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ABSTRACT. Let G be a connected semisimple real algebraic group, and
I' < G be a Zariski dense Anosov subgroup with respect to a minimal
parabolic subgroup. We describe the asymptotic behavior of matrix co-
efficients ((exp tv). f1, f2) in L*(T\G) as t — oo for any f1, fa € C.(T'\G)
and any vector v in the interior of the limit cone of I'. These asymp-
totics involve higher rank analogues of Burger-Roblin measures which
are introduced in this paper. As an application, for any affine symmetric
subgroup H of G, we obtain a bisector counting result for I'-orbits with
respect to the corresponding generalized Cartan decomposition of G.
Moreover, we obtain analogues of the results of Duke-Rudnick-Sarnak
and Eskin-McMullen for counting discrete I'-orbits in affine symmetric
spaces H\G.
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Let G be a connected semisimple real algebraic group. We fix a Cartan
decomposition G = K (expa™)K, where K is a maximal compact subgroup
and exp a™ is a positive Weyl chamber of a maximal real split torus of G. Let
I' < G be a Zariski dense discrete subgroup. Consider a matrix coefficient
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of L2(T'\G) given by
(exp(tu) fi, f2) = / i (1.1)
"\G

where u € at — {0} and dz denotes the G-invariant measure on I'\G. Un-
derstanding its asymptotic behavior as t — oo is of basic importance in
the study of dynamics of flows in I'\G, and has many applications, includ-
ing to equidistribution and counting problems. A classical result due to
Howe-Moore [23] implies that

. B 1
t&r&(exp(tu)fl,fg) = W/'fl d.’E/fQ dx. (12)
In particular, if I" has infinite co-volume in G, then
Jim (exp(tu) f, f2) = 0. (13)

This leads us to the following local mixing type question: for a given unit
vector u € at, do there exist a normalizing function ¥, : (0,00) — (0, 00)
and locally finite Borel measures fi,, i, on I'\G such that for any fi, fa €
Co(N\GYf]

Jim W, (8)(exp(tu) f1, f2) = pu(fi)p(f2) 7 (1.4)

When G has rank one, this was completely answered by Roblin and Winter
([A7), [56]) for geometrically finite subgroups and by Oh and Pan [35] for
co-abelian subgroups of convex cocompact subgroups.

When G has rank at least two, the location of the vector u relative to
the limit cone of I' turns out to play an important role. The limit cone
of I, which we denote by Lr, is defined as the smallest closed cone in a*
containing the Jordan projection of I'. Benoist showed that Lr is convex
and has non-empty interior [2]. Indeed, it is not hard to show that if u ¢ Lr,
then for any f1, fo € C.(I'\G),

(exp(tu)fi, fo) =0 for all t large enough;

see Proposition [2.19

The main goal of this paper is to prove the local mixing result, giving a
positive answer to Question for all directions w in the interior of Ly and
describe applications to counting and equidistribution results associated to
a symmetric subgroup H of G for a large class of discrete subgroups, called
Anosov subgroups. Anosov subgroups of G are defined with respect to any
parabolic subgroup. In this paper, we focus on Zariski dense Anosov groups
with respect to a minimal parabolic subgroup P of G. Let F := G/P
the Furstenberg boundary. We denote by F(?) the unique open G-orbit in
F x F via the diagonal action. A Zariski dense discrete subgroup I' < G

Yor a topological space X, the notation C.(X) means the space of all continuous
functions on X with compact support, and if M is a compact group acting continuously
on X, the notation C.(X)™ means the subspace of C.(X) consisting of M-invariant
functions.
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is called Anosov with respect to P if there exists a finitely generated word
hyperbolic group ¥ such that I' = ®(X) where ® : ¥ — G is a P-Anosov
representation, i.e., ® induces a continuous equivariant map ¢ from the
Gromov boundary 0% to F such that for all x # y € 9%, ({(x),{(y))
belongs to F?). The definition of a P-Anosov representation for a general
discrete subgroup requires a certain contraction property, which is automatic
for Zariski dense subgroups (see [20, Theorem 1.5]). The notion of Anosov
representations was first introduced by Labourie for surface groups [27], and
then extended by Guichard and Wienhard [20] to general word hyperbolic
groups.

If G has rank one, the class of Zariski dense Anosov groups coincides
with the class of Zariski dense convex cocompact subgroups of G' [20), The-
orem 5.15]. Guichard and Wienhard [20, Theorem 1.2] showed that P-
Anosov representations form an open subset of the space Hom(X, G); this
abundance of Anosov subgroups contrasts with the fact that there are only
countably many lattices in any simple algebbraic group not locally isomor-
phic to PSLa(R). The class of Anosov subgroups includes subgroups of a
real-split simple algebraic group which arise as the Zariski dense image of a
Hitchin representation [22] of a surface subgroup studied by Labourie and
Fock-Goncharov ([27], [15]), as well as Schottky groups (cf. Lemma [7.2).
We refer to ([24], [19], [5], etc.) for other equivalent definitions of Anosov
subgroups, and to ([25], [55]) for excellent survey articles.

In the whole paper, by an Anosov subgroup, we mean a Zariski dense
Anosov subgroup with respect to a minimal parabolic subgroup. In the rest
of the introduction, we let I' < G be an Anosov subgroup.

We recall the definition of the growth indicator function ¢r : at —
R U {—o0} given by Quint [41]: for any vector u € a™,

Yr(u) = ||ull inf TC (1.5)

open cones CCa™
uel

where 7¢ is the abscissa of convergence of the series Zyer u(y)ec e~ eI,

Here p: G — a™ is the Cartan projection and || - || is the norm on a induced
from a left invariant Riemannian metric on G/K. Observe that in the rank
one case, ¢r is simply the critical exponent of I". Quint [41] showed that ¢
is a concave and upper semi-continuous function which is positive on int Lr;
here int Lr denotes the interior of Lr. If 2p € a* denotes the sum of all
positive roots with respect to the choice of a™, then ¥r < 2p. When I is a
lattice, it follows from [I6] that )r = 2p. On the other hand, when T is of
infinite co-volume in a simple Lie group of rank at least 2, Quint deduced
from [33] that ¥r < 2(p—ng), where 2n¢ is the sum of the maximal strongly
orthogonal subset of the root system of G [43].

Local mixing. Let N* and N~ denote the maximal expanding and con-
tracting horospherical subgroups, respectively, associated with a™ (see (2.1]),
(2.2))), and M the centralizer of expa in K. For each u € int Lr, Quint [42]
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constructed a higher-rank analogue of the Patterson-Sullivan density sup-
ported on the limit set Ar, which is the minimal I'-invariant subset of F.
Using this, we define the N*M-invariant Burger-Roblin measures m2% and
mBR« respectively, on T'\G (see and ), which can be considered
as the higher rank generalizations of the Burger-Roblin measures in the
rank one case ([1], [47], [36]). We denote by i the opposition involution of a

(Definition [3.1), and set r := rank(G) = dima > 1.

