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Disclaimer

@ The slides are written exclusively for 244 students. It might not be
appropriate to use them in any earlier course.

@ There may be errors. Use them at your own discretion. Anyone who
notify me with an error will get some award in grade points.
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Power Function

e Definitions: f(x) =x? (a € R)
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Power Function

e Definitions: f(x) =x? (a € R)

@ Derivative:
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Power Function

e Definitions: f(x) =x? (a € R)

@ Derivative:

@ Antiderivative:

1 a+1
— +C -1
[T
In|x] + C a=-1

Fei Qi (Rutgers University) Review of Formulas in Calculus January 21, 2014 3/16



Power Function

e Definitions: f(x) =x? (a € R)
@ Derivative: .
a- 0
0 a=
@ Antiderivative:

1 a+1
— +C -1
[T
In|x] + C a=-1

@ Note: When you perform the integration, you should never forget to
take absolute values. However in many cases of the 244 course, you
don't have to care too much about that.
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Exponential Functions

e Definitions: f(x) = a* (a>0)

Fei Qi (Rutgers University) Review of Formulas in Calculus January 21, 2014 4 /16



Exponential Functions

e Definitions: f(x) = a* (a>0)
o Derivative:
f'(x)=(a") =alna.
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Exponential Functions

e Definitions: f(x) = a* (a>0)
o Derivative:
f'(x)=(a") =alna.

@ How to compute: Take logarithms on both sides and apply the
differentiation law of composite functions.
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Exponential Functions

Definitions: f(x) = a* (a > 0)

Derivative:

f'(x) = (a¥) = a“Ina.

@ How to compute: Take logarithms on both sides and apply the
differentiation law of composite functions.

Antiderivative:

1
/f(x)dx:/axdx: —a +C
Ina
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Exponential Functions

Definitions: f(x) = a* (a > 0)

Derivative:

f'(x) = (a¥) = a“Ina.

@ How to compute: Take logarithms on both sides and apply the
differentiation law of composite functions.

Antiderivative:

1
/f(x)dx:/axdx: —a +C
Ina

@ How to compute: Make use of the derivative above.
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Logarithm Functions

@ Definitions: f(x) =log,x (a >0)
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Logarithm Functions

@ Definitions: f(x) =log,x (a >0)

@ Derivative:
;1

xlna’

f(x) = (log, x)
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Logarithm Functions

@ Definitions: f(x) =log,x (a >0)

@ Derivative:
;1

xlna’

F(x) = (Iog, )

@ How to compute: Strictly speaking you should be using the law for
inverse functions. But if you know already that (Inx)’ = 1/x, then
you can simply make use of the fact log, x = Inx/Ina.
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Logarithm Functions

@ Definitions: f(x) =log,x (a >0)

@ Derivative:

1
F'(x) = (log, x)/ = — —.

@ How to compute: Strictly speaking you should be using the law for
inverse functions. But if you know already that (Inx)’ = 1/x, then
you can simply make use of the fact log, x = Inx/Ina.

@ Antiderivative:

/f(x)dxz/logaxdx:lla(xlnx—x)—i—C
n
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Logarithm Functions

Definitions: f(x) =log,x (a > 0)

Derivative:

;1

F'(x) = (log, x)/ = — —.

@ How to compute: Strictly speaking you should be using the law for
inverse functions. But if you know already that (Inx)’ = 1/x, then
you can simply make use of the fact log, x = Inx/Ina.

Antiderivative:

/f(x)dxz/logaxdx:lla(xlnx—x)—i—C
n

@ How to compute: Use integration by parts to solve the special case
that a = e, then again use log,x = Inx/In a.

Fei Qi (Rutgers University) Review of Formulas in Calculus January 21, 2014 5/16



Trigonometric functions

@ Definitions: sin x, cos x, tan x, cot x, sec x, csc x
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Trigonometric functions

@ Definitions: sin x, cos x, tan x, cot x, sec x, csc x

@ Derivative:

(sinx) =cosx , (cosx) = —sinx,
(tanx)' =sec®x , (cotx) = —csc?x,
(secx) =secxtanx , (cscx) = —cscxcotx.
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ic functions

@ Definitions: sin x, cos x, tan x, cot x, sec x, csc x

@ Derivative:

(sinx) =cosx , (cosx) = —sinx,
(tanx)' =sec®x , (cotx) = —csc?x,
(secx) =secxtanx , (cscx) = —cscxcotx.

