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ABSTRACT. In this paper, we prove two main theorems: conformal
measure rigidity and ergodicity of horospherical foliations, especially in
higher rank. Both theorems are new even for relatively Anosov groups.

First, we establish a higher rank extension of rigidity theorems of Sul-
livan, Tukia, Yue, and Kim-Oh for representations of rank one discrete
subgroups of divergence type, in terms of the push-forwards of confor-
mal measures via boundary maps. We consider a certain class of higher
rank discrete subgroups, which we call hypertransverse subgroups. It
includes all rank one discrete subgroups, Anosov subgroups, relatively
Anosov subgroups, and their subgroups. Our proof of the rigidity the-
orem generalizes the idea of Kim-Oh to self-joinings of higher rank hy-
pertransverse subgroups, overcoming the lack of CAT(—1) geometry on
symmetric spaces. In contrast to the work of Sullivan, Tukia, and Yue,
our argument is closely related to the study of horospherical foliations.

We also show the ergodicity of horospherical foliations with respect to
Burger-Roblin measures. This generalizes the classical work of Hedlund,
Burger, and Roblin in rank one and of Lee-Oh for Borel Ansov subgroups
in higher rank. Moreover, we describe the ergodic decomposition of
Burger-Roblin measures and Bowen-Margulis-Sullivan measures when a
given parabolic subgroup is minimal.
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1. INTRODUCTION

The celebrated rigidity theorem of Mostow [33] (see also Prasad [34,
Theorem B] for non-uniform lattices) states that if I' is a lattice of G =
Isom™ (H"), n > 3, then any discrete faithful representation p : I' — G
extends to a Lie group isomorphism G — G. The crucial part of Mostow’s
proof is that there exists a p-equivariant homeomorphism f : S*~1 — §*~1
which is quasiconformal.

Sullivan showed a rigidity theorem for discrete faithful representations of
a general discrete subgroup of G, extending Mostow’s rigidity theorem. Let
I' < G be a discrete subgroup and denote its limit set by Ap € S*~1. We
also denote the critical exponent of I by dr, which is defined as the abscissa
of convergence of the Poincaré series Zver e—s4(070) o ¢ H". We say that
I" is of divergence type if the Poincaré series diverges at s = dp. In this case,
there exists a unique dp-dimensional I'-conformal measure vp on S*~! and
it charges the full mass on the conical limit set, in particular vp(Ar) = 1
[39]. Sullivan’s conformal measure rigidity theorem is as follows:

Theorem 1.1 (Sullivan, [40, Theorem 5]). LetI' < G be a discrete subgroup
of divergence type and p : I' — G a discrete faithful representation such that
dpr) = Or. If p admits an equivariant continuous embedding f : Ap — Sn—1
an

Vo) <K favr

or some d i -dimensional p(I')-conformal measure vy, then p extends to
p(T) P p(T) p
a Lie group isomorphism G — G.

Later, Tukia [41, Theorem 3C] showed that the condition 6, = dr is not
necessary in Theorem[I.1] Since a quasiconformal homeomorphism preserves
the Lebesgue measure class on S?~!, Mostow’s rigidity theorem also follows
from Theorem[TI.1} Push-forwards of conformal measures via boundary maps
were also used in the rigidity theorem of Besson-Courtois-Gallot ([4], [5]).

Sullivan and Tukia’s proofs use the ergodicity of the geodesic flow with
respect to the Bowen-Margulis-Sullivan measure on the unit tangent bundle
of I'\H" to deduce the conformality of the boundary map f relying on the
negatively curved geometry of the real hyperbolic space. Generalizing this
idea, Yue extended Theorem to general rank one spaces [43, Theorem
Al.

In our recent series of work with Oh ([23], [22], [24]), we introduced a
new approach in the study of rigidity problems on a representation p of
a discrete subgroup (possibly with infinite-covolume), that is, considering
the self-joining of I' via p and relating to the higher rank dynamics of the
self-joining subgroup. Especially in [22], the conformal measure rigidity was
studied for representations of a rank one discrete subgroup into a simple
real algebraic group of general rank, whose orbit maps are extended to

IThe notation 1 < v means that v is absolutely continuous with respect to vs.
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Furstenberg boundaries. It recovers Theorem as well as the work of
Tukia and Yue.

Conformal measure rigidity in general rank. In this paper, we estab-
lish the conformal measure rigidity theorem for representations of discrete
subgroups of a general-rank simple real algebraic group. We consider a cer-
tain class of discrete subgroups, which we call hypertransverse subgroups.
This includes rank one discrete subgroups, Anosov subgroups, relatively
Anosov subgroups, and their subgroups.

We first introduce some terminologies and notations that we use through-
out the paper. Let G be a connected semisimple real algebraic group. Let
P < G be a minimal parabolic subgroup with a fixed Langlands decom-
position P = M AN where A is a maximal real split torus of G, M is the
maximal compact subgroup of P commuting with A and N is the unipotent
radical of P. Let g = LieG and a = Lie A. Fix a positive Weyl chamber
at < aand set AT = expa’. We fix a maximal compact subgroup K < G
such that the Cartan decomposition G = KATK holds. We use the nota-
tion p : G — a™ for the Cartan projection, defined by the condition that
g € Kexpu(g)K for g € G. We have the associated Riemannian symmetric
space X = G/K and write o = [K] € X.

Let IT denote the set of all simple roots for (g,at). As usual, the Weyl
group is the quotient of the normalizer of A in K by the centralizer of A in
K. We also denote the opposition involution by i : @ — a. It induces an
involution on IT which we denote by the same notation i. Throughout the
paper, we fix a non-empty subset

0 C II.

Let ag = () emr_g ker a and let py : a — ay be the unique projection, invari-
ant under all Weyl elements fixing ay pointwise. We write g := pg o p. Let
Py be the standard parabolic subgroup corresponding to 6 (our convention
is that P = Ppr) and consider the f-boundary:

Fo = G/Pp.

We say that £ € Fy and 1 € Fj) are in general position if the pair (£,7)
belongs to the unique open G-orbit in Fy x Fjg) under the diagonal action
of G.

Conformal measures. Denote by a; = Hom(ay, R) the space of all linear
forms on ag. For 9 € aj and a closed subgroup A < G, a Borel probability
measure v on Jy is called a (A, )-conformal measure (with respect to o €
X) if

dg.v

dv
where g,v(D) = v(g~1D) for any Borel subset D C Fy and ﬂg denotes the
ag-valued Busemann map (Definition . By a A-conformal measure, we

&) = P BE99)  for all geAand €€ Fy
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mean a (A, v)-conformal measure for some v € aj. The linear form ¢ plays
a role of dimension of v.

We say that a (A, )-conformal measure v on Fy is of divergence type
if ¥ is (A, 9)—prope and deA e ¥wel9) = oo. The (A,6)-properness
hypothesis guarantees that the abscissa of convergence of the Poincaré series
deA e—s%(10(9))  which we denote by 0y, is well-defined.

Hypertransverse subgroups. Let I' < G be a Zariski dense discrete sub-
group. We denote by A? := AIQ C Fp the limit set of I' in Fy, which is the
unique I-minimal subset of Fy (Definition . A discrete subgroup T is
called #-transverse if

o I' is f-regular, i.e., liminf,cr a(pp(y)) = oo for all a € #; and
e T is G-antipodal, i.e., any two distinct &, 17 € A are in general
position.

Most of the known examples of transverse subgroups come with nice actions
on Gromov hyperbolic spaces. In this regard, we consider the following
subclass:

Definition 1.2. A #-transverse subgroup I' < G is called 0-hypertransverse
if there exists a proper geodesic Gromov hyperbolic space Z such that

e [' acts on Z properly discontinuously by isometries;
e there exists a ['-equivariant homeomorphsim

AZ — A°
where AZ is the limit set of I' in the Gromov boundary 9Z.

Example 1.3. As mentioned before, any subgroup of an Anosov or a rela-
tively Anosov group (Definition [1.7]) is hypertransverse. Indeed, when T is
a subgroup of an Anosov group I'g, we can take Z to be the Cayley graph
of I'y. For a subgroup I' of a relatively Anosov group Iy, we can set Z to
be the Groves-Manning cusp space of I'g.

It seems that most transverse subgroups are hypertransverse. We do not
know of an example of a transverse subgroup which is not hypertransverse.

Rigidity theorems. Let GG, G2 be connected simple real algebraic groups.
Let 6; and 0 be non-empty subsets of the set of simple roots of G1 and Go
respectively. Here is our main rigidity theorem:

Theorem 1.4 (Conformal measure rigidity). LetI' < Gy be a Zariski dense
01 -hypertransverse subgroup. Let p : I' = Go be a Zariski dense Hg—regulmﬂ
faithful representation with a pair of p-equivariant continuous embeddings

24 linear form 1 € ag is called (A, 6)-proper if ¢ o g : A — [—£,00) is a proper map
for some € > 0.
3i.e. p(I) is Ba-regular
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f:A% — Fo, and f; : Ai01) Fi(9,)- If there exists a I'-conformal measure
vr of divergence type such that

Vpry < furr

for some p(I')-conformal measure v,ry, then p extends to a Lie group iso-
morphism G1 — Go.

Remark 1.5. We emphasize that there is no additional assumption on the
conformal measure v, and its associated linear form, such as (p(I'),62)-
properness. Moreover, we do not assume that the image p(I") is transverse.

We note that if a p-equivariant map A% — Fy, exists, then it is unique
(Lemma . We also note that if 1) € ag is (I',01)-proper and the asso-
ciated Poincaré series diverges at dy, then there exists a unique (I', §y))-
conformal measure on Fp, and has support A% ([13], [26]).

When rank G; = 1, a I'-conformal measure v is of divergence type if
and only if I is of divergence type and v is the dp-dimensional I'-conformal
measure. Hence Theorem generalizes Theorem as well as the work
of Tukia [41] and Yue [43] in the case that rank Gy = 1, and the work of
Kim-Oh [22] for general Gb.

We also show the following:

Theorem 1.6 (Singularity between conformal measures). Let G be a semisim-
ple real algebraic group and I' < G be a Zariski dense 0-hypertransverse
subgroup. Let v be a (T, 4)-conformal measure of divergence type. Then for
any (T',4")-conformal measure v' with ' # 1, we have

V& .
In particular, if V' is further assumed to be of divergence type, then
/
v L.

Theorem also follows from the work of Lee-Oh [32] and of Sambarino
[37] when I' is 6-Anosov. Recently, Blayac-Canary-Zhu-Zimmer [6] showed
a related result on singularity /absolute continuity between two Patterson-
Sullivan measures in a more abstract setting, assuming that they are sup-
ported on the limit set.

Relatively Anosov subgroups. Theorem and Theorem apply to
any Zariski dense subgroup I' of a relatively Anosov subgroup A (see Ex-
ample . The notion of relatively Anosov subgroups (resp. Anosov sub-
groups) was introduced as a higher rank extension of geometrically finite
subgroups (resp. convex cocompact subgroups); see ([28], [17], [21], [16],
[12], [A4).

Definition 1.7. Let A < G be a f-transverse subgroup and P a finite
collection of subgroups in I'. We say that A < G is #-Anosov relative to P
if A is a hyperbolic group relative to P, and there exists a A-equivariant
homeomorphism from the Bowditch boundary (A, P) to A%. When P = 0),
A is called #-Anosov.
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Rigidity of transverse representations. We also consider a conjugate
between two transverse representations, which can be regarded as a defor-
mation between them. Let (Z,dyz) be a proper geodesic Gromov hyperbolic
space. Let A < Isom(Z) be a subgroup of isometries of Z acting properly
discontinuously on Z. We denote by Ag C 07 its limit set in the Gromov
boundary.

For i = 1,2, let GG; be a simiple real algebraic group and p; : A — Gj
a Zariski dense 6;-transverse representation, in the sense that p;(A) < G;
is a 6;-transverse subgroup and that there exists a p;-equivariant homeo-
morphism f; : Ai — Af}i( A) We set T'; := p;(A). Then the isomorphism
pi=p20 p1|1?11 conjugates two representations p; and pa:

I'y

02\,\1-,
2

The following is an immediate consequence of Theorem where f is the
p-boundary map:

Theorem 1.8. Let p : 'y — I's be a conjugate between two Zariski dense
transverse representations p1 : A — 't and po : A — I's. Suppose that p
does not extend to a Lie group isomorphism G1 — Ga. For any I'1-conformal
measure vy of divergence type and I's-conformal measure va,

1) ﬁ f*Vl.
In particular, if vo is further assumed to be of divergence type, then
1) 1 f*Vl.

In other words, we have the following rigidity theorem for transverse rep-
resentations:

Theorem 1.9. If there exist a I'1-conformal measure v1 of divergence type
such that

vy K f*Vl
for some I's-conformal measure vo, then p extends to a Lie group isomor-
phism G1 — Gs.

Ergodicity of horospherical foliations. The horospherical foliation H of
the unit tangent bundle T!(H?) is a collection of horospheres stable under
the geodesic flow. This can be identified as follows:

H = OH? x R = PSLy(R)/N

01
PSLa(R), the I'-action on # is ergodic with respect to the Haar measure

where N = {(1 S) 1S € ]R}. Hedlund showed that when IT' is a lattice in
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[19]. Later, Burger [10] proved that any convex cocompact I' < PSLg(RR)
with dp > 1/2 acts ergodically on H with respect to the measure

e‘srtdypdt

where dvr is the unique dp-dimensional I'-conformal measure on OH? and
dt is a Lebesgue measure on R. This measure on H = OH? x R is called the
Burger-Roblin measure which we denote by m?R. Roblin extended these
results to a more general setting:

Theorem 1.10. [36, Corollary 2.3] Let (X, d) be a proper CAT(—1)-space
and I' < Isom(X) a discrete subgroup. Suppose that Z'yer e~0rd(070) = oo
and the length spectrum of T" is non—arithmeticﬂ. Then the T'-action on the
horospherical foliation of X with respect to m?R is ergodic.

