of a projective line that contains more than one point.

Definition 13.1. [DGKIS] A discrete subgroup I' < PO(p,q + 1) is H”?-convex
cocompact if there exists a convex subset C C HP*? such that

e C is closed in HP?, has non-empty interior, and the set of accumulation
points 9; C in OHP'? contains no non-trivial projective line segments,
e C is I-invariant and the quotient I'\ C is compact.

As mentioned in the introduction, Glorieux—Monclair [GM21] introduced a crit-
ical exponent dgr.a(T') for a HP?-convex cocompact subgroup I' < PO(p, ¢+ 1) and
proved that

(32) (5Hp,q (F) S p— 1.
In this section we prove Theorem which we restate here.

Theorem 13.2. IfT" < PO(p,q+1) is H"?-convex cocompact and dgr.a (T') = p—1,
then I' preserves and acts cocompactly on a totally geodesic copy of HP in HP9.
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When I' < PO(p, g + 1) is H??-convex cocompact, results of Carvajales [Car20l
Remarks 6.9 and 7.15] and Sambarino [Sam24, Prop. 3.3.2] imply that

Opr.a (T) = 6, (T).
where w; is the fundamental weight associated to a; and 4, (T") is the critical
exponent associated to w; (for definitions see Sections and [9.3)).

Let d :=p+q+ 1. Since wi(k(g)) = wg—1(x(g)) for all g € PO(p,q+ 1), we then
have

(33) Bigna (1) = by (T) = 8,(T)
where 1) := %(wl + Wd—1)-

13.1. The Anosov property and negativity of the limit set. In the argu-
ments that follow we will need some results from [DGK24| [DGKIS8|] about convex
cocompact subgroups in PO(p, g + 1).

For the rest of the section suppose that T' < PO(p, ¢+1) is H”*?-convex cocompact
and suppose that C satisfies Definition Let d:=p+q+1.

By [DGK24| Thm. 1.24], T' < PO(p,q + 1) is Py 4_1-Anosov and by [DGK24]
Thm. 1.15 and Lem. 7.1]

Ay g1 (D) = {(z,2F) : 2 € 6,C}

where z is the orthogonal complement with respect to [, Jp.g+1-
Let C ¢ RPT™! be a convex cone above C and let A C RPT7T! he the cone above
0; C contained in the closure of C. Any element v € I lifts to a unique element

€0, q+1)
which preserves C. By uniqueness, the map
(34) yel = 7(y) =%

is a injective homomorphism.

Theorem 13.3. [DGK24] Ifz € A and y € CUA are not collinear, then [z, y]p 411 <
0.

Proof. By [DGK24, Thm. 1.24] we have [z,9]p 41 < 0 when z,5 € A are not
collinear. In the case when z € A and y € C, [DGK24, Lem. 11.4] says that
[%,Y]p.q+1 # 0. Then, since y can be continuously deformed to a point in A\ RY .z,

we must have [z,y], 11 < 0. O

13.2. Patterson—Sullivan measures and Hausdorff dimension. Suppose I' <
PO(p,q + 1) is HP"?-convex cocompact. As before, let d :=p+ ¢+ 1 and
1
Y= §(w1 + wg—1)-

Since I' is P1,q—1-Anosov and ¢ € aj ; ;, there is a unique ¥-PS measure fiy for
' supported on Ay g—1(I") of dimension ¢ := §,(I"), see Theorems and Let
y be the push-forward of fiy, under the homeomorphism Aj g—1 (') — A1 (T).

Fix a distance dp on 9 H?'? induced by a Riemannian metric and let H° be the
associated §-dimensional Hausdorff measure.

Proposition 13.4. There exists C > 1 such that ju,(A) < CH’(A) for any Borel
measurable set A C A1(T).
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The rest of the subsection is devoted to the proof of Proposition [[3.4] We will
use results in [DKO24] to prove the proposition. Alternatively, one could use results
in [GM21] or [GMT23].