Theorem 1.6. For any u € int Lr, there exists K, > 0 such that for all
f17f2 S CC(F\G)M7

lim ¢ 1/2H20—vr)(u) fi(zexp(tu)) fo(z) dx = /fu-mF(‘E)(fl) mBR=(f,).
t——+o0 NG

We mention that this theorem is not expected to hold for v € OLr in view
of [12, Theorem 1.1]. See Theorem for a more refined version of this

theorem; in fact it is this refined version which is needed in the application
to counting problems as stated in Theorems and

Equidistribution of maximal horospheres. We also obtain the follow-
ing equidistribution result for translates of maximal horospheres:

Theorem 1.7. For any u € intLp, f € C.(D\G)M, ¢ € C.(N1), and
x = [g] € T\G, we have

lim $(—1/2gt(2p—r)(w) f(znexp(tu))d(n) dn = K, - mﬁf})(f) ng%tu(qg)’

t—o00 N+

where dn and ,ug ]%,Jr ., are respectively the Lebesgue and Patterson-Sullivan
measures on gN* as defined in (4.7) and (4.1)).

Bisector counting for a generalized Cartan decomposition. Let H
be a symmetric subgroup of G, i.e. H is the identity component of the set of
fixed points for an involution ¢ of G. Up to a conjugation, we may assume
that ¢ commutes with the Cartan involution § which fixes K. We then have
a generalized Cartan decomposition G = HW(exp b™)K, where b™ C a™
and W is a subgroup of the Weyl group (see Section |8 for details). Set
ro := rank H\G = dim b. Note that 1 <7y <.

Theorem 1.8. For any v € b* Nint Ly, there exist ¢ > 0 and a norm
| - | on b such that for any right H N M -invariant bounded subset Qg C H
with ubP (9Qm) = 0 and any left M -invariant bounded subset Q. C K with

uiS’i’(t}) (09") =0, we have

lim #(T N Qu(expbt) k)
T—00 er()T . p(ro—r)/2

=c Nll.fv (Qm) M[P(S,{Ekv)(gi_{l)y

where bl = {w € bT : |w| < T} and u%?v and ,ullj(si’(*v) are measures on H
and K defined in Definition [8.7 and Lemma[9.20 respectively.
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When I' is a cocompact lattice in a rank one Lie group and H is com-
pact, this goes back to Margulis’ thesis from 1970 (see [28] for an English
translation published in 2004). In the case when I' is a geometrically finite
subgroup of a rank one Lie group, this was shown in [47] for H compact,
and in [36] and [32] for general symmetric subgroups. For lattices of higher
rank Lie groups, the bisector counting problem was studied in [16], [17], and
[18]. For non-lattices of higher rank Lie groups, it was studied for H com-
pact, by Quint [45] and Thirion [53] for Schottky groupsﬂ and by Sambarino
for Anosov subgroups [49] (see also [10]). Hence the main novelty of this
paper lies in our treatment of non-compact symmetric subgroups H in a
general higher rank case. It is interesting to note the presence of the decay-
ing polynomial term 7(0~7)/2 when a # b, as the results in loc. cit. have
all purely exponential terms. We mention that a related counting result was
obtained for SO(p, g —1)\ SO(p, q) in a recent paper of Carvajales [9]; in this
case, b lies in the wall of a and hence Theorem does not apply, and the
asymptotic is again purely exponential.

By the concavity and upper semi-continuity of ¢r, there exists a unique
unit vector up € a® (called the maximal growth direction) such that

Yr(ur) =  max  ¢r(v).
veat, ||v||=1
It is known that up € int £r ([45], [49]). When ur € b™, the norm | - |
in Theorem associated to ur may simply be taken as the Euclidean
norm || - || as above, i.e. the one obtained from the inner product (-,-)
on a induced by the Killing form. For a general vector v € b™ Nint Lr,
one may take any norm that arises from an inner product for which v and

(Vyr(v)*t = {w € b : (Vyr(v), w) = 0} are orthogonal.

Example. When a = b, we automatically have ur € b* Nint Lr; so The-
orem applies. For groups G of rank one, this is always the case for any
symmetric subgroup H. In general, this case arises as follows: let + be any
involution of G that commutes with the Cartan involution 6 and fixes a

pointwise. Then defining o := ¢ 0 6, we have o|, = —1, and hence a = b.
For example, for any element m € K of order two which commutes with
expa, t(g) := mgm satisfies the above conditions. More specifically, the

pair G = PGL,(R) and H = PO(p,n — p) may be realized this way by
taking m = diag(Id,, — Id,—p).

Counting in affine symmetric spaces. Around 1993, Duke-Rudnick-
Sarnak [I3] and Eskin-McMullen [I4] showed the following (see also [4],
[16], [17], [18] etc.):

Theorem 1.9 (Duke-Rudnick-Sarnak, Eskin-McMullen). Let I' < G be a
lattice such that voI' C H\G is closed for vo = [H]. Suppose that (HNT)\H

2Thirion’s work applies to the so-called Ping-Pong groups which are slightly more
general than Schottky groups.
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has finite volume. We have, as T — o0,
. #(vol' Nvp(expbF)K) Vol (TN H)\H)
im = ,
T—o0  m(vg(exp b} )K) Vol(I'N\G)

where b, = {w € b" : ||w|| < T} and m is a suitably normalized G-invariant
measure on H\G.

In order to state an analogue of Theorem for I' Anosov, we introduce
the following condition on an H-orbit: a closed orbit [e]H C I'\G is said to
be uniformly proper if there exists a right K-invariant neighborhood O of
[e] in T'\G such that

{[h] € (CAOH)\H : [h] exp(6* N Lr) N O £ 0}

is boundedﬁ We show in Lemma that [e]H is uniformly proper when-
ever 7 = ro and the limit set Ar is contained in the open set HP/P C F
(cf. [51, Proposition 7.1.8]).

When vgl' is closed, the measure uﬁﬁv in Theorem induces a locally
finite Borel measure on (I' N H)\ H, whose total measure will be called the

skinning constant skr,(H) of H with respect to I' and v; this constant is
positive if and only if Ar N HP/P # 0 (see (8.8)).

Theorem 1.10. Let I' < G be an Anosov subgroup such that voI' C H\G
is closed for vo = [H|. Suppose that ur € b and [e]H is uniformly proper.
Then skr . (H) < oo and there exists a constant ¢ > 0 such that
iy 7 (Vol" M vo(exp br)K)
TI_I};O edrT . (ro—r)/2

where b, = {w € bT : |lw|| < T} and or = r(ur).