When X is a rank one symmetric space, the length spectrum of any non-
elementary discrete subgroup I' < Isom(X) is non-arithmetic [27]. Hence
Theoremimplies that any discrete subgroup I' < Isom(X) of divergence
type acts ergodically on the horospherical foliation of T!(X) with respect
to the Burger-Roblin measure.

We extend Theorem to higher rank settings. In the rest of the in-
troduction, let G be a connected semisimple real algebraic group and fix a
non-empty 6 C II. We then have the Langlands decomposition Py = NySyAg
where Ay = exp ag, Sy is an almost direct product of a semisimple algebraic
group and a compact central torus, and Ny is the unipotent radical of Fp.
The 6-horospherical foliation is defined as

Ha = .7:9 X g = G/N@S@

analogous to the rank one setting. Since Ay normalizes NySy, it acts on Hy
on the right by multiplication (see (10.1)).

Let ' < G be a discrete subgroup and v a (I, )-conformal measure
on Fp. The Burger-Roblin measure associated to v is a I'-invariant Radon
measure on Hy defined as

dmBR (&, u) = e?Wdu(&)du
where du is the Lebesgue measure on ag. Note that
suppm,™ = {(¢,u) € Hg : £ € suppv}.

Here is a higher rank version of Theorem relating the ergodicity of
(Hy, T, vBR) with the divergence of the v-Poincaré series:

Theorem 1.11. Let I' < G be a Zariski dense 0-hypertransverse subgroup.
For any I'-conformal measure v of divergence type,

the T'-action on the horospherical foliation (Hg, mVBR) s ergodic.

4The non-arithmeticity of the length spectrum means that the set of all lengths of
closed geodesics in I'\ X generates a dense subgroup of (R, +).
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Horospherical actions on I'\G. Considering the case § = II, we have
N1 = N and Sp = M, and hence

Hi = G/NM.

By the Iwasawa decomposition G = K AN = K P, the Furstenberg boundary
F is identified with K /M. For a (T',1)-conformal measure v on F, we denote
by © the M-invariant lift of v to K. We then define the following ['-invariant
measure on G: for g = k(expu)n € KAN,

(1.1) dinBR(g) := e*™dp(k)dudn

where dn is the Haar measure on N. The measure mmER is the N M-invariant
lift of mB® to G, and induces the measure on I'\G which we also call the
Burger-Roblin measure and denote by /PR, abusing notations.

We consider the horospherical action on (I'\G,mER), given as the right
multiplication by NM. Since any conformal measure of divergence type is
supported on the limit set [26, Theorem 1.5], Theoremcan be rephrased
as follows in this case:

Theorem 1.12. Let I" < G be a Zariski dense II-hypertransverse subgroup.
For any I'-conformal measure v on F of divergence type,

the N M-action on (I\G,mER) is ergodic.
In particular, for mBR-a.e. x € T\G, we have
tNM = {[g] e T\G : gP € A"}

Theorem [1.12] applies to the images of cusped Hitchin representations,
which are well-known examples of relatively II-Anosov subgroups (see [§]
and [11]).

Theorem and Theorem extend the work of Lee-Oh [32] on II-
Anosov subgroups. See also [29] for a certain unique ergodicity result of
Burger-Roblin measures for special types of II-Anosov subgroups.

Remark 1.13. Lee-Oh described the ergodic decomposition of the Burger-
Roblin and Bowen-Margulis-Sullivan measures on I'\G for a Zariski dense
II-Anosov subgroup I' < G [31]. In view of Theorem their argument
applies to Il-hypertransverse subgroups, and hence yields similar ergodic
decomposition theorems. See Theorem for a precise statement.

On the proofs. As mentioned before, Theorem [I.4 was proved by Kim-Oh
[22] when T is a rank one discrete subgroup and p is a certain representation
into a higher rank simple group. The major point of this paper is to extend
the proof of [22] to higher rank. Under the rank one assumption on I', the
symmetric space is CAT(—1), and hence Busemann functions and Gromov
products behave nicely enough. However, when I' is of higher rank, the
symmetric space is neither negatively curved nor CAT(—1), and hence it
requires additional ideas to prove Theorem in this generality. Even
under the hypertransverse hypothesis on I', it only admits an action on a
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Gromov hyperbolic space, and the coarse nature of the geometry of Gromov
hyperbolic spaces still presents several non-trivial difficulties in extending
previous works on the conformal measure rigidity [22] and the ergodicity of
horospherical foliations ([36], [32]).

In contrast to the proof of Sullivan, Tukia, and Yue, we consider the
self-joining of I via p : I' = G2 to prove Theorem

Lp = (id xp)(I) ={(y,p(7)) : v € T'},

a discrete subgroup of G := G1 x G3. As G1 and G2 are simple, p extends
to a Lie group isomorphism G — G2 if and only if I, is not Zariski dense
(Lemma . Hence we translate the rigidity question on p to the Zariski
density question on the self-joining I',. The idea relating dynamics of self-
joinings to rigidity problems in terms of boundary maps originates from the
work of Kim-Oh ([23], [24], [22]).

Asin [22], we let A := A; x Ay and A" := A] x AJ so that a:= Lie A =
a;Pag and at = af ® a; Denote by II = II; UIls the set of all simple roots
for (LieG,a™) and # = 6; U #. We have the 6-boundary Fy = Fy, x Fo,
and ag = ag, D ag,.

For a (T", 1)-conformal measure v of divergence type for ¢ € ay, , recall the
graph-conformal measure defined by Kim-Oh [22] which is the push-forward

v, = (id x f)sr.

As observed in [22], v, is (I',, oy)-conformal where o, € aj is defined by
oy (ur,ug) = Y (uyr) for (u1,u2) € ag, @ ag,.

The main technical ingredient of the proof is to show that if I, is Zariski
dense, the essential subgroup Egp(l‘p) is the whole ag (Theorem . The

essential subgroup Egp (I'y) C ag is defined as the set of u € ay such that for
any € > 0 and a Borel subset B C Fyp with v,(B) > 0, the subset

BNyBN{¢ e Fy:||B(e,) —ul <e}

has a positive v,-measure for some v € I',. That El@,p (I'y) = ag implies the
singularity of v, among conformal measures of I',, and hence the singularity
of f.uv between p(I')-conformal measures (Proposition [3.8). Therefore, the
non-singularity between f,v and a p(I')-conformal measure forbids I', from
being Zariski dense and hence p extends to a Lie group isomorphism G| —
Go.

To show Elg,p (I'p) = ag, we first prove that the Myrberg limit sets of T’
and of the self-joining I', have full v and v,-measures respectively (Theorem
, only assuming that I' is a transverse subgroup. This is based on the
ergodicity of an appropriate one-dimensional flow obtained in [26, Theorem
10.2] and is new even for a transverse subgroup I

We then deduce Ele,p (I'y) = ag from the full v,-mass of the Myrberg limit
set of I', under the additional hypothesis that I' is hypertransverse. The
idea of this deduction is influenced by Roblin [36] in the CAT(—1) setting,
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by Kim-Oh [22] for self-joinings of rank one discrete subgroups, and by Lee-
Oh [32] dealing with Anosov subgroups with respect to minimal parabolic
subgroups. The fact that the visual metrics behave nicely in the CAT(—1)
setting was crucial in ([36], [22]). And the higher rank Morse Lemma was
heavily used in [32] to show that the visual metric defined in terms of the
higher rank Gromov product has the desired properties.

On the other hand, the coarse feature of a Gromov hyperbolic space does
not make visual metrics as good as in the CAT(—1) setting, and the higher
rank Morse lemma is not available in the generality of our setting. To
overcome this difficulty, we conduct a detailed investigation of the coarse
geometry in Gromov hyperbolic spaces to make the visual metric defined
on the Gromov boundary work in higher rank settings, together with a
simultaneous sharp-control on the other Busemann function on the higher
rank symmetric space (see Remark .

Finally, we deduce the ergodicity of the horospherical foliation for hyper-
transverse subgroups with respect to Burger-Roblin measures based on our
investigation on the essential subgroup.

Organization. In Section we review basic notions and properties of
semisimple real algebraic groups and their boundaries. In Section [3| we
introduce the notion of essential subgroups for conformal measures and dis-
cuss how the essential subgroup of a given conformal measure detects its
singularity among conformal measures. In Section [4] we define self-joining
subgroups and graph-conformal measures, and describe their key role in
studying rigidity questions. We introduce the notion of Myrberg limit set
in higher rank in Section We prove that the Myrberg limit set of a
self-joining has full mass with respect to the graph-conformal measure. Sec-
tion [0] is devoted to the discussion on quantitative aspects of the geometry
of Gromov hyperbolic spaces. In Section [7] we show that the essential sub-
group for a graph-conformal measure is the whole ag under the Zariski dense
hypothesis on the self-joining. In Section [§ we establish the singularity of
graph-conformal measures among conformal measures, and provide the proof
of Theorem In Section [9] we prove more stronger rigidity statements
(Theorem Theorem for deformations of transverse representations.
The ergodicity of horospherical foliations is proved in Section

Acknowledgements. I would like to thank my advisor Professor Hee Oh
for her encouragement and many helpful conversations.

2. PRELIMINARIES

Let G be a connected semisimple real algebraic group. We use the no-
tations and terminology introduced in the introduction. We denote by
W = Ngk(A)/Ck(A) the Weyl group, where Ni(A) and Cx(A) are the
normalizer and centralizer of A in K respectively. Fixing a left G-invariant
and right K-invariant Riemannian metric on G induces a WW-invariant norm
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on a, which we denote by || - ||. We also denote by d the induced left G-
invariant metric on the symmetric space X := G/K and by o € X the point
corresponding to the coset [K].

Recall that we choose a closed positive Weyl chamber a™ of a and set
A" =expa™. The Cartan projection p : G — a™ is defined to be such that
g € Kexp(u(g))K for all g € G.

Lemma 2.1. [2] Lemma 4.6] For any compact subset Q C G, there exists
C =C(Q) > 0 such that for all g € G,

sup ||u(qr9g2) — u(g)ll < C.
1,92€Q
Let @' be the set of all positive roots and II C & the set of all simple
roots for (g,at). We fix an element

wy € N K(A)
representing the longest Weyl element. This induces an involution
ir=—Ady,:a—a

preserving a’, called the opposition involution. This also induces a map
® — @ preserving I, for which we use the same notation i. We have

(2.1) plg™h) =i(ulg)) forallged.

In the rest of the section, fix a non-empty subset 8 C II. Let Py denote a
standard parabolic subgroup of GG corresponding to 8; that is, Py is generated
by M A and all root subgroups Uy, o € @7 U[II—6] where [II—6] denotes the
set of all roots in ® which are Z-linear combinations of II—6. Hence Py = P.
The subgroup Py is equal to its own normalizer; for g € G, gPyg~ ' = Py if
and only if g € Py. Let

ap = ﬂ kero, af =apNa’,
acll—-0

_ +_ +

Ag =expag, and Ay =expa,.

Let
Po - a— ay

denote the projection invariant under w € W fixing ag pointwise. We also
write jug := pg o u. We denote by aj = Hom(ag, R) the dual space of ag. It
can be identified with the subspace of a* which is pp-invariant: a; = {9 €
a* 19 opy = }; so for O C ¢, we have aj) C aj,.

Let Lg be the centralizer of Ay; it is a Levi subgroup of Py and Py = LgNy
where Ny = R, (Py) is the unipotent radical of Py. We set My = KNPy C Ly.
We may then write Ly = ApSy where Sy is an almost direct product of a
connected semisimple real algebraic subgroup and a compact subgroup. We
omit the subscript when 6 = II.
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The #-boundary Fy. The Furstenberg boundary is defined as the quotient
F =G/P = G/Py. The #-boundary is defined similarly:

Fo =G/ Py.
Let
mg: F — Fg
denote the canonical projection map given by gP +— gFy, g € G. We set
o = [Py] € Fo.

By the Iwasawa decomposition G = KP = KAN, the subgroup K acts
transitively on Fy, and hence

.7:9 ~ K/Mg.

Points in general position. Let P;r be the standard parabolic subgroup
of GG opposite to Py such that Py N P9+ = Ly. We have P9+ = woPi(g)wo_l
and hence
Fio) =G/F, .
In particular, if 6 is symmetric in the sense that 6 = i(6), then Fy = G/P, .
The G-orbit of (P, P(;" ) is the unique open G-orbit in G/Py x G/ P(;' under
the diagonal G-action.
Definition 2.2. Two elements { € Fp and n € Fjp) are said to be in
general position if (§,1) € G - (Pp,woPyg)) = G - (P, P9+), ie., £ = gPy and
n = gwoPg) for some g € G.
We set
.7:(;2) = {(&,m) € Fg x Fi(p) : &, n are in general position},
which is the unique open G-orbit in Fy x Fj).
Jordan projection. An element g € GG is loxodromic if
g = hamh™*
for some a € int AT, m € M and h € G. The Jordan projection of g is
defined to be
Ag) :=loga € inta™.
The attracting fixed point of g in F is given by
Yg := hP € F;

for any £ € F in general position with y,-1, the sequence g'¢ converges to
yg as £ — oco. We also set

Mo(g) :=po(A(g)) € int a; and yz = my(yg) € Fop.

1 1

Since g~ m " wo) (hwo) ™! and wy awy € inta*

()

and wg Ymawg € M as well, it follows that yg and y;f 1 are in general position.