Define a distance-like function dy on A;(T") by

. 4, .
da(,y) = (sinZ(a,y) " (sin 2 (y.25))

(in the notation of [DKO24] this is dy, see [DKO24] Def. 5.1, Lem. 10.4]).
For x € A1(T") and r > 0, let By(z,7) := {y € A1(T) : da(x,y) < r}. Then
by [DKO24, Thm. 8.2], there exist C; > 1, ro > 0 such that

(35) Cflr‘S < pyp(Ba(z, 1)) < Cyr?
for all x € A1(T") and r € [0, 7).
Lemma 13.5. There exists Cy > 0 such that dy < Codp on Aq(T).

1/4

Proof. One can show that

and so o
(el ) = R

Further, we can fix € > 0 such that
dp([v], [w]) = emin{[lv —w]], [lv = (=w)|, [[(=v) = wl, [[(=v) = (=w)]|}
when v, w € SP7! x S,

Now fix v = (v1,v2),w = (w1, wy) € S~ x S? with [v], [w] € Ay(T). Then

|[U7w]p,q+1‘1/2 1 1/2
da([v], [w]) = W =3 [[v—w,v—w]pgt1]

_ 1 \/
S 2
Since v, w were arbitrary lifts of [v], [w] in S?~! x S, we have

da([v], [w]) < e dp([u], [w]). O

For x € OHP? and r > 0, let Bp(z,r) := {y € OH? : dp(z,y) < r}. Then the
previous lemma implies that
Bp(z,r) N A(T') C By(z, Cor)
for all x € A1(T") and r > 0.
Now we are ready to prove Proposition [13.4]

Proof of Proposition[13.4 Suppose A C A;(T') is a Borel measurable set. Fix
{Zn}ner COHP? and {r, }ner C (0, ﬁro} such that

AC U BIF“(znaTn)-

nel

1
2 2
lor = wi]l™ = flvz = we|”| < 5 Jlo —w].

We can assume that for every n € I there exists y, € A1(T') N Bp(xp, ). Then

A | Balyn,2Corn).
nel
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Hence by Equation (35),
pp(A) < gy (Ba(yn, 2Carn)) <> C1(2C2)°r),.
nel nel
Thus Hap § 01(202)67{6. O
13.3. A second Patterson—Sullivan measure. As in the previous subsection,
fix a distance dp on O HP? induced by a Riemannian metric and let %! be the
associated (p — 1)-dimensional Hausdor{f measure.

In the next result let pr : F; ,(RPT4H) — P(RPTITY) denote the natural projec-
tion.

Proposition 13.6. Suppose that T' < PO(p, g+ 1) is H”?-convexr cocompact. Then
HP~H(A1(T)) < +o0. Moreover, if HP~'(A1(T)) > 0, then there exists an HP~'-a.e.
defined measurable T-equivariant map ¢ : A1(T') — F1 ,(RPTIY such that

(1) pro ¢ =idy, ), and
(2) mg* (HP~" |a,r)) is @ coarse (pwi — wy)-PS measure for T' of di-
mension 1.

The first assertion is well-known and the “moreover” part is very similar to [PSW23|,
Prop. 6.4] (which considers Anosov groups whose limits are Lipschitz manifolds).

Proof. Suppose I' < PO(p, g + 1) is H??-convex cocompact. First observe that the
map

PSP xS gHP

O(v, w) = [(v,w)]
is a smooth 2-to-1 covering map. Let A’ := ®~1(A{(T)). Theorem implies that
(36) (v1,v2) < (w1, wa)
for all (vy,w1), (ve,ws) € A.
Observation 13.7. The projection (v, w) — v is 1-to-1 on A’.
Proof. If (v,w1), (v,wz) € A, then Equation implies that

1= (v,0) < (w1, wa) < Jwr lwe] = 1.

So by the equality case of Cauchy—Schwarz we must have w; = ws. ([

Then there exists a closed set D € SP7! and a function f : D — S? such that
N ={(z, f(z)): z € D}.