= ¢ skp . (H)

See Theorem [9.28] for a more refined version where ur is replaced by a
more general v € b+ Nint L.

Remark 1.11. (1) When G has rank one, this is proved in [36] and
[32] for any geometrically finite group I' under the finite skinning
constant hypothesis, based on the fact that the Bowen-Margulis-
Sullivan measure is finite. In the higher rank case, the corresponding
Bowen-Margulis-Sullivan measure is infinite ([49, Proposition 3.5],
see also [30, Corollary 4.9]) and for this reason, the finite skinning
constant hypothesis seems insufficient for our approach to work.

(2) We mention a recent work of Carvajales [10, Theorem B] for a count-
ing result on the orbit voI" where G = PSL,,(R) and H = SO(p, n—p)
under the assumption that I' N H is finite. In this case, a = b and
the uniform properness of [e¢]H easily follows, and hence Theorem

applies.

3As [e]H is closed, the inclusion (H NT)\H — I'\G is a proper map and hence the set
Sy := {[h] € ("N H)\H : [h]expbN O # 0} is bounded for each b € b™ N Lr. Now the
uniform properness of [e] H means that the union J,cy+q ... Sb is also bounded.
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On the proofs. The following mixing result for the Bowen-Margulis-
Sullivan measures was proved by Thirion [53] for Schottky groups and by
Sambarino [49] for Anosov groups which arise from representations of the
fundamental group of a closed negatively curved Riemannian manifold, us-
ing thermodynamic formalism. The general case was recently proved by
Chow and Sarkar [11], based on the fundamental work of Bridgeman, Ca-
nary, Labourie and Sambarino [§]:

Theorem 1.12. For any u € int L and any f1, fo € C.(T\G)M,

Jim ¢7=D/2 g 12 exp () dmiE(w) = o () mitE (o),

where mBMS s the BMS-measure associated to u (see (3.5) and (7.11)).

u

This theorem is known only for Zariski dense Anosov subgroups with
respect to a minimal parabolic subgroup and this is the main reason why
we restrict our attention to this class of groups in this paper.

Remark 1.13. In fact, Chow and Sarkar proved in [II] that a version
of this theorem holds for general fi, fo € C.(I'\G) which are not neces-
sarily M-invariant, provided the right hand side is replaced by the sum
Ku Yy mEMS|y (1) mBMS|y (fp), where the sum is taken over all P°-minimal
subsets Y of I'\G. Given this result, the M-invariance condition in Theorems
and should not be necessary with an appropriate modification

of the main terms.

Using the product structures of the Haar measure dz and dmE2M3(x), one

can deduce mixing for one measure from that of the other via the study
of transversal intersections. This observation is originally due to Roblin
[47] in the case of the unit tangent bundle of a rank one locally symmetric
manifold, and has been extended and utilized in ([32], [36]) to the frame
bundle. This study leads us to generalize the definition of the family of
Burger-Roblin measures mB% and mB®+ for u € int L, which turn out to
control the asymptotic behavior of matrix coefficients as in Theorem [I.6] in
a quite similar way as in the rank one case.

As in [13] and [14] (also as in [36] and [32]), passing from Theorem [L.6] to
Theorems [I.8 and requires the following equidistribution statement for
translates of H-orbits (more precisely, we need Proposition . The idea
of using mixing in the equidistribution and counting problem goes back to
[28]:

Proposition 1.14. For any v € b Nint Ly, there ewists k, > 0 such that
for any f € C.(T\G)M and ¢ € C.(H)H"M

lim £—1)/2¢(20-O)(®) / F([H] exp(to))o(h) dh = ry - 155,(6) mER (1)
t—o00 H ’

where dh denotes the Haar measure on H and © € a* is given by ©(w) =

(Vir(v),w) as in (8.3).
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We note that when I' is a lattice or when G is of rank one, the equidis-
tribution for the translates

/H F([) expbi)o(h) dh (1.15)

is known for a general sequence b; — oo in b ([I4, Thm. 1.2], [36]).

Note that in our setting of a general Anosov subgroup, Proposition
(or Proposition applies only for those sequences b; from the same fixed
direction. Such lack of uniformity in makes it difficult to obtain the
main terms of the counting functions in Theorems [T.8]and directly from
Proposition[l.14] A similar issue as this was treated in [49]. This difficulty in
our setting is overcome by introducing a norm |- | on a induced by an inner
product with respect to which v and ker © are orthogonal to each other,
where © is a linear form on a tangent to the growth indicator function at
v. With respect to such a norm, the set of elements in the cone L Nb™ of
norm at most 7" can be expressed as the union J,,cyr ¢ 7 (w) where Ry (w)
is an interval of the form [t,, 3(—|w|* + \/Jw[* + 4T2)] for some t,, > 0. By
analyzing an appropriate integral over the interval Ry (w) (Lemma [9.4]), we
then get the desired main term as in Proposition |9.10

Organization: We start by reviewing some basic notions, including higher
rank analogues of Patterson-Sullivan measures as defined by Quint [42] in
Section Section (3| introduces generalized BMS-measures, in particular
higher-rank versions of Burger-Roblin measures are defined. The prod-
uct structure of these measures is discussed in Section @l We then deduce
equidistribution of translates of PS-measures on horospheres from local mix-
ing in Section[5} This is then used in Section [6] to show mixing for the Haar
measure and equidistribution of translates of Lebesgue measures on maximal
horospheres. Properties of the main types of discrete subgroups we study
are discussed in Section [7] The remainder of the paper is mainly devoted
to proving the claimed counting statements. As a first step towards this,
we prove equidistribution of translates of orbits of symmetric subgroups in
I'\G in Section |8, These equidistribution statements are combined with the
strong wavefront property in Section [9] to give the various counting results.

Acknowledgements. We would like to thank Andrés Sambarino for helpful
discussions. We would also like to thank the anonymous referee and Anna
Wienhard for many helpful comments.

2. (I",4)-PATTERSON-SULLIVAN MEASURES

Let G be a connected, semisimple real algebraic group, and I' < G be
a Zariski dense discrete subgroup. In this section, we review the notion
of (I, ¢)-Patterson-Sullivan measures associated to a certain class of linear
forms v on a, as constructed by Quint in [42]. We present these measures
as analogously as possible to the Patterson-Sullivan measures on the limit
set of I' in the rank one case.
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We fix, once and for all, a Cartan involution 6 of the Lie algebra g of G,
and decompose g as g = €@ p, where £ and p are the +1 and —1 eigenspaces
of 0, respectively. We denote by K the maximal compact subgroup of G
with Lie algebra £. We also choose a maximal abelian subalgebra a of p.
Fixing a left G-invariant and right K-invariant Riemannian metric on G
induces a Weyl-group invariant inner product and corresponding norm on
a, which we denote by (-,-) and || - || respectively. Note also that the choice
of this Riemannian metric induces a G-invariant metric d(-,-) on G/K. The
identity coset [e] in G/K is denoted by o.