= (hwo)(wy o™ wo) (wy
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Let A < G be a discrete subgroup. We write A(A) for the set of all
Jordan projections of loxodromic elements of A. The following result is due
to Benoist [3].

Theorem 2.3. If A < G is Zariski dense, then \(A) generates a dense
subgroup of a. In particular, \g(A) generates a dense subgroup of ag.

Convergence in G U Fy. We consider the following notion of convergence
of a sequence in G to an element of Fy. We say that for a sequence g; € G,
gi — o0 (or g;o — o0) f-regularly if min,ep a(u(g;)) — oo as i — 0.

Definition 2.4. For a sequence g; € G and & € Fy, we write lim; , ¢; =
lim; o gio = € and say g; (or g;o € X) converges to & if

e g; — o0 f-regularly; and

o lim; ,o kg, Py = £ in Fp for some kg, € K such that g; € kg, ATK.

We recall the lemma that we will use in later sections.

Lemma 2.5. [20, Lemma 2.4] Consider a sequence g; = k:iaihi_l where
k; € K, a; € AT, and h; € G. Suppose that k; — ko € K, h; — ho € G, and
mingep a(loga;) — 00, as i — oo. Then for any & in general position with
h0P9+, we have

Jim ;€ = koSo-
Let p,q € X and R > 0. The shadow of the ball
B(q,R)={z€ X :d(z,q9) < R}
viewed from p is defined as follows:
O%(p.q) = {gPy € Fp: gA 0N B(g,7) # 0}

where g € G satisfies p = go. The shadow of B(q, R) viewed from n € Fj)
can also be defined:

O%(n,q) == {hPy € Fy : hwoPyg) = n,ho € B(q,r)}.

We say that a sequence g; € G (or g;o € X) converges to { € Fy conically
if g; — £ in the sense of Definition and there exists R > 0 such that
¢ € 0%(0, g0) for all i > 1.

Lemma 2.6 ([2I, Lemma 5.35] (see also [26, Lemma 9.8])). Let g; € G be
a sequence such that g; — & € Fy. Then the following are equivalent:
(1) The convergence g; — & 1is conical.
(2) For any n € Fyp) such that (§,1) € ]:9(2), the sequence 9;1(5,77) 18
precompact in .7-"(52).
(3) For some n € Fyg) such that (§,n) € ]-'9(2), the sequence gi_l(é’,n) is
precompact in ]:9(2).

The shadows vary continuously:
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Lemma 2.7. [25, Lemma 3.3] Let p € X, q; € X a sequence converging to
n € Figy and r > 0. Then for any p € X and 0 < & < r, we have for all
large enough © that

07_.(4i,p) C OY(n,p) C O, (i p).
Limit set. For a discrete subgroup A < G, its limit set is defined as follows:

Definition 2.8 (Limit set). The limit set A%, C F is defined as the set of
all accumulation points of A(o) in Fy, that is,

A = {il_iglogio € Fp:g; € A}

This may be an empty set for a general discrete subgroup. However, we
have the following result of Benoist for Zariski dense subgroups ([2, Section
3.6, [32, Lemma 2.15]):

Theorem 2.9. If A < G is Zariski dense, then AHA 1s the unique A-minimal
subset of Fy and the set of all attracting fixed points of loxodromic elements
of A is dense in A‘gA.

3. BUSEMANN MAPS, CONFORMAL MEASURES AND ESSENTIAL SUBGROUPS

Let G be a connected semisimple real algebraic group and fix a non-empty
subset # C II. We continue notations from Section In this section, we
introduce conformal measures and essential subgroups, and see how they are
related.

Busemann maps. For ¢ € G and £ = [k] € K/M = F, the Iwasawa
cocycle H(g,&) is defined as the a-component of the Iwasawa decomposition
of gk so that

gk € K exp(H(g,§))N.

The higher rank Busemann maps are defined as follows:

Definition 3.1 (Busemann map). The a-valued Busemann map 5 : F X
G X G — a is now defined as follows: for £ € F and g, h € G,

5§(gah) = H(gilag) - H(h717§>'

The ag-valued Busemann map 37 : Fy x G x G — ay is defined as follows:
for £ € Fyp and g,h € G,

B3¢9, h) == po(Bz(g, b))
where € € 7, H(€) € F. This is well-defined [35, Section 6].

Observe that the Busemann map is continuous in all three variables. For
€ F,geGand ke K, we have H((gk)™1,¢) = H(g™1,¢). Hence we can
also define the Busemann map 87 : Fy x X x X — a as

BE(go, ho) == BE(g,h) for &€ Fy,g,h € G.
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The following was proved in [32] for # = II. Since the ap-valued Busemann
map is defined as the py-image of the a-valued Busemann map, the same is
true for general 0:

Lemma 3.2. [32] Lemma 3.5] For a lozodromic g € G, we have
532 (p, gp) = No(g) for allp € X.

Busemann maps are compatible to Cartan projections in shadows:

Lemma 3.3. [32, Lemma 5.7] There exists & > 0 such that for any g,h € G
and r > 0, we have

sup || (g0, ho) — pa(g~'h)|| < kr-.
EEOQ(go,ho)

Corollary 3.4. Let g; € G be a sequence such that gio — n € Fyg). For
any p € X and r,e > 0, we have

sup  [|B¢(gio, p) — BE(gio,p)|| < 26(r + &) for all large i
£,6/€08 (,p)

where k is given by Lemma[3.3
Proof. By Lemma we have O%(n, p) C OY, (gio, p) for all large i. Letting

r

h € G be such that p = ho, we have that for any & € O%(n,p), both

152(9i0,p) = no(g; " h)|| and || B8 (gi0, ) — p10(g; " h)|| are bounded by #(r+¢)
by Lemma Now the claim follows from the triangle inequality. O

Conformal measures. Let A < G be a discrete subgroup. The notion
of higher rank conformal measures for A is defined in terms of ay-valued
Busemann maps and linear forms on ag.

Definition 3.5 (Conformal measures). A Borel probability measure v, on
Jy is called a A-conformal measure (with respect to o) if there exists a linear
form 1 € aj such that for all n € Fg and g € A,

dg:vo \ _ w(58(0g0))
dVo (77) =€ 1 .
In this case, we say v, is a (A, )-conformal measure. For p € X, dy,(n) =
ew(ﬁg(om))dug(n) is a (A, 9)-conformal measure with respect to p.

The set of values {Bg(o,go) €ap:g € A,n € suppr,} may not be large
enough to distinguish A-conformal measure classes by determining the linear
form to which v, is associated; in general, there may be multiple linear forms
associated to the same conformal measure class.

Definition 3.6 (Divergence type). We say that a (A, ¢)-conformal measure
v is of divergence type if ¢ € aj is (I', )-proper and deA e~ ¥ho(9) = .
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Essential subgroups and Singularity of conformal measures. The
notion of essential subgroups was introduced by Schmidt [38] (see also [36])
in order to study the ergodic properties of horospherical actions. Its higher
rank analogue, when 6 = II, was studied in [32] to show the ergodicity
of horospherical foliations for Anosov subgroups with respect to a minimal
parabolic subgroup. We consider essential subgroups for general 8, and also
use them as tools to detect the singularity between two conformal measures.

Definition 3.7 (Essential subgroup for v). For a A-conformal measure v on
Fp with respect to o, we define the subset E2(A) C ag as follows: u € E%(A)
if for any Borel subset B C Fy with v(B) > 0 and any ¢ > 0, there exists
g € A such that

V(BN gBNI{EE Fy: [|8(0.90) —ull < £}) > 0.

It is easy to see that EZ(A) is a closed subgroup of ag. We call E2(A) the
essential subgroup for v.

The following proposition is one of key ingredients of this paper. Although
it was proved in [32], Lemma 10.21] (see also [22], Proposition 3.6]) for § = II,
the same proof works for general 6:

Proposition 3.8. Fori=1,2, let v; be a (A,1);)-conformal measure on Fy
for some ; € ay. If vo K vq, then

P1(w) = Po(w)  for allw € Egl(A).
In particular, if E?,l(A) = ag, then vo K vy implies Y1 = s.

4. GRAPH-CONFORMAL MEASURES FOR SELF-JOININGS

In this section, we review the notion of self-joinings and graph-conformal
measures, introduced by Kim-Oh ([23], [24], [22]), which play key roles in
studying rigidity problems. For i = 1,2, let G; be a connected semisim-
ple real algebraic group with the associated Riemannian symmetric space
(Xi,d;), and write g; := LieG;. Let (X,d) be the Riemannian product

(X1 x Xo,4/d? +d3). Set
G =G x Gy

so that its Lie algebra is g := g1 ® go. Then G acts by isometries on X.
For ¢ = 1,2, we use the same notations for G; as we did for G but with
a subscript i. For O € {A, M, N, P, K,o0}, we consider the corresponding
objects for G by setting

= Dl X |:|2.
In particular, A = A; x Ay. Let AT = A x AJ. Let a denote the Lie
algebra of A, and a™ = log A*. We note that

a=a ®ay and at =af daj,

where a; = Lie A; and aj = Lie A;r fori=1,2.
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For each i = 1,2, let II; be the set of all simple roots for (g;,a;") and fix
a non-empty subset 8; C II; in the rest of the paper. We set II := II; U Il,
which is the set of all simple roots for (g,a™) and

0 := 01U 0b-.
Then we have
ayp = g, D ag,, Py = P91 X P92 and JFy = .7:91 X fgz.

Let I' < Gy be a Zariski dense discrete subgroup with the limit set A% C
Fo,. Let p: I" = G be a discrete faithful Zariski dense representation.
Definition 4.1 (Self-joining). We define the self-joining of T" via p as

Lp:=(idxp)I) = {(g,p(9)) € G: g €T},
which is a discrete subgroup of G.

One key feature of a self-joining subgroup is that the rigidity question on
p can be translated to a Zariski density question on the self-joining.

Lemma 4.2. [I5] Suppose that G and Gy are simple. Then the self-joining
I'y < G is not Zariski dense if and only if p extends to a Lie group isomor-
phism G1 — Gs.

Boundary map. In the rest of this section, we assume that there exists a
p-equivariant continuous map

f:A = Fy.

We will not assume that f is injective, mentioned otherwise. When it is
injective, we call it a p-boundary map.

A p-boundary map is unique when it exists. First observe that, since A%
(resp. Ai?r ) is the unique I' (resp. p(I')) minimal subset of Fp, (resp. Fy,)
(Theorem [2.9)), it follows from the equivariance of f that

01y _ A0
JAR) = Agiry-

The uniqueness of a boundary map was proved in [22] Lemma 4.5] for 6 = II
and the same proof works for general 6.

Lemma 4.3 (Uniqueness). If g € I' and p(g) are both loxodromic, then
01\ __ . 02
f(ygl) = Yolg)

In particular, when G1 and Go are simple, f is the unique p-equivariant
continuous map A — Fy,.

In terms of the boundary map, the limit set of the self-joining I', in Fp
is as follows:

AY = (id x f)(A™) = {(&, f(£)) € Fo: £ € A}
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Graph-conformal measures. Recall that for each ¢ = 1,2,
Po; 1 a — 0y,

is the projection invariant under all Weyl elements fixing ag, pointwise. Re-
stricting on ay, we may regard py, as the projection from ay as well. Abusing
notations, we also denote the restriction ag — ay, by pg, for ¢ = 1,2. For a
linear form 1; on ay , we define a linear form oy, € ay by

0-1/11' = wl Op9i§
in other words, oy, (u1,u2) = ¥;(u;) for all (ur,us) € ag, @ ap,. Recall that
0; = [K;] € X; for i =1,2 and 0 = (01,02) € X.
The following is a key observation on the relation between I'-conformal
measures and I',-conformal measures. It was proved in [22, Proposition 4.6,
Corollary 4.7, Lemma 4.10] for = II; the same proof works for general 6:

Proposition 4.4. Let ¢; € ap fori=1,2.

1) If vy, is a (T, 1)-conformal measure on A% with respect to o1, then
(1
(id x f)avy, is a (I'p, 0y, )-conformal measure on Af, with respect to
0.

2) Any (T,, oy, )-conformal measure on A° with respect to o is of the

P> %Y1 p

form (id X f)4vy, for some (I',41)-conformal measure vy, on Afr

(3) Ifvy, is the unique (T',41)-conformal measure on A% | then (id x f).vy,
is the unique (I',, oy, )-conformal measure on Af, with respect to o;
in particular, (id x f).vy, is T'p-ergodic.

(4) Let vy, and vy, be I'-conformal and p(I")-conformal measures on
A% and A%

p(T
(T'p, oy, )-conformal measure, and we have

) respectively. If f is injective, then (f~1 x id).vy, is a

(f!x id) v, << (id X f)srp, if and only if vy, < fivy, .

The notion of graph-conformal measure was first introduced in our earlier
work with Oh [22]:

Definition 4.5 (Graph-conformal measures). By a graph-conformal mea-
sure of I',, we mean a (conformal) measure of the form

v, = (id x f)v
for some I'-conformal measure v on A%,

Note that we used the notation vgrapn for the graph-conformal measure
in [22]. Using this terminology, Proposition [£.4(1)-(2) can be reformulated
as follows:

Proposition 4.6. Let o € aj be a linear form which factors through ag,. A
(T'p, o)-conformal measure on Ag is a graph-conformal measure of Iy, and
conversely, any graph-conformal measure of ', is of such a form.
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5. MYRBERG LIMIT SETS

Let G be a connected semisimple real algebraic group and X = G/K the
associated symmetric space. Recall the choice of the basepoint 0 = [K] € X.
For a discrete subgroup A < G, the Myrberg limit set is defined as follows:

Definition 5.1 (Myrberg limit set). We say that £ € AGA is a Myrberg limit
point of A if for any &y € AQA and ny € Age) in general position, there exists
a sequence g; € A such that g;¢6 — & and g;o — ng as i — oo.