By Equation ,

(z,y) < (f(2), f(y))
for all x,y € D. Hence

1 (@) = f)Il < llz—yll
for all x,y € D. This implies that A’ is bi-Lipschitz to D. Since ® is smooth,
HPH(AL(T)) < +o0.
Now suppose that H?~'(A;(T')) > 0. Since there exists an onto Lipschitz map
D — Ay(T), the set Ay(T') is (p — 1)-rectifiable. Then HP '-a.e. x € Ay(T) has a
well-defined tangent plane T, A;(T'), see Appendix [Al For such z, let V,, ¢ RPTIH!
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be the p-dimensional linear subspace containing x with T,, P(V,) = T, A;(T"). Then
define a HP*-a.e. defined measurable map ¢ : Ay(T') — F; ,(R?) by

((z) = (, Va).
Since tangent planes are Hp B —a.e. unique, we can assume that ¢ is F—equivariant.
Let v := By the coarea formula (Equation ([40])

Hp—1 Al(r))g* T (F))
and Observation h [A71] in Appendix [A] there exists C' > 1 such that for every v € T
the measures v,v, v are absolutely continuous and

L —or—)(B1,0 P < ?(F) < CoPo1=wn)(Biolr W F) o)
v

Hence the measure v is a coarse (pwi — wp)-PS measure for I' of dimension 1. O

13.4. The proof in the strongly irreducible case. We prove the main theorem
(Theorem [13.2)) in the strongly irreducible case.

Proposition 13.8. If T' < PO(p,q + 1) is H”?-convex cocompact, strongly irre-
ducible, and dgr.«(T') = p—1, then ¢ = 0 and T is a uniform lattice in PO(p,q+1) =
PO(p,1).

Proof. Fix a distance dp on dHP? induced by a Riemannian metric and let H?~*
be the associated (p — 1)-dimensional Hausdorff meabure
Let py be as in Section m By Equation (33), 64(I") = dmr.«(I') = p —1, so

Pr0p051tlonn implies that #P~*(A;(T)) > 0. So by Proposition there exists
a HP'-a.e. defined measurable T-equivariant map ¢ : Ay (T) — F; ,(RPT9T) such
that

(1) pro¢ =idy, (), and

(2) v:= mg ('Hp_l |a,(r)) is a coarse (pwi — wy,)-PS measure for I' of

dimension 1.

By Proposition ¢ is also py-almost everywhere defined and
Cat oy L V.

By Proposmonu Ity is part of a well-behaved PS-system with magnltude function

g ¢(k(g)) = wi(k(g)). By Proposition[9.17 and Theorem [9.11] v is part of a PS-
system with magnitude function g — (pwi — wp)(k(g)). Since I' is Py q—1-Anosov,

it follows from Theorem [0.7] that
T e (Do) = g,
gel

Thus by Theorem

(37) (P — Dwi(A(g)) = (pw1 — wp)(A(g))
for all g € ', where A(g) = lim,,,o k(¢g™)/n is the Jordan projection of g.
Recall that
A(g) = (log A1(g), -+ ;1og Apsg+1(9))
where A\1(g) > -+ > A\g(g) are the absolute values of the generalized eigenvalues of
some (any) representative of g in GL(d, R) with determinant +1.

Lemma 13.9. Ify €T, then \j(y) =1 for j=2,...,p+q.
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Proof. Let r := min{p, q + 1}. Since v € PO(p, ¢ + 1), the eigenvalues satisfy
2 (1) = Apygra—i (1)
N(y)=1 forj=r+1,....,d—r.
In particular, A;(y) > 1 for 2 < j < p. Then
(pw1 —wp)(A(7)) = plog A (7) —log (A1 (7) -+~ Ap(7))
= (p— Dlog M (7) —log (A2(7) -+ Ap(7))
< (p—1log Ai(y) = (p = Dwi(A(9))-

So Equation implies that A;(y) = 1 for j = 2,...,p. The same reasoning
applied to y~! shows that A\j(y) =1for j =p+gq,...,q+ 2. Since

AM(y) > > /\p+q+1(7)7
we have A\j(y)=1forj=2,...,p+¢q O

forj=1,...,r

Hence for every v € I' we have

Aa(7) == Xprq(y) = 1.