Let A := expa. Choosing a closed positive Weyl chamber a™ of a, let
AT = expa™. The centralizer of A in K is denoted by M, and we set

N=N"

to be the maximal contracting horospherical subgroup for A: for an element
a in the interior of AT,

N ={geG:a "ga" — easn— +oo}. (2.1)
Note that log(NN) is the sum of all positive root subspaces for our choice of a™.
Similarly, we will also need to consider the maximal expanding horospherical
subgroup

Nt :={g€G:a"ga™™ = e as n — +oo}. (2.2)
We set

Pt =MAN', and P = MAN:;

they are minimal parabolic subgroups of G. The quotient
F=G/P
is known as the Furstenberg boundary of G, and is isomorphic to K /M.

Definition 2.3 (Busemann function). The Iwasawa cocycle 0 : G x F — a
is defined as follows: for (¢,§) € G x F, expo(g,&) is the A-component of
gk in the K AN decomposition, where £ = [k] € K/M:

gk € Kexp(o(g,&))N.

The Busemann function 5 : F x G/K x G/K — a is now defined as follows:
for £ € F and [¢],[h] € G/K,

Be(lgls [n]) =0 (97", &) — a(h71,€).

Observe that the Busemann function is continuous in all three variables.
To ease notation, we will write B¢(g, h) = Be¢([g], [h]). The following identi-
ties will be used throughout the article:

Be(g. h) + Be(h,q) = Belg, q),
Bge(gh, 9q) = Be(h, q), and (2.4)
Bele,g) = —o(g™",8).
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Geometrically, if £ = [k] € K/M, then for any unit vector u € a™,
(B9 h).u) = lim_d([g).&) — d((h]. &),
where & = kexp(tu)o € G/K.

Definition 2.5 (Conformal measures and densities). Given ¢ € a* and a
closed subgroup A < G, a Borel probability measure v, on F is called a
(A, 1))-conformal measure if, for any v € A and £ € F,

DYy b (Bele))

— ¥ (Bele 2.
T (g) = s, (26)
where 7,14 (Q) = vy (7 'Q) for any Borel subset Q C F.

Definition 2.7 (Lebesgue measure). Let m, denote the K-invariant prob-
ability measure on F, and p denote the half sum of all positive roots with
respect to a™. Then, using the decomposition of the Haar measure in the
K AN coordinates, one can check the following (cf. [46, Proposition 3.3]): if
m, is a (G, 2p)-conformal measure, i.e. for any g € G and £ € F,

dg«m,

. (&) = e2r(Be(e:9)) (2.8)

Limit set and Limit cone.

Definition 2.9 (Limit set). The limit set Ap of T' is defined to be the set
of all points € F such that the Dirac measure §, is a limit point (in the
space of Borel probability measures on F) of {y,m, : v € I'}.

We refer to [30, Lem 2.13] for an alternative definition. Benoist showed
that Ap is the minimal I'-invariant closed subset of F. Moreover, Ar is
Zariski dense in F [2] Section 3.6].

An element of G is called elliptic if it is contained in a compact subgroup,
and hyperbolic if it is conjugate to an element of AT. Any g € G can be
written as the commuting product

9 = ghGeJu (2.10)

where gj, is hyperbolic, g. is elliptic and g, is unipotent. An element g € G
is called lozodromic if g, is conjugate to an element of int A™.

Lemma 2.11. For any open subset U C F with U N Ap # 0, U N Ar is not
contained in any smooth submanifold of F of smaller dimension.

Proof. This is proved in [56] when G has rank one, and our proof is similar.
Suppose that there exists an open subset U C F such that U N Ap # 0 is
contained in a smooth submanifold S of F of smaller dimension. Since I'
is Zariski dense, the set of attracting fixed points of loxodromic elements
of I' is dense in Ar. Hence there exists a loxodromic element v € I' whose
attracting fixed point is contained in UNApr. We may assume without loss of
generality that ¥ = am wherem € M and a € int A", and hence [¢] = P € F
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is the attracting fixed point of +. Since n™ := Lie N* is nilpotent, the map
n™ — G/P given by z — exp(z)[e] is algebraic and its image N *[e] is Zariski
open and dense in G/ P for [e] = P. Therefore N [e]NAr is Zariski dense in
Nle]. On the other hand, since U is a neighborhood of [e], we may assume
without loss of generality that U C N*[e] by replacing U by a smaller open
neighborhood of [e] if necessary. We now claim that the hypothesis that
UNAr C S implies that N [e] N Ar cannot be Zariski dense in N [e], which
then yields a desired contradiction.

Choose a basis of n™ consisting of eigenvectors of Ad,, and for z € n™,

we write x = (z1,- -+ ,x4) for the coordinates with respect to this basis. It
follows that there exist 0 < ¢; < 1,7=1,---,d such that
Adyz = (c1z1, -+, cqq). (2.12)

Choose ¢ € N such that ¢; > maxi<ij<q cf“. By the implicit function

theorem, after shrinking U and rearranging the indices if necessary, we may
assume that U NS = {[exp(z)] € U : 1 = f(x2, - ,z4)} for some smooth
function f. Let p be the Taylor polynomial of f of degree ¢. Then, by
shrinking U further, there exists C' > 0 such that for all x € U,

(22, xa) = plx2,- -+ 2a)] < Ol (w2, -+ wa) | (2.13)
(here || - || denotes the Euclidean norm on n*). Since the action of Ad, on
the polynomial ring R[n™] is diagonalizable, we can write
k
x1 —p(ra,--- xa) = ¥ pilw), (2.14)
i=1

where p; € R[n"] are non-zero polynomials such that p;(Ad, z) = 8; - p;(2)
where 1 > 1 > --- > B > 0. Note that 81 > ¢;, due to the presence of x;
in (2.14)). Since U N Ar C S, combining (2.13) and (2.14)), we conclude

k
> pilx)
i=1
Now let 2 € n™ be such that [expz] € Ar. Since [e] € UNAr and Adyn z —
0 as n — oo, we have [expAd,»z] € U N Ar for all sufficiently large n.
Applying (2.12) and (2.15]), we obtain

k k
> pi(Adynz)| = > B pi(Adpn )

i=1 i=1

Therefore, by dividing by 8",

< CO|(x2,- -, zq)||""Y, whenever [expz] € U N Ar. (2.15)

n
<C (lg%cf“) | Adyn ]|

k n
n maxj<; {41
pr(Adn ) + 3 (5) pilAdy 2) §C<5> |Adpn 2|64,
=2

Since M is a compact subgroup, it follows that for some sequence n; — oo,
m' — e. Taking the limit along this subsequence yields p;(z) = 0. This
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shows that {z € n™ : [expx] € Ar} C {x € n" : p1(z) = 0}, implying that
N*le] N Ar is not Zariski dense in N [e]. This finishes the proof. O

We remark that a weaker version of this lemma was proved for G =
SL,,(C) by Cantat (see [2I], Sec.6]).