We call the set of all Myrberg limit points of A the Myrberg limit set of

A and denote by A(’A’M C Fp.

In this section, we show that the Myrberg limit sets of transverse sub-
groups and their self-joinings have full measures with respect to conformal
measures of divergence type and their associated graph-conformal measures.

Definition 5.2. A discrete subgroup A < G is called 0-transverse if
e it is O-regular, i.e., liminfyea a(u(g)) = oo for all o € §; and
e it is O-antipodal, i.e., any two distinct &, € AP are in general
position.

Since u(g~1) = i(u(g)) for all ¢ € G, the H-regularity is equivalent to
the i(0)-regularity, and hence A is f-regular if and only if it is 6 U i(6)-
regular. Moreover, by [26, Lemma 9.5], the f-antipodality implies that the
(9) i(0)

— A7

. . oUi (0 oUs .
canonical projections A AUI( ) A9A and A AUI are A-equivariant

homeomorphisms.

Myrberg limit sets of transverse subgroups and their self-joinings.
For i = 1,2, let G; be a connected semisimple real algebraic group and X;
the associated symmetric space and fix a non-empty subset 8; C II;. Let

I'<Gy
be a Zariski dense #;-transverse subgroup with limit set
A= AL C R,
Let
p:I' = Go

be a Zariski dense #o-regular faithful representation with a pair of p-equivariant

yand f; : AI®D — AlG2),

. L AO1 02
continuous maps f: A"t — A p(I)

p(T
Set
G=Gy xGyy, X=X xXo, and 60 =06;U060,.
We keep the notations introduced in Section 4 We denote by
A c F
the limit set of the self-joining I',. We simply write

01 . A0 0 . A0
A% = AL, CFp and A% = AL L CF
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for the Myrberg limit sets of I' and I', respectively. The main goal of this
section is to prove the following:

Theorem 5.3. Let v be a I'-conformal measure on Fy, of divergence type,
and v, = (id x f)v the associated graph-conformal measure for T', on Fy.
Then

V(A?\}[) =1 and I/p<A§7M) =1.

Remark 5.4. The claim Z/(A?\}[) = 1 was proved by Tukia [42] Theorem 4A]
when rank G; = 1, and by Lee-Oh [32] when I is II-Anosov.

Ergodic properties of divergence-type conformal measures. To prove
Theorem we use the ergodic properties of conformal measures of diver-
gence type. Recall that a linear form 1 € aj is called (I, 0;)-proper if the
map v o ug, |r : I' — [—¢€,00) is proper for some ¢ > 0. For a (I, 6)-proper
¢ € ag , the abscissa of convergence oy € (0,00] of the 1-Poincaré series
> ger e~ V(101 (9)) s well-defined [26, Lemma 4.2]. Moreover, if there exists
a (I, ¥)-conformal measure, then §; < 1 [26, Theorem 1.5]. Whether or not
the i-Poincaré series converges or diverges at s = 1 plays a crucial role:

Theorem 5.5. [26, Theorem 1.5] Let ¢ € aj be a (T',01)-proper form.

If 6 < 1 and der e VWo(9) = oo, then there exists a unique (T, 4)-
conformal measure on Fy,. Moreover, the unique (I',)-conformal measure
has the support A% . In particular, any T-conformal measure of divergence
type is I'-ergodic.

Under the additional assumption on the support, the above statement
was also proved in [13].

Recall that féf) C Fo, X Fi(g,) 1s the set of all pairs in general position.
Fixing a (T, 61)-proper form ¢ € ay, » we consider the Gi-action

(5.1) g-(&m8) = (g6, 9m, s+ (B (g7 e)))
for all g € Gy and (§,7,s) € ]:9(12) x R. Setting
A® = (A% 5 A  FP,
the subspace A® x R .7-"(512) X R is invariant under the I'-action.

Theorem 5.6. [26, Theorem 9.2] The action T' on A®) x R given by (5.1))
is properly discontinuous and hence

Q, :=D\A? xR
s a locally compact second-countable Hausdorff space.

Let ¢ € aj . For a pair of a (I, ¢)-conformal measure v on A% and a

(T, % o i)-conformal measure v; on Al we define a Radon measure my .,

on A x R as follows:

) ., i(07)
a8, (&, 1) = VB O D) g0y )
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where g € G is such that (£,7) = (9Fs,, gwoPys,)) and dt is the Lebesgue
measure on R. This is well-defined [26, Lemma 9.13]. The measure dm},, is
left I'-invariant and invariant under the translation on R. Hence it descends
to the R-invariant Radon measure

©p

v,V
on ), which we call the Bowen-Margulis-Sullivan measure associated to
the pair (v, ;).

Let bel (resp. Miigi)) be the set of all (I, )-conformal measures on
Fo, (resp. (I',%) oi)-conformal measures on Fjy,)). The following is the
Hopf-Tsuji-Sullivan dichotomy for transverse subgroups: we also denote by
A% C Fp, the conical set of T.

Theorem 5.7 ([26, Theorem 10.2], see also [13] and [39]). Let T' < G; be a
Zariski dense 01-transverse subgroup. The following are equivalent to each
other.
(1) Yger e VW01 (9) = oo (resp. S ger e V0 (9) < 0);
(2) v(AZ) =1 (resp. v(AL) =0);
(3) For any (v,1) € bel X Miég}) and any (L', 01)-proper ¢ € a; , the
R-action on (Qy,, my,,) is completely conservative and ergodic (resp.
completely dissipative and non-ergodic).

Indeed, Theorem adds one more item v(A%) =1 (resp. V(Aﬁ}[) =0)
to the above dichotomy, since A?\}[ C A% (Lemma .

Proof of Theorem Note that we can regard 7 as a linear form
on ag,uip,) by precomposing with the projection ag,;9,) —> ap,, which is
(T, 01 U i(61))-proper since ¢ (g, (9)) = (1o uie;)(9)) for all g € T. By
Theorem v is supported on the conical set of I', in particular, on A%,
The canonical projection A?1Yi(01) — A% s 4 I-equivariant homeomorphism
[26, Lemma 9.5] and hence we can pull-back v to AYi(%1) 5o that v can be
considered as a (I',)-conformal measure on A?191(%)  Since #;-transverse
subgroups are #; Ui(f;)-transverse, we may assume without loss of generality
that 61 = i(0) by replacing 61 with 6; Ui(61).

Myrberg limit set of I' is v-full. By [26, Theorem 1.5], it follows from
the existence of v that 6y, < 1. Since ) e o1 (9) = o6, we have oy = 1.
Hence v is the unique (I',%)-conformal measure on Fy, by Theorem [5.5
and is supported on A% as mentioned above. Moreover, since jug, (97! =
i(pg, (g71)), woiis also (I, 61)-proper, dyoi = 1 and > _ger e~ (oo, (9) = o,
Hence by Theorem and Theorem there exists a unique (I',% o 1i)-
conformal measure 15 on Fy, and is supported on A% as well.

Now we are able to consider the measure space (€, my,,) by fixing a
(L', 01)-proper ¢ € aj . By Theorem the R-action on (€, my,,) is
completely conservative and ergodic, and hence my,,-a.e. R -orbit is dense.
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In other words, for v®@v; ®@dt-a.e. (§,n,t) € A® xR, its R -orbit is dense
in Q. Fix one such element (¢,7,t) € A xR. Hence for any (£,70) € A®),
there exist sequences g; € I' and ¢t; — +o0o such that

gi(€,mt + 1) — (€0,1m0,0) as i — oo.

In particular, we have
(5.2) gi(&:m) = (So,m0) and (B (g; ", €)) = —o0.

Since the action of T' on A?" is a convergence group action [21, Theorem
4.16], after passing to a subsequence, there exist a,b € A% such that as
1 — 00,

Gilp01_ e uniformly on compact subsets.
That is, for any compact subsets C, C A% — {a} and C}, C A% — {b},

#{9i 1 iCy N Cy # 0} < 00,

or equivalently #{g;, L. g; 1c, N Cy # 0} < oo. Therefore we have, as
7 — 00,
9; 1| A —{q} —* b uniformly on compact subsets.

Since g;(&§,1) — (£0,70), we have either
(5.3) (a,b) = (§0,m) or (a,b) = (no, &)

By the 6;-regularity of I', we may assume by passing to a subsequence that
the sequence g;o1 (resp. g; 'o1) converges to some point, say z € A% (resp.
2/ € A%). We claim that z = a and 2’ = b. Write g; = k:ibiﬁi_l € KATK
using the Cartan decomposition. By passing to a subsequence, we may
assume that k; — ko € K and ¢; — £y € K. Choose x € A% — {£,n,&,m0}
which is in general position with fywo Py, and koPp,; this is possible by the
Zariski density of I'. Since I' is 0;-regular, we have min,ep, a(logb;) — oc.
Hence, by Lemma [2.5] we have

gi;x — koPgl = Zz.

Since x # b, we must have z = a.

Similarly, the Cartan decomposition g; ' = (£iwo)(wg 'b; 'wo) (wg 'k ) €
KATK and the 6;-regularity of I' imply min,eq, a(log(walb;lwo)) — 00.
Hence it follows from Lemma 2.5 that

g;lm — boywo Py, = Z.

Since x # a, we must have 2/ = b, which shows the claim.

Therefore, it suffices to show that (a,b) = (19, &) since we already know
that ¢;& — & and g;o1 — a. Suppose not. Then by , (a,b) = (&, 1),
and hence g{lol — 7. Since g;(&,1) = (€0,m0) in A®)| we have g{lol =7
conically by Lemma [2.6

Choose g € Gy so that £ = gFPy, and n = gwoPp,, noting that we are
assuming that 6; =i(6;). That g, ! conically converges to 1 means that there
exist a sequence k; € K and a sequence a; — oo in AT such that n = k; Py,
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for all % and the sequence g;k;a; is bounded. Since n = gwoPy, = k;Py,,
we have for each i, gwom)p; = k; for some m/ € My, and p; € P, using
Py, = My, P. Since both k; and m] are bounded sequences, the sequence
p; € P is bounded as well. It implies that the sequence a;lpiai is bounded
since a; € AT. Hence it follows from the boundedness of the sequence
gikia; = gigwomlpia; = gigwom’a;(a; 'pia;) that
the sequence h; := g;gwom;a; is bounded.
For each i, set m; = womgwal € My,. Then
n = gwoPy, = gwom; Py, = gmywoPy,, &= gPy = gm;Ps,
and
hi = gigwom;a; = gigmiwoa;.

Using £ = gm; Py,, we have
- Bsilé(e’ hi) + 5591 (gmwoa;, e)
0 ¢ 9 1 -
= Bote(ehi) + B, (woai,e) + B, (e,mi'g™).

Since h; is a bounded sequence, the sequence 531.15(67 h;) is bounded by
[32, Lemma 5.1]. Similarly, ﬁ?gzl (e,m;lg_l) is bounded. Hence it suffices
to show that as ¢ — oo,

(5.4) o 1931,1 (woas, €)) — oo,
which yields a contradiction to (5.2]). Note that
Bp(woai,e) = ﬂp(wgaiwal, e) =i(log a;).
Since h; = gigm;woa; is bounded and gi_lhi = gm;wpa;, we have Hu(gi_l) —

loga;|| = ||u(gi) — i(loga;)|| is uniformly bounded by Lemma and the
identity (2.1]). Therefore

sup (10, (9i) — po, (i(log a;)))| < oo.

By the 60;-regularity of I" and the (I, #1)-properness of ¢, v(ug, (gi)) — o0
and hence ¢(py, (i(loga;))) — oo as i — oo, which implies (5.4). Hence
go(ﬁgl (971, e)) — oo, yielding the desired contradiction to (5-2). This shows
that (a,b) = (10,§).

Consequently, we have £ € A?\}[. Since this holds for v ® 1} ® dt-a.e.
(€,m,t) € A® x R, we have V(A?\}I) =1.

Myrberg limit set of I', is v,-full. Note that we have p-equivariant
continuous maps f : A% — Afjr) and f; : A0V — Afo((elf)) . As in the previous
argument, take (£,7,t) € A®) x R with a dense R -orbit in 2,. Setting

A,(Jz) = (Ag X Aip(e)) ﬂ.7:9(2), every element of Ag) is a pair of (&, f(&o)) € Ag
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and (no, fi(no)) € A;;(e) in general position for some &, n9 € A%, Take such
elements &y, g € A%'; then (&o,m0) € A® and hence we again have sequences
gi € I" and t; — oo such that ¢;(&,n,t+t;) — (£0,70,0) as i — oo as above.
As we have shown, it follows that

gilaor ey =m0 and  gijo1 o as i — oo.

For each i, we denote by v; = (gi,p(9:)) € I'p. As f and f; are p-
equivariant continuous maps, we have

Y&, F(£)) = (o, f(§0)) and P(gi)’Angz)>_{fi(f)} — fi(mo)-

Hence it remains to show that p(g;)os — fi(no) as this, together with g;0; —

Mo, implies v;0 — (1o, fi(no))-

Since p(I') is fp-regular, it is i(f2)-regular. Write the Cartan decompo-
sition p(g;) = kidiéi_l € KATK. By passing to a subsequence, we may
assume that k; — ko and ¢; — {y. Since p(I") is Zariski dense, we can choose
ze A;((Hlf)) — {fi(€)} which is in general position with gowOR((;Q). The i(03)-
regularity of p(I') implies that min,¢;(g,) @(log @;) — oo. Hence it follows by

Lemma [2.5] that
p(9:)% — ko P,y = lim p(g;)oa.
Since  # fi(€), we have lim p(g;)o2 = fi(no), as desired.
Therefore, we have (&, f(§)) € A,O;,M- Since it holds for v ® v; ® dt-a.e.
(&n,t) € A® xR and v, = (id x f).v, we have VP(AZ,M) = 1, finishing the
proof. ([l

6. /-HYPERBOLIC SPACES

In this section, we present certain results on geometric properties of a
d-hyperbolic space; while the qualitative statements in this section is known
to experts, it is important for us to express every constant purely in terms
of §. We refer to ([9, Part III], [7], [20], [I4, Chapter 1]) for comprehensive
expositions.