Since I' is strongly irreducible, this eigenvalue condition implies that I' has a finite
index subgroup which is conjugate to a Zariski dense subgroup of POq(p + ¢, 1),
see Observation in Appendix [B] Since I' is also a subgroup of PO(p, ¢+ 1), we
must have ¢ = 0.

Since ¢ = 0, T' is a convex cocompact subgroup of PO(p,1) in the classical
real hyperbolic geometry sense. Since dyp.0 (') = p — 1 coincides with the classical
critical exponent from real hyperbolic geometry (by definition, see [GM21])), a result
of Tukia [Tuk84] implies that I" is a uniform lattice in PO(p, 1). O

13.5. Reducing to the strongly irreducible case. In this subsection we explain
how to reduce to the strongly irreducible case.
Suppose T'y < PO(p,q + 1) is H”?-convex cocompact and has connected
Zariski closure. Let 7: Ty — SL* (p+ g+ 1,R) be a lift as in Equation .
Let
U := Span A1 (T)
and
Vi=UnN ﬂ zt=Un ﬂ zt
z€A1(To) z€P(U)
(here a1 is the orthogonal complement with respect to [-,]p.4+1). Then fix sub-
spaces V5, V3 such that U = Vi @ V5 and

RFHFL U Va=Vi® Vad Vs.

By construction, any element of I'y is upper triangular relative to the decompo-
sition RPTIF! — V1 @& Vo @ V3 and so we can define representations

pi : To = GL(V})

such that for every v € I'g we have

p(y)  * *
(=1 0 p2y) =
0 0 p3(v)

relative to the decomposition RPTI = Vi @ Vs @ Vs.
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Let ps : T'g — PGL(V3) be the projectivization of ps. It follows from [GGKWIT7,
the proof of Prop. 4.13] that p2(I'g) C PGL(V2) is irreducible, P;-Anosov, and

Mlp2() ()
(38) Adimva (02(7))  Aptar1(7)

for all v € T'y. Moreover, if 7w : V3 & Vo — V5 is the projection, then the map
x € Al(rg) — W(ZE) € ]P)(‘/Q)

is a homeomorphism onto Aj(p2(T0)).
By the definition of V7,
(39) [p2(7)v; p2(V)W]p,g41 = [V, Wp g4

for all v,w € V5 and v € T'.

Since T'g has connected Zariski closure, so does pa(T'g). Thus any finite index
subgroup of p2(T'g) has the same Zariski closure and hence is irreducible. So p2(Tg)
is strongly irreducible.

Lemma 13.10. The linear subspace
Vaull.— {y € Vo« [v,w]pgr1 = 0 for all w € Va}
is trivial.
Proof. Equation implies that the linear subspace Vi is po(I'p)-invariant.
Hence by irreducibility, V" = {0} or Viull = V5.

Fix z,y € A1(Tg) distinct. By Theorem we can lift 2,y to &, € RPTIH
such that [Z, §]p.q+1 < 0. We can also write & = x1 + 2 and § = y; + ya relative to
the decomposition U = V; @ V. Then

0> [Z,9lpgt1 = [21 + 22,91 + Y2lp.gr1 = [22,92]p.g41-
Hence zo,y2 ¢ V3" and so V3! is trivial. (]

Thus [-,]p,q+1 restricts to a non-degenerate symmetric 2-form on V5. So there
exist p’, ¢’ such that 0 < p’ <p and —1 < ¢’ < ¢, and an isomorphism

T:Vy — RV HH]
such that
(T(0), T(w)lp g1 = [V, W]pg+1
for all v,w € V. Let ® : PGL(V2) — PGL(p' + ¢’ + 1,R) be the representation
®(g) = [T o go T~]. Then Equation implies that
I":= ®(pa(Ty)) < PO(p',¢" + 1).
Since pa(Tg) is P1-Anosov, IV is non-compact. Hence we must have p’ > 0 and

q > —1.