@ How to compute: Use definitions of derivatives and the trigonometric
identities to work on sin x and cos x. Use laws of quotients to work on
tan x and cot x. Use either law of quotients or chain rule to work on

sec x and csc x.
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ic functions

@ Definitions: sin x, cos x, tan x, cot x, sec x, csc x

@ Derivative:

(sinx) =cosx , (cosx) = —sinx,
(tanx)' =sec®x , (cotx) = —csc?x,
(secx) =secxtanx , (cscx) = —cscxcotx.

@ How to compute: Use definitions of derivatives and the trigonometric
identities to work on sin x and cos x. Use laws of quotients to work on
tan x and cot x. Use either law of quotients or chain rule to work on

sec x and csc x.
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Trigonometric functions

o Antiderivative:
/sinxdx =—cosx+ C /cosxdx =sinx+ C,
cotxdx = In|sinx| + C,

/tanxdx: —In|cosx|+ C

cscx = —In|cscx + cot x|.

——

/secxdx =In|secx +tanx|+ C
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Trigonometric functions

o Antiderivative:
/sinxdx:—cosx+C , /cosxdx:sinx+ C,
/tanxdx:—ln]cosx|+C , /cotxdx:|n|sinx|+C,
/secxdx:ln|secx+tanx|+C , /cscx:—ln|cscx+cotx].
@ How to compute: Use the derivatives above to see the first two.

Write in quotients and use substitutions then you will see the second
two. Use trigonometric techniques to get the last two.
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Details of [ sec xdx

1
/ secxdx = / dx
cos X
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Details of [ sec xdx
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Details of [ sec xdx

1
/ secxdx = / dx = / C052X dx
cos X cos? x

1
= /_2dsinx
1 —sin“x
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Details of [ sec xdx

1
/ secxdx = / dx = / C052X dx
COS X COS“ X
1 1/ 1 1
/l—sinzx sinx /2(1—sinx+1+sinx) sinx
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Details of [ sec xdx

1
/ secxdx = / dx = / C052X dx
COS X COS“ X
1 1/ 1 1
" dsinx= [ = dsi
/l—sinzx sinx /2(1—sinx+1+sinx) sinx

1
= 5 (In]1 4 sinx| —In|1 —sinx|)
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Details of [ sec xdx

/ secxdx = / dx = / C052X dx
cos x cos? x
1 1 1
/l—sm X s /2(1—sinx+1+sinx) sinx

1+ sinx
1 —sinx

1 1
= §(|n|1+sinx\ —In|1 —sinx|) = 2In’
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Details of [ sec xdx

/secxdx = / 1 dx:/ C052X dx
cos X cos? x

1 /1 1 e
—— F—dad Ssin = — Sin
1 _sin2x 0% 2\1-sinx " 1tsinx) "X

1+ sinx
1 —sinx

1 1
= §(|n|1+sinx\ —In|l —sinx|) = 2In’

It would be fine to end here. This is a correct answer. It just take a few
more steps to get what we are looking for
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Details of [ sec xdx

/ secxdx = / / cos2x dx
COSX’ cos? x
1 1 1 )
= /1—sm xdsmx_/2<1—sinx+1+sinx> dsinx

1+ sinx
1—sinx

1 1
= 5(In|1+sinx| —In|l =sinx|) = 2In‘
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Details of [ sec xdx
/secxdx =

1 dx:/ cosxdx

(1 +sinx)(1+sinx)
(1 —sinx)(1 + sin x)

/cosx cos? x
1 1 1 1
/1—sin2x sinx /2<l—sinx+1+sinx> Sinx
1 1 1+si
= 2(In|1+sinx|In|1sinx|):2In‘1i_z::i
1
2

In
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Details of [ sec xdx
/secxdx =