Let (Z,dz) be a proper geodesic metric space. The Gromov product of
Y,z € Z with respect to x € Z is defined as follows:

(0 2)e = 5 (da(e,) +ds(r,2) — ds(0,2)).
It is straightforward to see that for all x,y,z € Z,
(Y:2)e = (2,9)a and 0<(y,2)e < dz(z,y).
For § > 0, we call that Z is §-hyperbolic if

(w, 2)p > min{(w, y)z, (Y, 2)a} — 0

for all w,z,y,z € Z. The metric space Z is called Gromov hyperbolic if it
is -hyperbolic for some ¢ > 0.
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In the rest of this section, let Z be a proper geodesic d-hyperbolic space
for § > 0. We fix the constant § and keep track of other constants in terms
of 4 in the following discussion.

Basic geometry. We first discuss some basic geometry of Z. The following
standard lemma says that the Gromov product gives the length of the initial
segments of two geodesics from a common point with uniformly bounded
Hausdorff distance:

Lemma 6.1. Let z,y,z € Z and fix geodesic segments [x,y],[z,z] C Z
between x and y, and x and z, respectively. If y' € [x,y] and 2’ € [z, 2] are
such that dz(z,y') = dz(x,2") < (y,2), then dz(y',2") < 40.

Proof. Since Z is d-hyperbolic, we have
(v, 2")e > min{(y/, 2)z, (2,2")a} = &
> min{min{(y’, y)z, (¥, 2)a} — 0, (2,2)a} =
= min{min{dz(x,y), (y,2)z} — 6, dz(z, 2 )} =&
=dg(x,y") — 20.

On the other hand, (y',2'); = dz(z,y') — 3dz(y’, 2'), from which the claim
follows. g

As a corollary, we deduce that every geodesic triangle in Z is uniformly
thin:

Corollary 6.2. Let x,y,z € Z and fix geodesic segments [z, yl, [y, 2], [z, z] C
Z between x and y, y and z, and x and z, respectively. Then [z,y] is
contained in the 46-neighborhood of [z, z] U [y, 2].

We also obtain the interpretation that the Gromov product roughly mea-
sures a distance between a point and a geodesic segment.

Corollary 6.3. Let z,y,z € Z and fix a geodesic segment [y, z] C Z between
y and z. Then

dZ(.T, [yu Z]) — 40 < <y7 Z>CC < dZ(.T, [yu Z])
Proof. Let w € [y, z] be such that dz(z,w) = dz(z, [y, z]). Then
1
(0, 2)a = 5 (2, 9) + d2(z, ) ~ dz(y, )
1 1
= 5 (z(2,9) — dzly, w)) + 5 (dz(2,2) — dz(w, 2))
< dZ($7w) = dZ(QT, [ya Z])
To see the lower bound, fix a geodesic segment [z,y] C Z between = and y
and let y' € [z, y] be the point such that dz(x,y') = (y, 2),. Since dz(z,y) =

(Y, 2)z +(x, 2)y, we have dz(y,y’) = (z, z)y. Let 2’ € [y, z] be the point such
that dz(y,z') = (z,2)y. By Lemmal6.1] dz(y/,2") < 46, and hence

dZ(‘/L‘a Z/) < dZ(fL', y/) + dZ(y/) Z/) < <ya Z>x + 49.
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Since dz(z, [y, z]) < dz(z,z'), this finishes the proof. O

Note that in Corollary the choice of a geodesic segment was made
while the Gromov product does not involve any choice of a geodesic segment.
Indeed, geodesics between two points are stable:

Corollary 6.4. Let y,z € Z. Then two geodesic segments in Z between y
and z have Hausdorff distance at most 46.

Proof. Let 01,00 C Z be two geodesics between y and z. Fix any x € o7.
Then (y, z); = 0. By Corollary this implies dz(x,01) < 49. Since z is
arbitrary, oo is contained in the 4d-neighborhood of o1. The same argument
switching o1 and o9 finishes the proof. ([l

The following will be a useful observation:

Corollary 6.5. Let x € Z and o be a geodesic segment in Z. Let y € o be
such that dz(x,y) = dz(x,0). Then for any z € o, we have

dZ(l', y) + dZ(y7 Z) — 80 < dZ(:L" Z) < dZ(:E’ y) + dZ(Z/? Z)‘
Proof. The upper bound is straightforward. By Corollary we have

1
= i(dz(%y) +dz(z,2) —dz(y, 2)) + 46.
This implies the lower bound. ([

Gromov boundary. An isometric embedding o : [0,00) — Z, or its image
in Z, is called a geodesic ray in Z. The Gromov boundary of Z is defined
as the set of all equivalence classes of geodesic rays in Z:

0Z := {0 :[0,00) = Z, a geodesic ray}/ ~

where o ~ o’ if the Hausdorff distance between two geodesic rays ([0, c0))
and o’([0,00)) is finite. We denote by o(c0) € 0Z the equivalence class of
the geodesic ray o : [0,00) — Z. Fixing a basepoint in Z, the Gromov
boundary 07 is visible from the basepoint:

Lemma 6.6. [9, Lemma II1.3.1] Let x € Z and £ € 0Z. Then there exists
a geodesic ray o : [0,00) — Z such that 0(0) = x and o(c0) = ¢£.

Moreover, this visualization is stable under the choice of the basepoint:

Lemma 6.7. [9, Lemma II1.3.3] Let 01,092 : [0,00) — Z be geodesic rays
with 01(00) = 02(0).
(1) If 01(0) = 02(0), then dz(o1(t),o2(t)) < 8 for allt > 0.
(2) In general, there exist Ty, T> > 0 such that dz(o1(t+11), o2(t+T13)) <
200 for all t > 0.
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Hence, fixing a basepoint x € Z, we can identify the Gromov boundary
of Z with the set of all equivalence classes of geodesic rays in Z based at x:

0Z = {0 :]0,00) — Z, a geodesic ray with o(0) = z}/ ~

where o ~ o’ if o(t) ~ o'(t) < 8§ for all ¢ > 0. Under this identification, a
natural topology on 0Z is given as follows: for £ € 0Z and r > 0, we set

for some geodesic rays o, 0’ from x
V(& r):=<ne€dZ: with o(cc) =¢ and o'(c0) =,
we have liminfy,(o(t),0(t)), > r

which consists of the geodesic rays from x that are 8J-close to o for a long
time. We topologize 0Z by setting {V (§,7) : £ € 0Z,r > 0} to be the basis.

We now consider Z = Z U 0Z and give it a natural topology. We say
that a sequence (z;) converges to infinity if liminf; j_,oc(2;, ) = 00. To
topologize Z, it is useful to associate a geodesic ray o : [0,00) — Z with a
sequence (o(i));en which converges to infinity. This gives a map

0Z — {(x;) C Z, a sequence converging to infinity}/ ~

where (z;) ~ (y;) if iminf; j_,oo (2, y;j)e = 00. The above map is indeed
a bijection, and hence we identify them as well. We denote by [(z;)] the
equivalence class of the sequence (x;). Similar to the above, for £ € 97 and
r > 0, we set

U, r):=<¢nedZ: with [(z;)] =& and [(y;)] =

for some sequences (z;), (v;)
m,
we have liminf; j_,oo(zi, yj)a > 1

The topology on 0Z given by setting {U(§,7) : £ € 0Z,7 > 0} as a basis is
equivalent to the one defined in terms of V(&,r). To obtain a basis for Z,
we also consider for £ € 97 and r > 0

U'r)y=U(,r)U {y €Z:

Then setting {U'(&,r) : € € 0Z,r > 0} and metric balls in Z to be the
basis, Z is equipped with the topology. In this topology, a sequence x; in Z
converges to & € 97 if and only if € = [(x;)]. The spaces Z and Z equipped
with these topologies are compact, and the topologies do not depend on the
choice of the basepoint z. We refer to ([9], [20]) for details.

for some sequence (x;) with [(z;)] = {,}
we have liminf; oo (2, y)s > 7 ’

Extended Gromov product. We extend the notion of the Gromov prod-
uct to Z: for y,z € Z and x € Z, the Gromov product of y and z with
respect to x is defined as

(y,2)x = sup im inf(y;, z;),

%,j—+00

where the supremum is taken over all sequences (y;) and (z;) in Z such that
y = lim; y; and z = lim; z;. We note the following properties of the extended
Gromov product:
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Lemma 6.8. [9, Remark I11.3.17] Fiz x € Z.
(1) Fory,z € 0Z, (y,2)x = o< if and only if y = 2.
(2) Forw,y,z € Z, we have
<w’ Z>I 2 min{<w7 y):m <ya Z>x} - 25
(3) For y,2 € Z and sequences (y;),(z;) in Z with lim;y; = y and
lim; z; = 2z, we have

<y7 Z>x —26 < hm 1nf<y17 Zj)z < <y7 Z>x-
[2¥}

(4) For z € 0Z and a sequence (z;) in 0Z, z; — z as i — oo if and only
if (z,2i)e — 00 as i — oo.
Given two distinct points y,z € 9Z, there exists a bi-infinite geodesic
o : R — Z connecting y and z, i.e., 0(—o0) = y and o(o0) = z [9, Lemma
II1.3.2]. Hence in general we can consider a geodesic between two points in

Z. The extended Gromov product (yf, z)z also measures the crude distance
from x to a geodesic between y, z € Z.

Corollary 6.9. Let x € Z and y,z € Z be distinct points. Let [y, z] be a
geodesic connecting y and z. Then we have

dz(ZC, [ya Z]) — 46 < <y7 Z>$ < dZ(x? [ya Z]) + 20.

Proof. Let w € [y, z] be such that dz(z,w) = dz(z, [y, 2]). Let (y;) and (z;)
be sequences of points on [y, z] such that lim;y; = y and lim; z; = z. For
each i and j, let [y;, zj] C [y, 2] be the segment between y; and z;. Then for
large enough ¢ and j, we have w € [y;, z;] and hence by Corollary

dZ(x7 [y,z]) — 40 < <yiazj>x < dZ(.Z‘, [yaz])

since dz(z,[yi,2j]) = dz(z,[y,2]). Applying Lemma [6.§]3) finishes the
proof. ([l

As in Corollary we also obtain the stability of geodesics between two
points in Z.

Corollary 6.10. Let y,z € Z. Then two geodesics between y and z have
Hausdorff distance at most 69.

Proof. Suppose first that y,z € 0Z. Let 01,09 : R — Z be two bi-infinite
geodesics between y and z. Let x € 01(R). Then by Corollary we have

dZ(JJ,O'Q(R)) < (y, Z>x + 49.

On the other hand, 0 = lim inf; o (01(—t),01(¢))2 > (Y, 2)2 — 20 by Lemma
[6.8/(3). Therefore we have

dz(x,02(R)) < 60.

Since z is arbitrary, this finishes the proof in this case. The case when one
of y and z is in Z can be handled similarly. O
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Visual metric. Indeed, 0Z can be equipped with a natural metric-like
function. From the above observation, it is natural to consider the following
function which plays a role of metric on 97, which we call the visual metric
on 0Z, although it may not satisfy the triangle inequality in general:

Definition 6.11. Let z € Z. We define a function d,, : 0Z x 0Z — R as
d.(y, z) == e 2o,
For y € 0Z and r > 0 we consider the d,-ball
Bi(y,r):={z€ 07 : dy(y,2) <r}.
Usually the visual metric is defined without the multiplication by 2. How-
ever, we defined it as above in order to simplify the later computation. The

visual metric is compatible to a genuine metric on 07 after taking a suitable
power:

Proposition 6.12. [9, Proposition I11.3.21] Let * € Z. For any small
enough € > 0, there exists a constant c. and a metric d. on 0Z such that

de(y, 2) < do(y, 2)° < cede(y, 2)
for ally,z € 0Z.
It follows from Lemma (2) that for any w,y,z € 9Z, we have
(6.1) do(w, 2) < ¥ (dp(w, y) + du(y, 2))
From this we deduce the following Vitali-type covering lemma:

Lemma 6.13. Let x € Z and By(y1,71),"* , Be(Yn, ) a finite collection
of dx-balls for y; € 0Z and r; > 0. Then there a subcollection of disjoint
balls By (Yi,»7i,), -+ » Ba(Yiy, i) such that

n k
U B (yi, ;i) C U Bx(yij,36857'ij).
i=1 j=1
Proof. Given a finite collection By (y1,71), -+ , Bx(Yn, ™) of dy-balls, we re-
arrange them so that we may assume ry > --- > Tn.- Let 41 = 1 and for each
j > 2, weset i; = min{i > i;_1 : By(yi,7:) N U7~ Ba(ye,m¢) = 0}. Then
we obtain a subcollection By (yi,,7i,), -+ , Bz(vi,, 7i,,) consisting of disjoint
balls.

For each i, By (yi,r;) intersects By (yi;,7;;) for some j such that r;; > r;.
Choosing a point y € By (yi, i) N Bz (yi;,7i;), it follows from that for
any z € By (yi,7i),

do(2,y1;) < € (du(2,95) + du(vir yi,))
e (ri + e (do(yiry) + da(y, vi,)))
e (r + e (ri +1y;)) < 3e¥r;,.