Definition 2.16 (Cartan projection). The Cartan projection pu: G — a™ is
defined as follows: for each g € G, there exists a unique element yu(g) € a™
such that

g € Kexp(u(g)) K.

The Jordan projection of g is defined as A(g) € a™, where exp A(g) is the
element of A™ conjugate to g, where gy, is as in (2.10)]).

Definition 2.17 (Limit cone). The limit cone Lr C a™ of T' is defined as
the smallest closed cone containing the Jordan projection of T'.

Quint showed the following:

Theorem 2.18. [41, Theorem IV.2.2] The growth indicator function vr,
defined in (L.5)), is concave, upper-semicontinuous, and satisfies

Lr ={u € a’ :r(u) > —oo}.
Moreover, ¢ (u) is non-negative on L and positive on int Lp.

Proposition 2.19. Let m be a locally finite Borel measure on I'\G and
C C at a closed cone with Lr C intC. For any f1, fo € Ce(T\G), there
exists to > 0 such that for all v € at — C with ||v|| > to,

fi(w exp(v) fo() dim(z) = 0.
NG

In particular, if u € a™ — Lr, then fF\G f1(z exp(tu)) fo(z) dm(z) = 0 for all
t > 1 large enough.
Proof. 1t suffices to check that for any given compact subset L C G such
that L = L™!, we have

Lexp(—v)NTL=10
for all sufficiently large v € a™ — C.

Suppose that there exist a compact subset L C G, sequences £, ), € L,

v €T, and v, € a — C with ||v,|| = ¢, — oo such that

L exp(—vy) = Ynll,.

We may assume that v, /¢, converges to some unit vector v € (a* — int C);
hence v € Lr. By [2, Lemma 4.6], there exists a compact subset M = M (L)
of a such that for all g € G,

n(LgL) C p(g) + M.
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Note that Lr is equal to the the asymptotic cone of p(I') [2, Thm. 1.2].
Since v € Lr, we can find an open cone D containing v such that D N p(I")
is finite. Then

prt) =ty exp(va)t, ") € plexp(vn)) + M.
As D is open, there exists ng such that i(vn + M) C D for all n > ny. Since
plexp(vn)) + M = to (2 + iM), we conclude u(vy, ') € D for all n > no.

This yields a contradiction.

The second claim follows from the first one as we can find a closed cone
C such that u ¢ C and Lr C intC. O

Set
Dr:={y€a*:¢>4¢ronat}

which is a non-empty set [44, Section 4.1]. An element ¢ € Dr is said to be
tangent to ¢r at u € a if ¥»(u) = ¥r(u). The following collection of linear
forms is of particular importance:

Df := {3 € Dr : 9 is tangent to ¢r at some v € Lr Ninta™}.  (2.20)

Definition 2.21 (Patterson-Sullivan measures). For ¢ € a*, a (I, ¢)-conformal
measure supported on Ar will be called a (I, ¢)-PS measure.

Generalizing the work of Patterson-Sullivan ([38], [52]), Quint [42] con-
structed a (I', )-PS measure for every ¢ € Df.
Maximal growth direction. Since vr is concave, upper-semicontinuous,
and the unit norm ball in a is strictly convex, there exists a unique unit
vector ur € Lr (called the maximal growth direction) such that
or:= max ¢r(u) = Yr(ur). (2.22)

u€at,|jul|=1
Note that up must be stabilized by the opposition involution (see Def. |3.1))

Example 2.23. If G = PSL3(R), then ur = diag(%,(),—%) for any

Zariski dense subgroup I'.

Uniqueness of tangent forms. The claims (2) and (3) of the following
lemma follows from [44], Sec 4.1] (see also [48, Lemma 4.8]).

Lemma 2.24. (1) For any u € int Lr, there exists a linear form i, €
Dy tangent to Yr at u.
(2) For any unit vector w € int Lt at which r is differentiable, there
exists a unique linear form 1, € Dy tangent to Yr at u, and it is
given by

Yu(+) = ((Vr)(u), ) = Dutr(-);
(3) If ur € int L and yr is differentiable at ur, then . is given by

wur() = 5F<UF7 >
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Proof. Let P C a be an affine hyperplane such that P Na™ is an (r — 1)-
simplex and PN Lr is a bounded convex subset of P ~ R"~!. Since PN Lr
is convex and Yr : a — R is concave, the following set .S is convex:

S = {(:c,y) S (Pﬂﬁp) xR : 0§y§¢F(x)}

Since R(P Nint Lr) D int Lr, it suffices to prove (1) for u € P Nint Lr.
Since (u, ¥r(u)) € 95, the supporting hyperplane theorem implies that there
exists a hyperplane C' C P x R passing through (u,r(u)) such that the
interior of S is contained in a connected component of P x R — C. As
u € int L, such a hyperplane C' must be the graph of a function. We may
therefore write C' = {(z, ¢(x)) € P x R} for some affine map ¢ : P — R
satisfying ¢(x) > ¢r(x) for all x € PN Lr. Consider the unique linear form
in a* which extends ¢, which we also denote by ¢ by abuse of notation.
Since ¢(z) > ¢Yr(x) for all z € PN Lr and Lr has non-empty interior, it
follows that ¢ > tr. Since ¢(u) = 1r(u), this proves (1).

To prove (2), define ¥,(-) := (V#¢r)(u),-). By differentiating ¢r(tu) =
tyr(u) with respect to t, we get by the chain rule that

(Vor(tu), u) = p(u). (2.25)
Hence 9, (u) = ¥r(u) by plugging ¢ = 1. Next, let b be a vector space
such that a = Ru@®b, and let v € b be arbitrary. Consider the closed interval
I={seR:u+sveLlr}andlet f(s) :=r(u+ sv). Note that f: I — R
is concave, differentiable at s = 0, and f'(0) = (Vir(u),v). Hence, using
(225),
f(s) < hr(u) + 5(Vir(u),v) = (Vr(u), u+ sv) = Yu(u + sv).

As v € b is arbitrary, this implies 1, > ¢r. Hence ¢, € Dy.