Proposition 13.11. IV := ®(p2(Ty)) s HP 9 -conver cocompact, strongly irre-
ducible, and

Oggp 0t (I") = Omp.a (To).
Moreover, p’ < p and
dimV; <p-—p'.
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Proof. The strong irreducibility of IV follows from the strong irreducibility of p2(T).
We first verify that I is HP _convex cocompact. By [DGK24, Thm. 1.24], it
suffices to show that A;(T) lifts to a cone in RP' 441 where [-,-]pr,g+1 is negative
for every pair of non-collinear points.

Recall that 7 : V] & Vo — V5 was the projection and Aq(p2(To)) = 7(A1(To)).
Fix a cone A ¢ RPT9H! ahove A1(To) as in Section Then

A =Tr(A)
is a cone above A;(I"). Fix 2/,5' € A’ non-collinear. Then 2/ = Tn(z) and
y = Tr(y) for some non-collinear z,y € A. We can write x = 21 + z2 and

Yy = y1 + y2 relative to the decomposition U = V5 @ V5. Then

[y g = [T7(@), TT(Y)]pr g = [7(2), T(Y)]p.g+1 = [22, Y2lp,g1
= [z1+ 22,41 + y2lpgr1 = [2,Ylpg+1 <0
by Theorem So I' is HPY _convex cocompact.
Let [I'] and [I'] denote the set of conjugacy classes in I" and I'. Then by [Car20]
Remarks 6.9, 7.15],
1 1 A ()
St (I7) = 1 —1 I'":=log———"“" _ <R
(1) = Jim, log# {1 € ) 1o 5210 <
and
1 1 A
Omr.a(T) = lim — log # {['y} €[l]: zlog 1)
R—oco R

Al R} |
2 Apta+1(7)
So by Equations ,
8o (I') = Or.a (T).

For the “moreover” part, notice that [-, -], 4+1 is positive semidefinite on W :=

& T’l(RPI ®{0gq'+1}) and hence
W N ({0gr} x RTTH) = ().
Thus
dimVi +p' =dimW < (p+q¢+1)— (¢+1) =p. O

13.6. Proof of Theorem We can now prove the theorem in full generality.
Suppose I' < PO(p, g+1) is H??-convex cocompact and dgr.« (I') = p—1. Fix a finite

index subgroup I'y < I' with connected Zariski closure. Then I'g < PO(p,q+ 1) is
HP-9-convex cocompact,

bmra(Lo) = dmra(I') = p — 1,
and
A1(Tg) = A ().

Let RPT = v, @ Vo @ V3 and TV < PO(p/,¢ + 1) be as in Section m
Then by Proposition[13.11]and Glorieux—Monclair’s [GM21] upper bound on critical
exponent,

p— 1= 61[{17’,41’ (FI) < pl -1
So by the “moreover” part of Propositiolgjli’)T_ll, we have p’ = p and V; = {0}.

Since 0y, o (I") = p’ — 1, Proposition [13.8|implies that ¢' = 0 and I" < PO(p’, 1)
is a cocompact lattice. Since V4 = {0}, we see that I'g preserves YV := P(V,) N HP.
Since ¢’ = 0, we see that Y is a totally geodesic copy of HP. Since IV < PO(p/,1) is a
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cocompact lattice, 'y acts cocompactly on Y. Since I'g preserves Y = P(Vo) NHP'?,
we have

A (T) = A1 (T) C P(Va)

and hence I" also preserves Y. ([

Part 3. Appendices
APPENDIX A. RECTIFIABLE SETS

In this appendix we record some basis properties of rectifiable sets that are used
in the proof of Theorem For more background see [Fed69, Sect. 3.2].