Hence By (yi,ri) C Bx(yij,3685rij). This finishes the proof. O

IN

IN
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Busemann functions. Let o : [0,00) — Z be a geodesic ray and y, z € Z.
Then the following limit is well-defined and satisfies the following inequality:

(6.2) —dz(y,z) < tlglolo dz(y,o(t)) —dz(z,0(t)) <dz(y, z).
Therefore, we define the Busemann function as follows:

(. 2) = lim dz(y.0(8)) — dz(z. (1)),
Observe that: for w,y,z € Z,

(1) we have |B,(y, 2)| < dz(y, 2);

(2) we have B,(y,z) = —fs(2,y);

(3) we have B, (w,2) = Bs(w,y) + By (y, 2).
The Busemann function depends only on the endpoint at 97, independent
of a choice of a geodesic ray, up to a uniform error.

Lemma 6.14. Let 0,0’ : [0,00) — Z be geodesic rays such that o(c0) =
o'(00). Then for any y,z € Z, we have

B85 (y, 2) = Bor (y, 2)| < 406.
Proof. By Lemma there exists T, 7" > 0 such that
dz(c(t+T),0' (t+T")) <208
for all ¢ > 0. This implies the desired inequality. U

Moreover, the Busemann function is stable under the change of the end-
point.

Lemma 6.15. Let x € Z and r > 0. Let y,z € Z be such that dz(x,y) <
r—108 and dz(z,z) <r—100. Let 0,0’ : [0,00) = Z be geodesic rays with
(0(00),0"(0)) > 1. If 0(0) = 0'(0) = x, then

’BG(% Z) - Ba/(ya Z)| < 720.
In general,
|B5(y, 2) — Bor(y, 2)| < 1520.

Proof. Suppose first that 0(0) = ¢/(0) = 2. By Lemma [6.8(3), we have for
all large ¢ > 0 that

(o(t),0'(t))z > 1 — 26.
Fix such ¢t > 0. Let top > 0 be such that dz(y,o([0,0))) = dz(y,o(to)). By
Corollary we have
(6.3) to + dz(O'(to),y) -8 < dz(l',y) <ty+ dz(O'(t()),y).

In particular, we have tg < dz(x,y) +86 <r—26 < (o(t),0'(t)),. Hence by
Lemma [6.1} we have

(6.4) dz(o(to), o' (to)) < 40.

Similarly, letting ¢, > 0 be such that dz(y,o’([0,00))) = dz(y,o’'(ty)), it
follows from Corollary that

(6.5) to 4+ dz(o'(th),y) — 86 < dz(x,y) < th+dz(a'(th),y).
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Similarly, by Lemma [6.1 we have
(6.6) dz(o(ty), o' (ty)) < 40.
Combining and , we have
dz(0'(t0), y) — dz(o(to), y) — 86 < to —ty < dz (0" (ty), y) — dz(o(to), y) + 80.
Since dz(y,0'([0,00)) = dz(y, o' (t)), we have
to — to < dz(0'(to),y) — dz(o(to),y) + 80
< dz(0’(to),y) — dz(o(to), y) + 89
<dz(d'(ty),o(to)) + 85
<126
where the last inequality is by . Similarly, we have
to =ty = dz(d'(to),y) — dz(o(to), y) — 89
> dz (o' (ty),y) — dz(o(to), y) — 89

—d
—d

< —dz(0'(ty), o (tg)) — 80
< —126
where the last inequality is by . Therefore we obtain
|to — tol <126,

and hence
dz(o(to), 0'(ty)) < dz(o(to), o(ty)) + dz(o(ty), o' () < 160.
Now for all large ¢ > 0, it follows from Corollary that
dz(z,0(t)) —dz(y,o(to)) — dz(o(to), o (t))
<dg(z,0(t) —dz(y,o(t))
<dgz(z,o(t)) —dz(y,o(ty)) — dz(o(tg),o(t)) + 8.
This implies
to—dz(y,o(to)) < dz(x,0(t)) —dz(y,o(t)) < to —dz(y,o(to)) + 80
for all large enough t > 0, and therefore we have
to —dz(y,0(to)) < Bo(z,y) < to—dz(y,o(to)) + 80.
Similarly, we also have
to — dz(y, o' (t)) < Bo(2,y) < to — dz(y,o'(tg)) + 84
Hence, we have
1B (2,y) — Bor (2, y)] < [to — tol + dz(y, 0 (t0)) — dz(y, o' (tp))] + 80
<126 + 166 + 85 = 360.

By the same argument replacing y with z, we also have

|Bo(, 2) — By (, 2)| < 360.
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Therefore, it follows that
’50(:% Z) - 50'(1/, Z)‘ < 7267

proving the first claim.
The last claim follows from the first claim, by applying Lemma and
Lemma [6.14 O

Lemma 6.16. Let 01,09 : [0,00) — Z be geodesic rays from x € Z. For
any w € Z on a bi-infinite geodesic between o1(c0) and o2(c0), we have

1
{71(00), 02(00))z = 428 < 5 (Bor (2, w) + oy (2, 0)) < (01(00), 02(00))
Proof. Let [01(00), 02(00)] be a bi-infinite geodesic in Z between o1 (00) and
o2(00) and w € [01(00), 02(c0)]. We then have
IBUI (l.? w) + 180'2 <x7 w)
= tllglo dz(z,01(t)) — dz(w,01(t)) + dz(x,02(t)) — dz(w, o2(t))
< ligi;}lfdz(l‘, 0'1(15)) + dz(.%’, O'Q(t)) - dz(O'l(t), Ug(t))
= 211££f<01(t),02(t)>x.
Hence, by Lemma 3), the upper bound follows.
To see the lower bound, let 07,0} : [0,00) — Z be geodesic rays that

parametrize the segments of [01(00), 02(00)] from w to o1(c0), from w to
02(0), respectively. Then
/Bgi (LIZ‘, w) + /Bo'é (.’L‘, w)
= Iim dz(z,01(t)) — dz(w, o (t)) + dz(z, oh(t)) — dz(w, oh(t))

) —
= lim dz(z,01(t)) + dz(z,05(t)) — dz(a}(t), oh(t))

=00
=2 Tim (0} (¢), 05(1)
Therefore, by Lemma and Lemma [6.§](3), we have
601 (‘T7 w) + 602 (377 w) > /Bcri (377 w) + /Baé (wv w) — 800
o . / / .
=2 lim (o} (£), 74(1)): — 806
> 2(01(00), 02(00))5 — 8490.
This implies the desired lower bound. U
We can now compare two visual metrics in terms of Busemann functions:

Lemma 6.17. Let y,z € 0Z and z,2’ € Z. Let 0,0} : [0,00) — Z be
geodesic rays from x’ to y' and 2’ respectively. Let 01,09 : [0,00) — Z be
any geodesic rays with o1(00) =y and o2(c0) = z. Then

dor(y, ) < 08 4TI 0 g ( y

S 624456,301 (73733,)"!‘602 ($7$/)dx (y7 Z) .
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Proof. Let [y, z] be a bi-infinite geodesic between y and z and let w € [y, z].
By Lemma and Lemma we have
2(y, 2)ar > By (2, w0) + By (27, )
= Byt (2, 0) + Boy (v, w) + By (2", 2) + By (¢, @)
> Boy (2, w) + Bo, (2, w) + By (2, z) + Bos (2, 2) — 806
> 20y, 2)a + By (2, %) + By (2, ) — 1640
Therefore,
dy(y, 2) < 1640 ot (2:2) 465, (z’xl)dw(y,z).
Applying Lemma again, we deduce
01646 ot (mvw’)+/3(,é(w7x’)dx(y, 2) < 2446 o,y (x,x’)JrﬁgQ(x,z’)dx(y?Z).
[l

Shadows. Let x € Z, y € Z, and R > 0. The shadow of R-ball at = viewed
from y is defined as

O%(y,z) ={2€9Z: (y,2)» < R}.
Busemann function is comparable to the distance in a shadow:

Lemma 6.18. Let x,y € Z and R > 0. Let 0 : [0,00) — Z be a geodesic
ray such that o(o00) € O%4(y,x). Then

1B (y, ) —dz(y,x)| < 2R + 480.
Proof. Fix any geodesic ¢’ : [0,00) — Z from y to o(o0). By Corollary
there exists g > 0 such that dz(x,0’(tp)) < R + 46. We then have
1Bor(y, ) — dz(y, 0" (to))| = | im dz(o"(to), 0" (1)) — dz(w, (1))
<dgz(z,0'(tp)) < R+ 46.
By Lemma we have
1By, ) — dz(y, x)| < 400 + B (y, ) — dz(y, 0’ (t0))]

+ |dZ(ya O-,(tO)) - dZ(y,CC)|
< 406 + (R + 48) + (R + 46) = 2R + 483.

O
Shadows viewed from 97 can be approximated by shadows viewed from Z.

Lemma 6.19. Let x € Z and (y;) be a sequence in Z such that lim;y; =
y € 0Z. Then for any R > 0, we have

OF(y, @) C OFy5(yi, x)

for all i > 1 large enough.
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Proof. Let z € O%(y,x). Then by Lemma (2), we have for each ¢ > 1
that

R > <y7 Z):E > mln{(:l/’ yl)xv <y2> Z>:B} — 20.
Since y; — y as i — oo, for ¢ large enough so that (y,y;), > R+ 2d, we have

(Yi, 2)e < R+ 24.

This shows the claim. O

Isometries. Let g € Isom(Z ) be an isometry of Z. Then g : Z — Z extends
to a homeomorphism ¢ : Z — Z. One can see that for x,w € Z, y,z € Z,
and a geodesic ray o : [0,00) — Z,

(9Y,92) gz = (Y, 2)2  and  Bys(gz, gw) = Bo(z, w).

Isometries of Z are classified into three categories. Let g € Isom(Z).
Then either one of the following holds:

(1) g is elliptic, i.e., {g"x : n € Z} is bounded for any x € Z;

(2) g is parabolic, i.e., g is not elliptic and has exactly one fixed point
in 0Z; or

(3) g is loxodromic, i.e., g is not elliptic and has exactly two fixed points
in 0Z7.

If g € Isom(X) is loxodromic, we can denote two fixed points by y,,y,-1 €
0Z so that g"z — yg as n — oo for all x # y,—1 and g"x — yg-1 asn — o0
for all x # y,. We call y, and y,-1 the attracting and repelling fixed points
of g respectively.

For g € Isom(X), we define its asymptotic translation length by

1 dz(l',gnl')
A=l =

for x € Z. This does not depend on the choice of x. It is clear that
{(hgh™1) = £(g) and £(g") = |n|{(g) for all g,h € Isom(X) and n € Z.

Lemma 6.20. Let g € Isom(X) be lovodromic and [y,-1,y,4] a geodesic
between yg-—1 and y,. Let x € [y,-1,y4] and oo : [0,00) = [y,-1,y4] be a
parametrization from x to y,. Then

|Boo (, g2) — £(g)| < 12.
Moreover, if o : [0,00) = Z is a geodesic ray with o(c0) = yg and w € Z,
then

By (w, gw) = £(g)| < 920.
Proof. Note that g"x — y, as n — oo and g™z always belongs to a geodesic

9" Yg-1,Yg] between y 1 and y,. Hence for all large n, there exists ¢, > 0
such that dz(¢"x, 00(t,)) < 66 by Lemma We then have for each n > 1
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that

|Boo (2, 9" ) — dz(x, 00(tn))|
= Jlim |dz(z,00(t)) — dz(z,00(tn)) — dz(g" 2, 00(t))|
= Jlim |dz(o0(tn), 00(t)) = dz(g"z, 00(t))| < 64.

Together with dz(g"x,00(tn)) < 64, this implies
|Boo (@, 9" x) — dz(, g"x)| < 126.

On the other hand, we have
n—1 ' . n—1
Bao ($, g"x) - Z 5‘70 (glxv gH_lx) = Z ’Bgﬂ'ao (.%‘, gI).
i=0 i=0

Since each g~%oyq is the geodesic ray in a geodesic g_i[yg_l ,Yg] between y,-1
and y,g, it follows from Lemma that |B,-iy, (7, 97) — By (x, gx)| < 126.
This implies
|Boo (x, g"x) — nBsy (z, gx)| < 126(n — 1).
Hence we have
dZ (JJ, gnx)
n

Boo (T, gx) — < 126.

Since this holds for all large n > 1, taking n — oo yields the first claim.
Let us now show the last claim. We have

Bo(w, gw) = Bo(z, g) + Bo(w, ) — By-14(w, x).
Since g~ 'o(00) = y, as well, it follows from Lemma that
|Bo(w, gw) — Bo (2, gz)| < 404.
Applying Lemma [6.14] again, we obtain
8o (w, gw) — Boo (2, gz)| < 804.
By the first claim, we obtain

|85 (w, gw) — £(g)| < 925
as desired. 0

If a subgroup I' < Isom(Z) acts properly discontinuously on Z, then the
actions of I' on §Z and Z are convergence group actions [7, Lemma 2.11].
We denote by AZ = Alg the limit set of I', which is the set of accumulation
points of the I'-orbit in 3Z. We say that I is non-elementary if #AZ > 3.
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7. ESSENTIAL SUBGROUPS FOR GRAPH-CONFORMAL MEASURES

Let Gy be a connected semisimple real algebraic group and I' < GG1 be a
Zariski dense 6;-hypertransverse subgroup. Let (Z,dz) be a proper geodesic
d-hyperbolic space on which I' acts properly discontinuously by isometries,
with the I'-equivariant homeomorphism ¢ : AZ — A%,

We keep the same notations as in Section Let p : I' = G2 be a
Zariski dense #s-regular faithful representation with a pair of p-equivariant
continuous maps f : A — Ai%r) and f; : A1) — Alp((elf)). Let G = G1 x Go
and consider the self-joining

I',=(@{idxp)(I') < G.
Its limit set in Fy is the graph Ag = (id x f)(A%). Recall that for a T-

conformal measure v on A% the graph-conformal measure is defined as
follows:

vp = (id X f)sv.
The main goal of this section is to prove:

Theorem 7.1. Let v be a I'-conformal measure of divergence type and v,
the associated graph-conformal measure of I',. If I, is Zariski dense, then

0 _
Eyp = ag.