To show the uniqueness, suppose that 1 € Df is tangent to yr at u.
Let v € b be arbitrary. Define g : I — R by g(s) := ¥(u + sv). Then
g > [ and ¢g(0) = f(0). Since f is a concave function on an interval [
and differentiable at 0 € S, it follows that g(s) = f(0) + sf’(0). Since
£(0) = ¢r(u) and f'(0) = (Vipp(u),v), it follows that

P(u+ sv) = Pr(u) + s(Vir(u),v) = (Vr(u), u + sv);

this proves the uniqueness.

Next we claim that Vir(ur) = cur for some ¢ # 0. Consider a curve « :
(—¢e,e) = S Nat such that a(0) = ur. By definition of ur, s — ¥r(a(s))
achieves its maximum at s = 0. Hence, its derivative at s = 0 vanishes,
and (Vir(ur),a’(0)) = 0. Since o/(0) € TS"! can be arbitrary, Vir(ur)
is parallel to upr. Combining this with , the claim follows. Since
Yr(ur) = or, we have ¢ = dp. This completes the proof of the lemma. [

3. GENERALIZED BMS MEASURES

Using the notation introduced in Section [2| given a pair of I'-conformal
measures on JF, we now define an M A-invariant locally finite Borel measure
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on I'\G, which we call a generalized BMS-measure. Haar measures, BR-
measures, and BMS measures are all constructed in this way.

Definition 3.1 (Opposition involution). Denote by wy € K a representative
of the unique element of the Weyl group Ny (A)/M such that Ady, at =
—a™. The opposition involution i: a — a is defined by

i(u) = — Ady, (u).
Note that for all g € G, we have
Mg~ =i(Mg)), w(g™!) =i(ulg)), and
+) :Cl+ and @Z)FOi:@Z)F.

In particular, i preserves int Lr.

i(a

Note that for all rank one groups, i is the identity map.

Example. When G = PSL;(R), with the Riemannian metric given by the
inner product (X,Y) = tr(XY?), we have

a={diag(ti, - ,ta) 1 t1 + - +ts =0},
at = {diag(ty, -+ ,tg) €a:ty > - > tq}

and (-,-) : a = R is given by (X,Y) = tr(XY). The opposition involution
is given by

(3.2)

1(dla‘g(t17 T 7td)) = dia‘g(_th T _tl)
For each g € GG, we define
gt :=gPcG/P and g :=gwyP cG/P.
Observe that (gm)* = g% for all g € G, m € M; we may thus also view
the above as maps from G/M to F. Hence, for the identity element e € G,
et =[P], e= = [woP] and ¢g* = g(e*) for any g € G. Let F? denote the
unique open G-orbit in F x F:

F@ =@G.(eT,e7) = {(gP,gwoP) € G/P x G/P : g € G}.
Example. If G = PGLy(R), F may be identified with the space of complete
flags {{Vi C --- C Vg_1} : dimV; = 4} in R% F®) is then identified with
the set of pairs of flags ({V1 C --- C Vg_1},{W1 C --- C Wy_1}) in general
position, i.e., V; @ Wy_; =R forall 1 <i<d-—1.

Definition 3.3 (Hopf parameterization). The homeomorphism G/M —
F@) x a given by gM — (g, g7,b = By~ (e, g)) is called the Hopf parame-
terization of G/M.

Example. Using the linear fractional transformation action of G = PSLy(R)
on H? UR, we have P~ = Stab(co) and P = Stab(0), where P = P~ and
P are the upper and lower triangular subgroups of G respectively. Hence

gt =gP =g(x), g~ = guwoP = g(0) € OH> = G/P

where wo = (%) §).
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We will make use of the following identities, which are all straightforward:
By-(e,9) = —o(g7 Y, kwoP) = —i(loga) if g = kan € KAN™;
Byt (e,9) = —o(g Y kP) =loga if g = kah € KAN ™.
In particular, for a € A,
Be+ (67 a) + i(ﬁe* (ev a)) = 0.
The generalized BMS-measure: m,, ,,. Fix a pair of linear forms
1,92 € a*. Let v1 = vy, and va = vy, be respectively (I',41) and
(T',1p2) conformal measures on F. Using the Hopf parametrization, define
the following locally finite Borel measure m,, ,, on G/M as follows: for
9=1(g%,97,b) € F? xq,

i, 1 (g) = V1 B+ (€:9))+v2(B,— (e.9)) dvy (g)dvs (g™ )db, (3.5)

where db = d¢(b) is the Lebesgue measure on a.

(3.4)

Lemma 3.6. The measure 1My, ., is left I'-invariant and right A-quasi-
invariant: for all a € A,

ATy g = e(—¥1+i20i)(loga) Ty 17y
Proof. Let v € I and g € G be arbitrary. Note
Brgt (€,79) = Brg(€,7) + Bygx (7,79) = Byg(€,7) + Bz (e, 9).-
Recall the conformality of the measures v1 and v»o:
dvi (vgT) = e¢1(5g+(€,771))dyl(g+) and dus(vg™) = elﬂz(ﬁg—(eﬁ’l))d,&(g—)'
Combining these, we have
ity 5 (19) = 1 Crar (AN ANy (197 ) dva(vg™)dlb + B (e, 7))
- 6w1(ﬁg+(eﬂg))+¢2(ﬁg7(w))dyl(g+)dy2(gf)d£(b) = ity 1 (9).
Let a € A. By the identities and ,
Byx (e, 9a) = Byx(e, g) + Byx (9, 9a) = By (e, g) + Bex (€, a);
ga® = g*, and Be+(e,a) = —if.-(e,a) = loga.
Combining with definition , we have
diny, ., (ga) = V1 (By+ (e,ga))wz(ﬁg—(evga))d,jl(g+)dy2(g—)d€(b + B.-(e,q))
— 1Byt (€9)+Br (€0)+2(8,— (e9)+5.~(e0)) g, (g7)dva(g™)dl(b)
— (¥1—thz0i)(log a)agmyw2 (9).
This proves the claim. O

The measure m,, ,, gives rise to a left I'-invariant and right M-invariant
measure on G, by integrating along the fibers of G — G/M with respect
to the Haar measure on M. By abuse of notation, we will also denote
this measure by m,, ,,,. We denote by m,, ., the measure on I'\G induced
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by M., 1,, and call it the generalized BMS-measure associated to the pair
(1/1, 1/2).

BMS

BMS-measure: m . Let ¢ € a* and let v and vy.; be respectively

VaysVapoi
(T',¢) and (T, 4 01)-PS measures. We set
m’]i};\{[VS;woi = ml/w,l/woi (3.7)

and call it the Bowen-Margulis-Sullivan measure associated to (vy, Vyoi). By
Lemma m],ii\/,[l,swoi is an A-invariant measure, whose support is given by

Supp(mﬁi\ﬁioi) = {2z e\G: 2% € Ar};

since Ar is I'-invariant, the condition % € Ar is a well-defined condition.
BR-measures: mgf. We set

mB® = . b (3.8)
and call it the Burger-Roblin measure associated to v,,. Note that the
support of m]lif{ is given by

BRy _ B
supp(m,,) = {z € ['\G : 2~ € Ar}.