A.1. The Euclidean Case. Let #* denote the k-dimensional Hausdorff measure
induced by the Euclidean metric on R?. A subset E C R? is k-rectifiable if H* (E) <

400 and there exists a countable collection of Lipschitz maps f; : U; — R? defined
on bounded subsets U; C R* such that

HE (E ~U f(Ui)> =0.

(This is called (H*, k)-rectifiable in [Fed69].)

If E ¢ R? is k-rectifiable, then for H"-a.e. 2 € E there exists a unique k-
dimensional subspace T, F, called the approzimate tangent plane of E at x, such
that

1
1i\r‘% rfk"Hk (ENBp(x) ~{y 1 dpa(y,x + ToE) < ely —z|}) =0
for all € > 0, see [Fed69, Thm. 3.2.19].
Let ej,...,eq be the standard basis of R and for k > 1 let ||-|| \x ga be the norm
induced by the inner product on AF R? where {e;, A- - -Ae;, } is an orthonormal basis.

Given a linear map A4 : R? — R? and a k-dimensional subspace V = (V1,0 V),
let

J(A, V) — HA(Ul A A ’Uk)H/\k R4 )
lor A= A vkl yr ga

Suppose E C R? is k-rectifiable with ’Hk(E) > 0, U is a neighborhood of F, and
p:U— R? is a diffeomorphism onto its image which induces a homeomorphism of
E — E. Let v := H" |5. As a consequence of the coarea formula, see [Fed69, Cor.
3.2.20], the measure v, g, are absolutely continuous and

dp.v

(40) i

= J(d(p ) (z), TLE) v-ae.

A.2. The manifold case. Next suppose that (M,dj) is a Riemannian d-manifold
and let ¥ denote the k-dimensional Hausdorff measure induced by the Riemannian
distance on M. One can define k-rectifiable subsets £ C M exactly as in the
Euclidean case. Moreover, if E C M is k-rectifiable, (U, ) is a coordinate chart,
and U’ C U is a relatively compact set, then the set

Y({U' NE) c R?
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is a k-rectifiable subset of RY. Thus for H*-a.e. 2 € E there exists a unique k-
dimensional subspace T, C T, M, called the approzimate tangent plane of E at
x, such that
1
l.i{% TT;Hk (ENBp(x)~{y : dp(y,exp, (T ENO)) <ely—z|}) =0

for all sufficiently small € > 0 and sufficiently small neighborhood O of 0 in T, M.

A.3. The Iwasawa cocycle. In this subsection we consider transformations of
projective spaces and make a calculation that is used in the proof of Theorem
In this section we write || - || := || - ||ge for the standard Euclidean norm on R®.

Let hg denote the O(d)-invariant Riemannian metric on P(R?) scaled so that if
v e R? is a unit vector and w € R? is orthogonal to v, then

d
(41) Hdt [v+tw]|| = |w|.
t=0 ho
The metric ho induces a metric hj, on the bundle AT P(R?) — P(R?) where
{ui, A---Awug,} is an orthonormal basis of AFT, P(R?) whenever {u;, ..., uq} is an

orthonormal basis of T, P(R?). Then, given a linear map A : T, P(R?) — T, P(R)
and a k-dimensional subspace V' = (vy,...,v5) C T, ]P’(]Rd), let

A(vi A+ Aw
Sy I A A,

o1 A= Avglly,
Using the notation from Section we have the following.

Observation A.1. If v € PGL(d,R), z = [11] € P(RY), and V = (vy,...,vp41) €
Cry1(RY), then

log J (d(V)a; To P(V)) = (wht1 — (k + Dw1)(Brg+1(7, (2, V).