1
dx:/ coszxdx
CoS X COS% X
1 1 1 1
— _ dsi _ - dsi
1 —sin?x sinx /2<l—sinx+1+sinx> Sinx
1+ sinx
1—sinx

1
(In|14+sinx| —In|1 —sinx|) = 2In‘

(1 +sinx)(1+sinx)

_ L (1 + sin x)?
(1 —sinx)(1 + sin x)

2 cos? x

Il
ML= N S~ S~

In
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Details of [ sec xdx

/ sec xdx

1 dx:/ cosxdx

(1 +sinx)(1+sinx)

/cosx cos? x

1 1 1 1

= dsi I dsi

/1—sin2x sinx /2<l—sinx+1+sinx> Sinx
1 1 1+si
2(In|1+sinx|In|1sinx|):2In‘1i_z::i
1
2

_1|n’(1+sinx)2

| =
" (1 —sinx)(1 + sin x) 2 cos? x
1+sinx
In|————| = In|sec x + tan x|
cos x
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Inverse Trigonometric functions

@ Definitions: arcsin x, arccos x, arctan x, arccotx.
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Inverse Trigonometric functions

@ Definitions: arcsin x, arccos x, arctan x, arccotx.

@ Derivative:

1 1
(arcsinx) = ﬁ,(arccosx)’ =i
— X — X
1 1
(arctan X)/ = ]_—|—7X2’ (al’CCOtX), = _]_—|—7X2
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Inverse Trigonometric functions

@ Definitions: arcsin x, arccos x, arctan x, arccotx.

@ Derivative:

1 1
(arcsinx) = ﬁ,(arccosx)’ =i
— X — X
1 1
(arctan X)/ = ]_—|—7X2’ (arCCOtX), = —1_’_7)(2

@ How to compute: Use the techniques dealing with inverse functions.
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Inverse Trigonometric functions

@ Definitions: arcsin x, arccos x, arctan x, arccotx.

@ Derivative:

1 1
(arcsinx) = ﬁ,(arccosx)’ =i
— X — X
1 1
(arctan X)/ = ]_—|—7X2’ (arCCOtX), = —1_’_7)(2

@ How to compute: Use the techniques dealing with inverse functions.
Example of computing arctan x:

y = arctanx = x =tany
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Inverse Trigonometric functions

@ Definitions: arcsin x, arccos x, arctan x, arccotx.

@ Derivative:

1 1
(arcsinx) = ﬁ,(arccosx)’ =i
— X — X
1 1
(arctan X)/ = ]_—|—7X2’ (arCCOtX), = —1_’_7)(2

@ How to compute: Use the techniques dealing with inverse functions.
Example of computing arctan x:

y = arctanx = x =tany

= dx =sec® ydy = (14 tan?y)dy = (1 + x?)dy
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Inverse Trigonometric functions

@ Definitions: arcsin x, arccos x, arctan x, arccotx.

@ Derivative:

1 1
(arcsinx) = ﬁ,(arccosx)’ =i
— X — X
1 1
(arctan X)/ = ]_—|—7X2’ (arCCOtX), = —1_’_7)(2

@ How to compute: Use the techniques dealing with inverse functions.
Example of computing arctan x:

y = arctanx = x =tany
d 1
= dx=sec’ydy = (1 +tan?y)dy = (14 x?*)dy = d—i =11
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Inverse Trigonometric functions

@ Definitions: arcsin x, arccos x, arctan x, arccotx.

@ Derivative:

1 1
(arcsinx) = ﬁ,(arccosx)’ =i
— X — X
1 1
(arctan X)/ = ]_—|—7X2’ (arCCOtX), = —1_’_7)(2

@ How to compute: Use the techniques dealing with inverse functions.
Example of computing arctan x:

y = arctanx = x =tany
d 1
= dx=sec’ydy = (1 +tan?y)dy = (14 x?*)dy = d—i =11

@ Antiderivative: Not interesting at least in 244. So forget it.
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Hyperbolic trigonometric functions

@ Definitions:

. eX —e X eX+e % sinh x cosh x
sinhx = ——— ,coshx = ——— tanhx = ——— cothx =
2 cosh x

sinh x
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Hyperbolic trigonometric functions

@ Definitions:

. eX —e X eX+e % sinh x cosh x
sinhx = ——— ,coshx = ——— tanhx = ——— cothx =
2 cosh x

sinh x

@ Derivative:
(sinh x)" = cosh x, (cosh x)’ = sinh x.
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Hyperbolic trigonometric functions

@ Definitions:

. eX —e X eX+e % sinh x cosh x
sinhx = ——— ,coshx = ——— tanhx = ——— cothx =
2 cosh x

sinh x

@ Derivative:
(sinh x)" = cosh x, (cosh x)’ = sinh x.

The rest two are left as exercises for product rule.
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Hyperbolic trigonometric functions

@ Definitions:

X —X X —X H hX

. e e e +e si cosh x
sinhx = ———, coshx = —— tanhx = ———, cothx =
2 2 cosh x

sinh x

@ Derivative:
(sinh x)" = cosh x, (cosh x)’ = sinh x.

The rest two are left as exercises for product rule.

@ How to compute: Straightforward.
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Hyperbolic trigonometric functions

@ Definitions:

X —X X —X H hX

. e e et +e s
sinhx = ———,coshx = ——— tanhx = ——— cothx = —
2 cosh x sinh x

cosh x

@ Derivative:
(sinh x)" = cosh x, (cosh x)’ = sinh x.

The rest two are left as exercises for product rule.
@ How to compute: Straightforward.
o Antiderivative:

/sinhxdx: — cosh x + C,/coshxdx:sinhx+ C.
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Hyperbolic trigonometric functions

@ Definitions:

X —X X —X H hX

. e e et +e s
sinhx = ———,coshx = ——— tanhx = ——— cothx = —
2 cosh x sinh x

cosh x

@ Derivative:
(sinh x)" = cosh x, (cosh x)’ = sinh x.

The rest two are left as exercises for product rule.
@ How to compute: Straightforward.
o Antiderivative:

/sinhxdx: — cosh x + C,/coshxdx:sinhx+ C.

The rest two are left as exercises for technique of substitution.
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More formulas

1 1 X
ﬁ:farctanf—l—C
a“ + x a a

Fei Qi (Rutgers University) Review of Formulas in Calculus January 21, 2014 12 / 16



More formulas

1 1 X
ﬁ:farctanf—l—C
a“ + x a a

@ How to compute: Substitution by scalar.
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More formulas

1 1 X
ﬁ:farctanf—l—C
a2 4 x a a

@ How to compute: Substitution by scalar.

/ 1 1|
—— — — |n
x2—a%2 2a

a—Xx
a—+x
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More formulas

1 1 X
ﬁ:farctanf—l—C
a“ + x a a

@ How to compute: Substitution by scalar.

/ 1 1|
T = n
x2—a%2 2a

@ How to compute: Either by trigonometric substitution or by breaking
rational functions.

a—Xx
a—+x

+C

Fei Qi (Rutgers University) Review of Formulas in Calculus January 21, 2014 12 / 16



More formulas

1
/:arcsinx—l—C
2 a

a2 —x
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More formulas

X
= arcsin — + C
a

|

@ How to compute: Again substitution by scalar.
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More formulas

X
= arcsin — + C
a

|

@ How to compute: Again substitution by scalar.

1
— /x2 + 32
/ =i In|x +vx?+ta?|+C
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More formulas

X
= arcsin — + C
a

|

@ How to compute: Again substitution by scalar.

1
— 2 2
/ X2iaz—|n|x—|—\/x ta’|+C

@ How to compute: Either by trigonometric substitution or by
hyperbolic substitution.
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More detail about the last integral

Example:

| 5=
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More detail about the last integral

Example:
/ 1
Vx2 — a2

@ Approach by trigonometric substitution: Let x = asect.
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More detail about the last integral

Example:
/ 1
Vx2 — a2

@ Approach by trigonometric substitution: Let x = asect.

1
/ VX2 — a2dx
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More detail about the last integral

Example:
/ 1
Vx2 — a2

@ Approach by trigonometric substitution: Let x = asect.