Visual balls in Ag. Via the equivariant homeomorphisms ¢ : AZ — A%
and (id x f) : A9 — Ag, we identify AZ, A% and Ag. In particular, we can
use the notion of visual balls in Section [f]on all three spaces. More precisely,
setting fo := (id X f) o ¢, we can define the visual metric on Az as follows:
forx € Z and &,m € Az,

d:(&§,m) = o205 1 (O.F T )a

We also use the same notation for the d,-balls: for & € Ag and r > 0,
B,(&,r):={ne€ Af) :dg(§,m) < r}. This allows us to regard Af) as the limit
set of I' in 0Z, and to employ the properties of visual metrics discussed in
Section [6l

Main proposition. Since (id xp) : I' — I', is an isomorphism, we can
regard the I'-action on Z as the I'j,-action on Z: for g € I' and = € Z,
(9,p(9))-x = g-x. We will keep using this identification to ease the notations.

Proposition 7.2. Let v be a I'-conformal measure of divergence type, and v,
the associated graph-conformal measure of I'. Let 9 € 'y be a loxodromic
element such that £(yo) > % (344(5 + 1096 + log 3). For any e > 0 and a
Borel subset B C Fg with v,(B) > 0, there exists v € ', such that

Bnyyy 'Bn{g e Al [1B(0, 77077 0) = Ma(h0)l < &}

has a positive v,-measure. In particular,

Ao(70) € Egp (Tp)-
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Remark 7.3. The proof of Proposition is motivated by Robin [36] and
Lee-Oh [32]. In both ([36], [32]) there exists a nice Busemann function due
to the CAT(—1) and the higher rank Morse lemma respectively. In con-
trast, in the generality of our setting, the Busemann function on a Gromov
hyperbolic space (Z,dyz) is not as good as the one in CAT(—1) spaces, and
the higher rank Morse lemma is not available. We overcome this difficulty
by simultaneously controlling both the coarsely defined Busemann function
on (Z,dz) and the ag-valued Busemann map on the higher rank symmetric
space X to make the modified argument work. Our arguments are based
on the dynamical properties of transverse subgroups and the uniformity and
stability results on Busemann functions on (Z,dz) obtained in Section [6]

In the rest of this section, we fix a loxodromic element 79 € I', and
assume that £(yo) > % (344(5 + 10996 + log 3). We denote by & € Ag and
n e Alp(e) the attracting and repelling fixed points of g respectively, which
are identified with the attracting and repelling fixed points y.,, Yyt € AZ

respectively. Since & and 7 are in general position, we can choose p = go €
X where g € G is such that §, = gP and n = gwoFg). We also fix a
point © € Z on a geodesic [, n] between & and 1 in Z and a geodesic
ray og : [0,00) — [£o,n] with 009(0) = = and o¢(c0) = &. Finally, we fix
0<e<1/2

Covering the Myrberg limit set. We first make the choice of two con-
stants:

C1 =10 and Cy=10".
We then have

C1 >5C5 +1046 and £(yg) > % (3446 + Cy +1og 3) .

We only need these two properties; one can choose different C; and Cs as
long as they satisfy the above inequalities.
For each v € I, let ro(y) > 0 be the supremum of » > 0 such that

e we have

sup  [1B(p, 75 v ') F Ae(h0)ll < & and
€€ Ba (160, 3¢51)

e for any geodesic ray o : [0,00) — Z with o(00) € B, (7€, 3¢37),

|Bo (2,775 7~ ) F £(70)] < Ci.
Such an r exists by Lemma [3.2] Lemma [6.20, and Lemma
For each R > 0, we define
Br(v0,€) = {Bx(v&0,7) : 7 € T, 0 <7 < min(R, ro(7))}-
Choose 0 < s = s(79) < R small enough so that
e we have

g
sup B¢ (p 75 ' p) F Ao (0)l < 5
fEBz(f(hs)
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e for any geodesic ray o : [0,00) — Z with o(00) € By (&, s),
8o (@, 75 %) F £(70)] < Ca; and
e we have
Bx(&]a e?f(’yo)-f—czs) C O?/(Sn) (77:19) N Ogg (777 .’IJ)

where k > 0 is the constant given in Lemma [3.3]

For each v € I'y and r > 0, we set
r
D(v&o,7) = By <ng7 o5 2dz(z,’ya:)r) '

Proposition 7.4. Fiz R > 0. Let £ € Ag and v; € 'y be a sequence such
that fyi_lp —n and 'yi_lﬁ — & asi — 0o. Then for any 0 <r < 6*50053(70),
there exists ig such that for all i > ig, we have
D(vi&o,7) € Br(v0,e) and & € D(vio, 7).
In particular, for any R > 0, we have
Myc U D
DEBR(’yo,E)

Proof. We first claim that D(v;&,r) € Br(7o0,¢) for all large i. By Lemma

and the equivariance of the homeomorphism A% — Al we have

that fyi_la; — y_—1 in Z, noting that n = yi(f)l. Hence O(Z;, (y,-1,2) C
Yo Yo 2%

Og2+25(%;_117,33) for all ¢ by Lemma [6.19

For each i > 1, we set s; = Se%e*MZ 7i%:%) - We need to show that
sup 188 (0, vivg i ') F Ao (o)l < &

€' €Buy(vi€0,3¢89s;)
and for any geodesic ray o : [0,00) — Z with 0(c0) € By (7io, 3¢¥s;),

1Bo (z, v ;) F £(70)] < Ch.

Let &' € By (o, 368552-) and o : [0,00) — Z a geodesic ray with o(c0) =
&’. We have from Lemma that

Ay (&0, 77 1E") = doyyu(Yiko, £) < M0 ePrico@nim)+Ba (@) g (.60 ¢!

< 6244562612(30,%13)e—Zdz(’YiI,ﬂ?)T _ 624467”.

2446

Since e“**°r < s(7p), we have

3
18° 1, (p708) = No(r0)ll < 5 and 18,1, (#,702) — £r0)| < Co.

Hence we have

dy (0,7 ;1) = drgalC0,7; ') <e
< 2446 126 ,20(0)+C2 ;2446

Bog (z,702)+B_—1_(z,707)
24466 0 Vo da}

(€07 ¢



CONFORMAL MEASURE RIGIDITY AND HOROSPHERICAL FOLIATIONS 39

by Lemma Since €%y < s(vp), this implies that 7;15’,%*17;15’ €
By (&, €*00)%2s). Since By(&, €000t %s) € O (n,p) and v, 'p — 1,
we obtain from Corollary [3.4] that

_ 9 . .
Hﬁ,yﬂg, (% p,p) — B9 (v, 1p,p)H < B for all but finitely many 3.

Yo i te
Now we have
18 (0. 5707, ') — Xo(0)
= (182 (0, vip) + B (vip, viv0p) + B (vivop, vivov; ') — Aa(70)
< 182 (p,vip) — BE (vivov; v, vivop) | + 1182 (vips vivop) — Ae(70) |
= 185100 '2) = B0 1 (P D)+ 18] 1 (P v0P) = X0 (20)]
<e/2+¢efd<e.

Similarly, as By (£o, €*00)TC25) C OCQ( - ,x), it follows form Lemma

[6.19 and Lemma [6.18 that
18, = e Lo, x) — 6771771 (v o, x)| < 4Cy + 1045 for all large i.
Hence we have

|Bo (2, Yiv0y; ) — £(70)]
< |572_—10(’Yfll‘,93) =B, (v 'z, 2)| + 18,15 (2, 702) = £(70)]
< 4C9 4+ 1046 + Cy < (.

By the same argument, we also have
188 (P, 7ivg i 'p) + M)l <& and  |Bo(z,yivg 'y x) + £(v0)| < Ch.

Since & € By(yiéo,3¢%s;) and the geodesic ray o were arbitrary, it shows
D(vi&o,7) € Br(70,¢) for all large i.

We now prove the second claim that £ € D(v;&p,r) for all large 7. Since
7{15 — &, we may assume that

Ve e By (&, e200)+C2) Oé (y%fl,x) for all ¢ > 1.
By Lemma we have
e e Ogﬁ%('y;lx,a:) for all large .

Note that & € Ogﬁ%('y;lx,w) as well. Let o be a geodesic ray with
o(00) = &. Tt follows from Lemma that

‘/87710(7;1'%7 l‘) - dZ(fyz_lm)x)’ < 202 + 52(5,
|Boo (v ', ) — dyg (v, 2)| < 2C5 + 526,
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Therefore, we have

dm(71§07€> = dyi’lgg(gO:’)/i_lé)

oags —(Boo(vi tz@)+B_—1_(v; 'xx))

< e“e oot dz(€0,7; 1)

2448 ,~2dz (v, '@,x) ,4C2+104 !
<e 66 dz(7; va)e C2+10 6dz(€07’7i g)

Since ;"¢ — &o, we have dy(§,7; '¢) < e~ (O3 Loy for all large i,
and hence & € D(v;&0,7), completing the proof. O

Approximation by d,-balls. From now on, let v be a (I, )-conformal
measure of divergence type and v, the associated graph-conformal mea-
sure of I',. Note that v, is a (I',, 0y )-conformal measure where oy, € aj
is the composition 1 o pp, (Proposition 4.4]). It is more convenient to use
the following conformal measure 1, (with respect to the basepoint p) as
Egp(rp) = Egp(rp)3

dvy(€) = A ,P))dyp(g)_

Proposition 7.5. Let B C Fy be a Borel subset with v,(B) > 0. Then for
vp-a.e. § € B, we have

vp(BN D)
lim sup -
RA)O{ED DEBR('Y(), ) VP(D)
Proof. For a Borel function h : Fy — R, define A* : Fy — R as

1
h*(&) := lim sup / hdu,,.
( ) E—0 £eD,DeBR(Y0,e ) (‘D) D b

=1.

By Proposition h* is well-defined on AH . Since Aﬁ has full v,-
measure by Theorem [.3] h* is well-defined for vp-a.e. & € Fy. It suffices
to show that h(§) = h*(&) for pyy-a.e. § € Fp; taking h = 1p implies the
desired identity. Note that h = h* if h is continuous; we now consider the
general case.

Claim. We claim that for any « > 0, we have

. ev Ao (1)) +lloyle
vp(h* > a) < / |h|dvp.
Fo

(0%

To see this, it suffices to show that for any compact @ C {h* > a}, we have

ev (Mo (10))+loylle
1p(Q) < / [hldvp.
Fo

o «

Fix R > 0 and a compact subset ) C {h* > a}. By the definition of h*, for
each ¢ € Q, there exists D, € Br(70,¢) containing ¢ such that

57 ),
_ hdv, > o.
vp(Dyq) Jp b

q



CONFORMAL MEASURE RIGIDITY AND HOROSPHERICAL FOLIATIONS 41

Since @ is compact, we have a finite subcover {D; = By (7:i€o, si)} of {Dy :
q € Q}, where 5 € I', and s; = 3@%6—%2(7{1“}””)” for some r; > 0.
By Lemma there exists a subcollection D, ,--- , D;, of disjoint sub-

sets such that
k
D c | J3e* Dy,
i j=1

where 3686Dij = By (73,0, 36868i].).
We observe that for each j, 3686Dij C ;Y% 17; 1Dij. Indeed, for & €

Seg‘sDi]. and a geodesic ray o with o(c0) = £, we have from Lemma
&S 3686D¢j, and D;; € Br(70,¢) that

dx(’Yijfoa’Yij’YO%;lf)
= dwﬂo—lvi;lx(%jgoyf)
- i i-il-ily Ui'71i17
< 24~ iy 0ign0 o 0B Oig00 00 g 0 g g

02443 ,925 ,—2L(70)+C1 3,8

IN

Si; < Si;e

This shows 7;; Y073, le e D;;, and hence & € ;7 lfyi; 1DZ»]..
Therefore, we have

9 (pvi-vov: !
Vp(3€85D2J) S Vp(’}/@]’)/o_l’yl;lDzj) — / eaw(ﬁg(l”»%]%%j p))dl/p(g)

Dy

< e%(Ae(’YO)HH%HEVP(Di ).
J

Now it follows that
k
’/p(Q) < Vp(3385Dz‘j)

1
e (Ao(10))+lloylle e9v(Ao(10))+lloylle
/ hdy, < / |h|dvp,
(07 D;. « Fo

<.
Il

<
Il
—

M-

as desired.

We now finish the proof of the proposition by showing that h(§) = h*(£)
for vp-a.e. . We first show that h(£) < h*(€) for vp-ae. . Let o > 0 and a
sequence of continuous functions h, — h in L(1;,). Since hy, is continuous,
hy = hy. Now we have

vp(h —h* > a) <vp(h — hy > a/2) + vp(hy, — h* > a/2)
2 2
< 2= hall g + Zeov Gl HIolel y — .
a a

Since ||h — hy|lpr — 0 as n — oo, we have v,(h — h* > «) = 0. Since
a > 0 is arbitrary, h(§) < h*(§) for vp-a.e. §. The similar argument shows
h*(§) < h(€) for vp-a.e. &, and it completes the proof. O
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Proof of Proposition Let B C Fy be a Borel subset with v,(B) > 0.
It suffices to show that for some v € Ty, the set

By ' BOA{E 1BL(p, 107 ') — Xo(v0)ll < €}

has positive v,-measure.
By Proposition there exists D = By (&, ) € Br(70,€) such that

(7.1) vp(DN B) > (14 e~ o»Geb0))=llovllsy=1,, (D).
Since r < r9(7y), we have

D c {&: 1B, 75y ') F Ae(r0)ll < e}
and for any geodesic ray o with o(o0) € D, we have

|Ba (2,775 7 2) F L(v0)| < Ci.