Proof. Let 4 be a representative of v in GL(d,R) with determinant +1. For each
y € P(RY), fix a unit vector v, with y = [v,]. Then define a linear isomorphism
7y iyt — T, P(RY) by

= — + tw].
Ty(U}) dt o [Uy ’LU]
By Equation 7
7y (wa) A= Ary(wi)lly, = llwyr A Awgl| e ga = [loy Awr A-- Awg]] i ga
where that last equality follows from the fact that v, is a unit vector and wy, ..., wy €
yT. Also, notice that ngyl\ = +v,, and so
v

1 - v
d(7)ymy(w) = £y <||’~W ”'yw — (Fw, Jvy) ||§/Uy|3> .
Y Yy

Modifying vy, . .., vr41 we can assume that v; = v, and vg, ..., vp1 € 2. Then

T, P(V) = (1x(v2), -, Tu(Vkt1)) -

Let
1 <~ ~ > oL
Wy = =7V — VU5, V) T3+
! ”'YUIH ! ! ’ ||'Wx||3
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Then, by the above formulas,

172 (v2) A -+ A To (V1) |, = v Avz A A v || i ga

and
Hd(V)x (Tx(vg) ARERWA Tm(vk+1)> Hh = [ITya(w2) A=+ A Tyg (W),
k
Y(v1 A Awv
_ ||v’y.r Awsy A --- /\wk+1|‘/\k+1 R = H'Y( 1 . ZIi)H/\kJrl Rd'
(S22
Since ||v1]| = 1, Equation implies the desired equality. O

APPENDIX B. EIGENVALUES AND CONJUGACY

In this appendix, we prove the following observation that was used in the proof
of Theorem [[3.2

Observation B.1. If d > 3, T' < PGL(d,R) is a strongly irreducible proximal
subgroup, and

Aa(y)=--=Xg1(y) =1

for all v € T, then T' is conjugate to a Zariski dense subgroup of POy(d —1,1) or
PO(d —1,1).

Proof. Let H denote the Zariski closure of I' and let HY < H denote the connected
component of the identity. By [BCLS15, Lem. 2.18], H? is a connected semisimple
Lie group with trivial center. By a theorem of Benoist [Ben97],

Ap(B) == Ag_a(h) =1

for all h € HY. Thus H° is a rank one non-compact simple group. Let X be the
symmetric space associated to H? and let p : H® — Isom(X) be the induced map.
Since H® has trivial center, p induces an isomorphism between H® and lsomq(X),
the connected component of the identity in Isom(X). Further, X is a negatively
curved symmetric space, the geodesic boundary has a Isom(X)-invariant smooth
structure, and there exists a p~'-equivariant smooth embedding ¢ : 0, X — P(Rd)
(for details about the construction of &, see for instance [ZZ24bl Sect. 4]).

Lemma B.2. X = H™ is real hyperbolic m-space, m = dim X .

Proof. Suppose v € Isom(X) is loxodromic, i.e. ~ has no fixed points in X and
has two fixed points 2% in 0, X. Then the eigenvalue condition implies that all
eigenvalues of the derivative d(7y) = : Tyt 0o X — Tyt 050X have the same modulus.
From the description of the negatively curved symmetric spaces in [Mos73, Chap.
19], this is only possible if X is a real hyperbolic space. O

Now we can identify Isom(X) with PO(m,1) and view p~! as an irreducible

representation of POg(m, 1), the connected component of the identity in PO(m, 1).
It then follows from the eigenvalue condition and the theory of highest weights (see
for instance [ZZ24al Lem. 10.4]) that m = d — 1 and H® = p=1(POy(d — 1,1))
is conjugate to POgy(d — 1,1). So, after conjugating, we can assume that H® =
POo(d —1,1).

Next let G be the normalizer of POg(d — 1,1) in PGL(d,R) and let 7 : G —
Aut(POg(d — 1,1)) be the map induced by conjugation. By Schur’s lemma, 7 is
injective. Further, 7|po(q—1,1) is onto. Hence H < G = PO(d — 1, 1). O
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