Lemma 3.9. The Burger-Roblin measure mls‘f is right N1 -invariant.

Proof. Let g € G and n € NT. By the identities (2.4) and (3.4]), we have
gn~ =g, By-(e,n) =0 and

Bgn* (6, gn) - /Bgn* (6, g) + Bgn* (gv gn) - /Bgn* (6, g) + ﬁn* (67 TL) - Bg* (67 g)
On the other hand, by the conformality (2.6]),

dm(gn*) = Pt ma D g ()

_ €2p(ﬂgn+ (gng™! gn)+Byn+ (9”76))dm0 (ng)

— ezp(5g+ (evg)_ﬁgnJr (e,gn))dmo (g+) :

Combining these, we have
Aty 1, (gn) = 2P B+ (e:9n)+4 (B, - (e,9n)) dmo(gn™)dvy (g™ )de(b)
— 20(By+(e:9)+9(B,-(e.9)) dmo(g")dvy (g7 )de(b)
= it 0, (9)-
0

Similarly, but with a different parametrization g = (9%, ¢7,b = B+ (e, g)),
we define the following N ~-invariant locally finite measure:

dm?f,{* (9) = VBt (€:9))+2p(8,—(e.9)) dvy (g7 )dme(g™)db. (3.10)
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Haar measure m!##*, Recall that the K-invariant probability measure m,,

is a conformal density for the linear form 2p. We denote by dz = dm!2a" (x)
the generalized BMS measure associated to the pair (m,, mo):

dzx = dmM® .= dmy,, .- (3.11)

Since m,, is a (G, 2p)-conformal measure, dm22" is G-invariant; the proofs
of Lemma[3.6/and Lemma show that m,, is invariant under AM and N7,
As these subgroups generate GG, the G-invariance follows).

4. DISINTEGRATION OF THE BMS AND BR-MEASURES ALONG N-ORBITS
In this section, we fix a linear form ¢ € Dy, a (I',¢)-PS measure v, and
a (I, 01)-PS measure vy0; on F. To simplify the notations, we write

o . . 5, BMS . ~BMS ~BR ._ »~BR ~BR:« ._ ~BR«
Vi= Uy, Vi i= Vyoi, M =My e =My, M =y,

4.1. PS-measures on gN*. We start by defining measures on N*. Firstly,

for g € G, define ,ugPEH = ,ugpfﬁw and /ﬂ;]%, = ,u,gpj%,’yi on N* by the
formulas: forn € NT and h € N—,
A+ (n) == "o Ty (gn)*) (4.1)

and .
dpigy- (h) = " Clon= I dus((gh) ™).
These are left I'-invariant; for any v € I" and g € G,

PS _  PS
Hygn+ = HgN+-

When zN¥ is closed in I'\G for z = [¢] € T'\G, ,ugf,i induces a locally finite
Borel measure on Staby+ (z)\N* ~ zN* which we will denote by duFy ..

Recalling that A normalizes N+, we will use the following lemma:

Lemma 4.2. For any g € G,a € A, ng,n € NT, we have

dpigy+ (anona™") = e= 18 Ddyugl, . (n).

Proof. By and (3.4), we have (gangna™)* = gangn™, and
Bganon+ (€, gangna™ ') = Boangn+ (€, 9anon) + Byanon+ (gangn, gangna™ ")
= Byangn+ (€, ganon) + Be+ (e, ail).
Also note that B.+(e,a™!) = —loga. Consequently,
(Byangnt (aganona‘l))dl/( )

du§]%+ (angna™t) = e gangn

_ efw(log a) ew(ﬁgmoﬁ (e’ganon))dy(gangnJr)

= e_w(log a’) du‘lq:)anN“r (n) .
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The measures ! Ni allow us to decompose the BMS-measure as follows:

The product map N T x P~ — G is a diffeomorphism onto a Zariski open
neighborhood of e.

4.2. Product structure of BMS measures. Given g € G, the BMS
measure mPMS can be disintegrated in gNt P~ as follows.

Lemma 4.3. For g€ G, f € C.(¢gNtP™), and nham € NTN~AM,

a0 = [ ([ sanham amda i o) a0,

Proof. By the identities (2.4) and (3.4), we have gnha™ = gnh~, gnha™ =
gn™t, and
BgnhjE (6, gnha) = Bgnhi (67 gnh) + ﬁgnhi (gnha gnha)
= Bynnx (e, gnh) + B+ (e, a).
Note that 8.-(e,a) = —iloga and S.+(e,a) = loga. Hence

dimnBMS (gnha)

¥ (Bgnn— (6’9"h“)+5gnh+(6’9"h“)))dz/i(gnh_)dy(gnJ“) dl(Bgnn- (e, gnha))
B, (egnh)logatS, (e gnh) Hoga)
x dvi(gnh™) dv(gn™) dl(Bgnn-(e,gnh) +loga)
— daduFSy- (h) duFS (n)
Hence for nham € NTN~AM,

deMS( BMS(

gnham) = dmdm gnha) = dmda d“gnN (h)dugN+( n),
proving the claim. U

In a similar manner, one can decompose the BMS measure according to
gP™NT:

Lemma 4.4. For ge G, f € C.(gP~N™), and hamn € N"AMNT,
mPMS(f) = / ( f(ghamn) dugsamN+(n)> e84, da dugj%,(h).
AM \J N+

Proof. For each m € M, consider the change of variable ng = mnm™!. Then
for hamn € N"AMN™, we have
dmBMS (ghamn) = dimn®S (ghangm) = dm dimn3(ghany).

By the identity (3.4)), we have 3,,- (e, ghang) = By, (e, gh) —iloga and

i(ﬁgh* (67 ghan0)>+/6}ghan()+ (67 ghanO) = i(ﬂgh* (6, gh)_l IOg a)—’_ﬂghang (67 ghanO)‘
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It follows that

dinBMS (ghang)

_ e¢(69hang (e7gha”0))dy(ghan3-) e~ ¥(oga) g, ewoi(ﬁgh—(e,gh))dyi(gh—)

= dughamN"" (n) e *Uo89) 4q d,ugP]%_ (h).
Hence
i3 (ghamn) = dufp,, v+ (n) e V08 dmdadpfy— (),
finishing the proof. O
Define, for ham € N~ AM,
d,ugpg, (ham) = e~ *1°8%) dm dq d,ugf,, (h).