/1dx—/ L d( a)
V=27 ) avseczi=1° \cost
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More detail about the last integral

Example:
/ 1
Vx2 — a2

@ Approach by trigonometric substitution: Let x = asect.

/1dx—/ L d( a)
V=27 ) avseczi=1° \cost

1 sint
= . > dt
tant cos?t
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More detail about the last integral

Example:
/ 1
Vx2 — a2

@ Approach by trigonometric substitution: Let x = asect.

/1dx—/ L d( a)
V=27 ) avseczi=1° \cost

1 sint 1
kg [ Ly
tant cos?t cost
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More detail about the last integral

Example:
/ 1
Vx2 — a2

@ Approach by trigonometric substitution: Let x = asect.

/1dx—/ L d( a)
V=27 ) avseczi=1° \cost

1 sint 1 dsint
tant cos“t cost 1 —sin“t
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More detail about the last integral

Example:
/ 1
Vx2 — a2

@ Approach by trigonometric substitution: Let x = asect.

/1dx—/ L d( a)
V=27 ) avseczi=1° \cost

1 sint 1 dsint 1+sint
tant cos?t cost 1 —sin“t 1—sint
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More detail about the last integral

Example:
/ 1
Vx2 — a2

@ Approach by trigonometric substitution: Let x = asect.

1 1 a
S —— i(-2)
/\/X2—32 avsec2t —1 \cost
:/ 1 'Sintdt:/ 1 dt:/ dsir.1t o 1+sint
tant cos?t cost 1 —sint 1—sint

(1 + sin t)?
cos2t

=In
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More detail about the last integral

Example:
/ 1
Vx2 — a2

@ Approach by trigonometric substitution: Let x = asect.

1 1 a
S —— i(-2)
/\/X2—32 avsec2t —1 \cost
:/ 1 'Sintdt:/ 1 dt:/ dsir.1t o 1+sint
tant cos?t cost 1 —sint 1—sint

(1+sint)?
n B —
cos2t

1+sint
= n|——-
cost
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More detail about the last integral

Example:
/ 1
Vx2 — a2

@ Approach by trigonometric substitution: Let x = asect.

1 1 a
S —— i(-2)
/\/X2—32 avsec2t —1 \cost
:/ 1 'Sintdt:/ 1 dt:/ dsir.1t o 1+sint
tant cos?t cost 1 —sint 1—sint

(1+sint)?
n B —
cos2t

‘1+sint
= n|——-

’ = In|sect + tant|
cos t
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More detail about the last integral

Example:
/ 1
Vx2 — a2

@ Approach by trigonometric substitution: Let x = asect.

1 1 a
S —— i(-2)
/\/X2—32 avsec2t —1 \cost
:/ 1 'Sintdt:/ 1 dt:/ dsir.1t o 1+sint
tant cos?t cost 1 —sint 1—sint

(1 + sin t)?
cos2t

X xy/1— (a/x)?

a a

‘1+sint
= n|——-

’ = In|sect + tant|
cos t

+C
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More detail about the last integral

Example:
/ 1
Vx2 — a2

@ Approach by trigonometric substitution: Let x = asect.

/1dx—/ L d( a)
V=27 ) avseczi=1° \cost

1 sint 1 dsint 1+sint
tant cos?t cost 1 —sin“t 1—sint

1+sint)? 1+sint
=In % :n‘m’:|n|sect—|—tant!
cos?t cos t
« xy1—(a/x)
=h|=+ ————|+C=In|x+Vx2—-2a°|+ C
a a
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More detail about the last integral

Example:
/ 1
Vx2 + a2

@ Approach by hyperbolic substitution: Let x = asinh t.
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More detail about the last integral

Example:
/ 1
Vx2 + a2

@ Approach by hyperbolic substitution: Let x = asinh t.

1
——=—=dx
/ Vx? + a2
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More detail about the last integral

Example:
/ 1
Vx? 4 a2
@ Approach by hyperbolic substitution: Let x = asinh t.

(asinh t)

e vt
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More detail about the last integral
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