Math 244 Name (Print):
Summer 2015

Final Exam

7/17/14

Time Limit: 180 Minutes

This exam contains 17 pages (including this cover page) and 14 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page, in case the pages become separated.

You may not use your books, notes, or any calculator on this exam.

You are required to show your work on each problem on this exam. The following rules apply:

e Organize your work, in a reasonably neat and Probl Points | S
coherent way, in the space provided. Work scat- robiem OIS | weore
tered all over the page without a clear ordering 1 10
will receive very little credit.

e Mysterious or unsupported answers will not 2 15
receive full credit. A correct answer, unsup-
ported by calculations, explanation, or algebraic 3 20
work will receive no credit; an incorrect answer
supported by substantially correct calculations and 4 20
explanations might still receive partial credit.

5 10

e If you need more space, use the back of the pages;
clearly indicate when you have done this. 6 10

Do not write in the table to the right. . 10
8 10

9 15

10 10

11 20

12 15

13 15

14 20

Total: 200
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1. (10 points) Solve the initial value problem

y —2y=1t%y(0)=0
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2. (15 points) Find the explicit solution to the following IVP

(1+e")yy =e”,y(0) =1

and specify the interval of existence
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dy = 2"
1% |+e.“dx
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3. (20 points) Find the general solution to the ODE

y

+(y® —Inz)y =0
Xz

Hint: you have to find an integrating factor to get an exact ODE.
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4.

(a) (10 points) Find the interval of existence for the solution to the following IVP
(sin2t)y” + (tan4t)y’ + % =0,y(n/4) =0,y (7/4) =1
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(b) (10 points) Find ll the equilibrium solutions and draw the phase line of the autonomous
ODE
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5. (10 points) For the parameterized IVP
y' +6y"+ 9y =0,9(0) =2,4'(0) = o,

determine the critical point of o when the long-term behavior of the solution changes from
eventually positive to eventually negative.

Chaw. egn: Y'+brt Teo v=-3,-3
Gon. 5| Yy Lo+ Gie™

Ylory=2 = G =

Y= = -3+ G=x=Ci=ol
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Criticall volue f % : -

Gun. So"n'- 4‘]7& gb,\l;ka C,,C;: QTt. Asm-lnl:‘nc Amlgg‘s: 47{



Math 244 Final Exam - Page 7 of 17 7/17/14

6. (10 points) Knowing that
y=x
is a solution to the ODE
2?(Inz — 1)y" —zy +y =0,
find the general solution.

Hint: For the ODE y” + p(2)y’ + q(x)y = 0, set ya(z) = u(z)yi(x), then u(z) should satisfy
yiu” + (21 + pyr)u’ = 0.
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7. (10 points) Find the general solution to the ODE
:L‘Qy” _ l‘y/ _ 3x3

Hint: For the ODE y” + p(x)y’ + q(z)y = g(x), knowing the complementary solution y.(z) =
Chy1(x) + Caya(x), a particular solution can be obtained by the formula

Y = p(z / —Y2g d 2 + Y19
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8. (10 points) Find the general solution to the ODE

y" 4+ 4y = 2sin2t — 3cos 2t + 1
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9. (15 points) Find the general solution to the ODE

y'"+y"+y'+y:tet
Chav. egn 7475 w3] <0 = ) (4D =09 7=, i
C'"'f‘ S°"'" é’]c= C|€-f+ Glnt+ Gﬁfn'&
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YUY Y Y= 41+ 484 LA )etstet
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10. (10 points) Determine the final template for finding a particular solution to the following ODE
y" — 2y + 5y = tel cos 2t — t?e! sin 2t + 2te! + 5cos 2t + t°

Warning: You are not asked to solve the coefficients!

Chow. .e.%nz "yl-—)y+5 o= y=+|12¢
Y = (Aot Bt Cdetundt + (Dot Bot'+ Fun) &
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11. For the ODE
(3—a2)y" =32y —y=0,20=0

(a) (15 points) Find the first three nonzero terms of the series solution. (Hint: you only need
to find up to as)
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32| @+ 33:20%: % +%%3(m+2)(m+ﬁ Ompa A"

- Zw(m ) QA"

-3a,% — 2. 3man
ms=2
= - o — Z a.-.)f"

(éaz-a,) + (’8@3 -40,)){4 i[g(rﬂ'\'Z)(m-l-u Qme2 = (’rn,:l-;)m-l-l)a"J'){M:o

|
Q=T Qa = 3 1. 'q.—_'_a
Oy =5 4, = 1T3e T T4IT T
,m22 :i—a:i.i -i
Qs = Qn 2 Qs 3.5 3 s 74, Bs_a
_ AV VO N 27,3 s
8-610(14 ;X o™ )+a,(x+7x+‘gx+ -)

The problem continues next page
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(b) (5 points) Give a lower bound to the radius of convergence to the series.
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12. (15 points) Find the general solution to the linear system

1 -1 4
Z'=13 2 -1 |7
2 1 -1

1;> 2_-l> i,rl =<l->>k2~X)(-l-U+J]

- 1=
T + - (-3-2542) + 4. 3-442%)
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13. (15 points) Find the general solution to the linear system

e

and draw the phase portrait
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14. (20 points) For the nonlinear system

' =y2-z-y)
Yy =-z—y—2zy

find all the critical points, give a classification to type and stability, and <eew—theloeal-phase—

—portraits
Hint: there should be three critical points

la(:-x-a)=o=3 %=o oy %:Q-x
l'-F '3=o, -I'L.m -X—l(']-lxa:.o = Y=06
D'flwwia: —7-3-1x8=0$ - -%(2-x)= Ai-4+-2 =o
= A= ]tl2 2 Y= Fh
Gt (0,0, (14, 1-5), (1=, 1 +F)
= | - A-%-2
j(%-g)- [—&3% —l—:bﬂ

Mewe (o0, 52 2@ Byl _'EJ__Y_j

-1 -l
Nn?frb've yed Tavv'f = 417;’“1 sink —@ﬂ
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Z
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= W[4 3 AR (A4 (320)- (3 4208)(- 1443)
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You could use the next page to continue your solution.
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You could use this page to continue solving Problem 14.

=)+l 13)) -§+4R =0

Vigtas theorem = M= -344.[: <0 = )‘, h one "7”';1‘)“6

= Saddle Tt, Unstalle

News (105, 147) . U'e | -1=2 2-1+0-2-2R |
-1-2-21 —1-2+4212 v

_3’_ I‘l "/E— "‘l"’fE —U_l’
V=35 =343

|- E-W) (34205 -%) = (-1-R) (-3-ak)
=X td+m +(3-4442 )-(3+4+5k)
=144+ -%-42=0
M €0 = N, om/,aosi-b%ve, omw%-b?ve
2 saddle ']»n'a‘t, unstable .
Criticall goimts: 6 pt
Jacebian mamas: & pt.
'Eigwaﬁ«u owd Stabilivy: Gyt