This implies
Bryyoy ' BN{E 1B, v10v'p)—Ae(10) | < €} D (DNB)Nyyoy ™ (DNB).
Hence it suffices to show
(7.2) vp((DN B) Ny~ H(D N B)) > 0.

By the conformality, we have

O (DB = [ T )
DNB

> e—%(ke(%))—ﬂ%ﬂayp(l) N B).
Hence we have
vp(D N B) + vp(vy07 1 (D N B)) > (14 e~ ovRe0oD=lowliey, (DN B).
Together with the choice of D, we obtain
(7.3) vp(D N B) + Vp(’Y’YO’Yil(D N B)) > vp(D).
We claim that vy0y~'D C D. Indeed, if £ € D and o is a geodesic ray

with o(co0) = ¢, then by Lemma [6.17 and Lemma
do (Y60, 77077E) = d 211, (760, 6)
< 20 Brog (@10 7T )+ (@0 Y TIO g (18p, €)

< 2446920 ,—20(%0)+C1 . .

Hence the claim follows.
Now both D N B and yyyy~!(D N B) are subsets of D. Therefore, (7.3)
must imply ([7.2)), completing the proof of Proposition O

Corollary 7.6. For any lozodromic g € I', we have

Ao(70) € Egp (Tp)-
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Proof. Let 9 € T' be a loxodromic element. For sufficiently large n, both
vy and 78“ satisfy the condition of Proposition Hence we have

nAo(70), (n + 1)Ag(70) € EJ, (T)).

Since Eﬂp (I'p) is a subgroup of ay, we have

Mo (10) = (n 4+ 1)Ag(70) — nre(r0) € EY (T)).
O

Proof of Theorem By Corollary Xo(y0) € Eﬁp (I'y) for all loxo-
dromic y9 € T'. Since Egp (') is a closed subgroup of ay, it follows from
Theorem [2.3[ that Eﬁp (I'y) = ag if T', is Zariski dense. O

Essential subgroups for hypertransverse subgroups. The same argu-
ment applies to a Zariski dense #-hypertransverse subgroup I' < G, which
is not necessarily a self-joining. Therefore we deduce:

Theorem 7.7. Let G be a semisimple real algebraic group and I' < G a
Zariski dense 0-hypertransverse subgroup. For a I'-conformal measure v of
divergence type, we have

ES () = ap.

8. SINGULARITY OF THE GRAPH-CONFORMAL MEASURE

We are finally ready to prove our main rigidity theorems. We recall
the setting: let G; and G2 be connected simple real algebraic groups and
I' < G1 be a Zariski dense 6;-hypertransverse subgroup with the limit set
A9 Fo,- Let p: I' = G2 be a Zariski dense p-regular representation with
p-equivariant continuous maps f : A1 — Fo, and fi : A1) Fi(oy)- Let v
be a (T',v)-conformal measure of divergence type, for ¢ € ag, -

Recall that I', = (id xp)(I") is the self-joining of I' via p which is a discrete
subgroup of G = G| x G2. The graph-conformal measure v, = (id x f),v is
the unique (I',, oy )-conformal measure on Ag where oy is the composition
of 1) with the projection ag — ap, (Proposition .

Theorem 8.1. IfT', is Zariski dense, then
Vo K Vp
for all (T, ¢)-conformal measure vg on Fy with ¢ # oy.

Proof. Let vy be a (I, ¢)-conformal measure on Fy for some ¢ € aj. Sup-
pose that vy < v,. By Theorem we have Ele,p (I'y) = ag. Hence it follows
from Proposition that ¢ = oy on E,ejp (I'y) = ag. Therefore, ¢ = oy, and
the theorem follows. O
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Proof of Theorem Suppose that I, is Zariski dense and there exists
02
p(I)

V@ < f*V.
Then by Proposition [£.4] we have

(f 1 xid)avy, < v,

a (p(I'), p)-conformal measure v, on A%, for some ¢ € aj  such that

and (f~1 xid).v, is a (T'), 0,,)-conformal measure where o, is the composi-
tion of the projection ag — ag, and ¢ € ag,. By Theorem 8.1} we must have
Oy = 0.

On the other hand, ap, < ag = ag, P ay, is contained in ker o, while
oyp(u) = P(u) # 0 for some u € ap,, which is a contradiction. Therefore,
I’y is not Zariski dense and hence p extends to a Lie group isomorphism
G1 — G5 by Lemma [4.2) O

Proof of Theorem E By Theorem we have EZ(T') = ay. Hence
Theorem follows by the same argument as in the proof of Theorem
B.Il O

9. DEFORMATIONS OF TRANSVERSE REPRESENTATIONS

In this section, we consider deformations of transverse representations
to which Theorem can be applied. We keep the same notations from
previous sections. Let (Z,dz) be a proper geodesic d-hyperbolic space and
A < Isom(Z) a non-elementary subgroup acting properly discontinuously on
Z. For i = 1,2, we consider 6;-transverse representations p; : A — G; and
write T'; := p;(A). The conjugate p = paop1|x' between two representations
is referred to as a deformation from p; to pa:

I'

NF
2

In this setting, we obtain the following stronger form of the conformal
measure rigidity theorem which was stated as Theorem [I.§]in the introduc-
tion:

Theqrem 9.1. There exists a pair of p-boundary maps f : Ai‘lll — Fo, and
fi: A}(fl) — Fi(e,)- Moreover, unless p : I'y — I'y does not extend to a Lie
group isomorphism G1 — Ga,

vg K farn

for any I'1-conformal measure vy of divergence type and I's-conformal mea-
sure vo. In particular, if vo is further assumed to be of divergence type,
then

vo L fevq.
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Proof. By definition of the transverse representation, for ¢ = 1,2, we have
. . . 0;Ui(0; :
a ps-equivariant homeomorphism f; : Ag — AF_UI( ), Together with the
7
. . . 0;Ui(6; ; 0;Ui(0; i(0;
canonical projections Ap i) _, A%_ and Ap i) AIF(,’)7 we have the

following commutative diagram:

i(01) ~ 01Ui(01) ~ 61
Ap, — Ap — Af

| n |
fii AZ, if

| f2 |

‘ <

(0 ~ 6,Ui(60 ~ 0
Ar(;) «— Ay, O~y Ar,

As indicated in the above diagram, the projections A?iiUi(ei)

— Affi and
AGYIO) o AOD 5 — 1 9 are homeomorphisms due to the ;-antipodalit

T i o ’ 4 p i p Y
of I'; [26] Lemma 9.5]. Hence the maps f and f; are well-defined as above,
and are homeomorphisms. Moreover, since all maps in the diagram are
equivariant under the actions of the corresponding groups, f and f; are
p-equivariant. Therefore, they form a pair of p-boundary maps.

This allows us to apply Theorem [I.4] finishing the proof. O

10. HOROSPHERICAL FOLIATIONS AND BURGER-ROBLIN MEASURES

In the rest of the paper, let G be a connected semisimple real algebraic
group and fix a non-empty ¢ C II. In this section, we discuss ergodic
properties of Burger-Roblin measures on horospherical foliations.

Recall the space

H@ = .7:9 X ag

and the actions of G and Ay on Hy given as follows: for (§,u) € Hg, g € G
and a € Ay,

g (&u) = (g6 u+BL(g " e));
&u)-a=(&u+loga).

Denoting by g7 = gPy € Fy, the map g — (g7, ng (e,g)) induces a homeo-
morphism

(10.1)

G/NQSQ EHQ.

Hence the space Hy can be considered as the #-horospherical foliation. In-
deed, when G is of rank one, Hy is the horospherical foliation of the unit
tangent bundle of G/K.

Since Ay normalizes NySp, the quotient G /NySy admits both left G-action
and right Ap-action, and the above homeomorphism is (G, Ap)-equivariant.
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A Radon measure m on Hy is Ag-semi-invariant if there exists a linear form
Xm € ay such that for all a € Ay, we have

axm = eXm108a)

We define a I'-invariant Ag-semi-invariant Radon measure on Hy, called
Burger-Roblin measure.

Definition 10.1 (Burger-Roblin measures). Let I' < G be a discrete sub-
group and v a (I', 1)-conformal measure on Fy for some v € aj. The Burger-
Roblin measure mBR on Hg associated to v is defined by

12
dmPBR(&,u) = W duy(&)du
where du is the Lebesgue measure on ay.

In fact, all [-invariant Ag-semi-invariant measures arise as Burger-Roblin
measures. See ([1], [10], [30]) for rank one settings, and [32, Proposition
10.25] for higher rank:

Proposition 10.2. Let I' < G be a Zariski dense discrete subgroup. Any I'-
invariant Ag-semi-invariant Radon measure on Hy is proportional a Burger-
Roblin measure associated with some I'-conformal measure on Fy.

Ergodicity of horospherical foliations. We now prove the ergodicity of
horospherical foliations with respect to Burger-Roblin measures. The size of
the essential subgroup plays a role of criterion for the ergodicity of actions
of horospherical foliations. The following was proved in [38] for abstract
measurable dynamical systems, and more direct proof for particular case
of CAT(—1) spaces was given in [36, Proposition 2.1]. Following [36], the
higher rank version was obtained in [32, Proposition 9.2] when 6 = II. The
same proofs as in ([32] and [36]) works for general 6:

Proposition 10.3. Let I' < G be a Zariski dense discrete subgroup and v
a T-conformal measure on Fy. The T'-action on (Hg, mER) is ergodic if and
only if the T-action on (Fp,v) is ergodic and E2(T') = ap.

Proof of Theorem Let I' be a Zariski dense #-hypertransverse sub-
group. Let v be a I'-conformal measure of divergence type. By Theorem[7.7]
we have EZ(T") = ap. Moreover, (Fy,T',v) is ergodic by Theorem There-
fore, the ergodicity of the T-action on (Hg, mBR) follows from Proposition

10.3l O

Ergodic decomposition. In the rest of the section, we consider the case
0 = II; we omit the subscripts and superscripts for § = II. Let I' < G be a
Zariski dense II-hypertransverse subgroup.

For a (I, )-conformal measure v on F for some 1 € a*, the associated
Burger-Roblin measure /mER on T'\G is defined in . Let v; be a (I', ¢ o
i)-conformal measure on F. We now define the Bowen-Margulis-Sullivan
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measure for the pair (v,1;). The generalized Hopf-parametrization for G is
an isomorphism G /M — F?) x a defined by

gM = (g+7givﬁg+ (eag))

where gt = gP, g~ = gwoP € F. By fixing a Borel section G/M — G, it
induces an isomorphism

(10.2) G— F? xax M.

Via ((10.2), the following defines a left I'-invariant and right AM-invariant
measure on G: for g € G,

BMS (g) == o Byt (e:9)+i(B,(e.9))) dv(g)dvi(g™ )dadm

where da and dm denote the Haar measures on a and M respectively. Hence
it induces an AM-invariant measure on I'\G which we also denote by mBMS
and call the Bowen-Margulis-Sullivan measure associated to the pair (1/, 1/1).
Note that when v is of divergence type, v; uniquely exists by Theorem [5.5]
and therefore we simply write mBMS = ],,31,\/?8.

Let ®r be the collection of all P°-minimal subsets of I'\G where P° is the
identity component of P. For a fixed & € ©p, we set Pr:={p€ P : &p =
&o}. Then Pr is a finite index co-abelian subgroup of P and is independent of
the choice of &, and moreover the map Pr\P — ®r, [p] — &op, is bijective
[18]. We now present the ergodic decompositions of the Burger-Roblin and
Bowen-Margulis-Sullivan measures on I'\G:

dm

Theorem 10.4. Let I' < G be a Zariski dense II-hypertransverse subgroup.
Let v be a F conformal measure on F of divergence type. Then

(1) mBR =3, cop M |g is an N -ergodic decomposition;
(2) 7 BMS ZSGDF MS|¢ is an A-ergodic decomposition.

In particular, the number of N-ergodic components of mBY and the number
of A-ergodic components of mMBMS are given by #Dr = [P : Pr].

In [31], Lee-Oh deduced the ergodic decomposition theorem for II-Anosov
subgroups from the ergodicity of N M-action and AM-action on I'\G respec-
tively, which were shown in their another work [32]. The Anosov property
was used in order to have

o [l-regularity and II-antipodality of I';

e the ergodicity of NM-action and the complete conservativity and
ergodicity of AM-action on I'\G;

e appropriate covering of the limit set to show that the a x M-valued
essential subgroup for a I'-conformal measure v is the whole a x M.

On the other hand, when I' is II-hypertransverse, it is II-regular and II-
antipodal. Moreover, if v is of divergence type, then we showed that the
N M-action on (T'\G,mBR) is ergodic in Theorem and the complete
conservativity and ergodicity of AM-action on (F\G mBMS) were known
([13], [26], Theorem [5.7)). Finally, as we have shown in Section [7] the new
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covering of the limit set defined in terms of the visual metric on the Gromov
boundary plays an appropriate role to prove that the essential subgroup
is full. The deduction for the extended version of the essential subgroup,
taking values in a x M, can be done in a same way as in [3I]. Therefore,
Theorem can be deduced by the same argument as in [31], with these
replacements of the above three items.
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