This also allows us to succinctly rewrite the decomposition in Lemma 4.4 as
follows: for any f € C.(gP~N™),

WS = [ e ade@ddi-e. @)

Lebesgue measures on gN*. For g € G, we note that the Haar measure
on gN* can be given as follows: for n € N+,

dpigsp- (n) = e Ciom= I dm, ((gn) ), (4.6)
and
dugsp (n) = € Ciom*©Tdm,((gn)*). (4.7)

Using (2 , it can be checked that these are N~ and N invariant measures
respectlvely Moreover, duLeb does not depend on g € G, so we simply write
dn.

4.3. Decomposition of mBR. Similarly to Lemma the BR and BR.
measures can be decomposed in terms of the gP~ N T decomposition of G:
For all f € C.(gP~N™),

)= [ [ ) and o) (4.3

mPR(f) :/ / f(ghamn) dugfamN+(n)e—2p(loga) dm da dh.

We also have the following description of the BR-measures me and mVBf*
on G/M:
Lemma 4.9. o For g=kexp(b)n € KANT and [g] = gM, we have
dmB([g)) = e~ @O dn de(b) diy (k)

where Uy, is given by

diy (k) = dvy (k™) dm. (4.10)



ANOSOV GROUPS 21

e For g =kexp(b)n € KAN~ and [g] = gM, we have

diivg* ([g]) = ¢*® dn de(b) iy (k)

where Uy, is given by
din (k) := dvy (k™) dm.
Proof. For g = kexp(b)n € KAN™, we have f,- (e, g) = —i(b). Since m, is
a (G, 2p)-conformal measure, we have
dinbR ([g]) = €2 Proxpmt (RPN = WD®) gy (; excp(b)n ™ )db diry (k™) dm
= e~ WDO) g db diy (k).

The second part can be proved similarly. O

5. BMS-MIXING AND TRANSLATES OF PS-MEASURES

In this section, we fix

(1) an element u € Lr Ninta™,

(2) a linear form ¢ € D} tangent to ¢Yr at u,

(3) a (I',9)-PS measure v = v, on F, and

(4) a (I',9 0i)-PS measure v = Vyoi on F.
As before, we set

BMS __ . BMS pPs _ PS
m - my’zxi ) ,ugN+ - MgN"’,V'

For all ¢ > 0 and v € ker 1, define
a(t,v) := exp(tu + Vtv) € A.

Definition 5.1. We say that mPMS satisfies the local mizing property if
there exist functions W : (0,00) — (0,00) and J : kert) — (0,00) such that

(1) For all v € kert and fi, fo € C.(T\G)M,

lim W (1) /F et ) ) dmBMS (3) = J(0) mBMS( fy) mBMS( £,);

t—r00
(5.2)
(2) There exists C = C(f1, f2) > 0 such that for all (¢,v) € (0, 00) xker 1
with a(t,v) € AT,

W(t) /F . fi(za(t,v)) f2(x) dmBMS(2)| < C.

The main goal of this section is to establish the following:

Proposition 5.3. Suppose that mPMS satisfies the local mizing property for
the pair (¥, J). Then for any x = [g] € T\G, v € kerv, f € C.(T'\G)M,
and ¢ € C.(NT),

Jim W) [ flonalt,0)o0) iR (n) = T0) P i (0), (5:4)
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and there exists C' = C'(f,¢) > 0 such that

‘m(w /N lanalt,n)o(n) dubS ()| <

for all (t,v) € (0,00) x ker ) with a(t,v) € AT.

For € > 0, let G denote the open ball of radius ¢ around e in G. For a
subgroup S < G, we define S. := SN G.. The choices S = P*, N*, A are
the only subgroups we will require. We will carry out a thickening argument
using PS measures as in e.g. [37]; the following lemma is needed:

Lemma 5.5. For any g € G,
v(gNT(e™) >0 and wv(gN (e7)) > 0.

Proof. The Zariski density of Ar in F is proved in [2]. This also follows

from Lemma Since each gN*(e*) is a Zariski open subset of F and
the support of v is equal to Ar, the conclusion follows. O

We will also need the following continuity property of the PS-measures
[36, Proposition 2.15]:

Lemma 5.6. For any fized p € C.(N¥) and g € G, the map NT — R given
by h +— “gsNi (p) is continuous.

Proof. We will only prove the case when p € C.(N7T); the other case can be
proved similarly. Define a function p, : N™ x G/P — R by

5o(h, ) = p(n)ezﬁ(ﬂghﬁ(@ghn)) if ¢ = ghn™ for some n € NT,
Polts) = 0 otherwise.

Since Nt N P = {e}, py is well-defined. By continuity of the Busemann
function, p, is continuous in h € N~. This gives

WSy () = / p(n)e? Gonnt (@) gy (gt = / Po(h, €) dv(€),
N+ G/P

hence [upp nv (p) = tipp v+ (P)] < maxeeqyp |hg(h1,€) — pg(ha2, €)|. The con-
tinuity of p, then implies the claimed statement. ([

A function on N+ is said to be radial if it is invariant under conjugation
by elements of M i.e. f(mnm™') = f(n) for all m € M, and n € N*.

Corollary 5.7. Given € > 0 and g € G, there exist R > 1 and a non-
negative radial function pge € Co(Ng) such that for alln € NI,

PS
MgnN* (10976) > 0.

Proof. For each j € N, let ¢; € C.(N., ;) be a nonnegative radial function
such that ¢;|,- = 1. By Lemma for each n € N7, there exists some
J
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Jn € N such that ,ugnN (N, ) > 0. By Lemma for each n € N, there
exists r, > 0 such that

NESON* (N;,) >0 forall ng € B(n):={ng € NT : dist(n,ng) < rn}-

Using the relative compactness of N, we choose ni,...,nx € NT such that
NI C Ule B(n;). Choosing R := max(jn,, - ,Jn,) + 1 and pgy . := ¢p_1
completes the proof. O

Proof of Proposition Fixing v € ker(v), for simplicity, we denote
at = a(t,v). Let z = [g], and £ > 0 be such that ¢ € C.(N_). By Corollary
there exist R > 0 and a nonnegative pg ., € C.(Ng) such that

pgmn—(Pg.ee) >0 forallme NI

Given arbitrary € > 0, choose a non-negative function ¢. € C.(A.) satisfying
J44:(a)da =1. Then

| f(anar)e(n) dpigy+(n) (5:8)

/ f(znay) o )(1 /N_A,ogvgo(h) (a) dad,ugnN (h)) d,ugNJr( n)

gnN7 (Pq E())

R ) 2

gnN—

We now define a right M-invariant function ®. € Ce(gNINgAM) C C(G)
by
$(n)pg,eq (h)gs(a)
d.(go) := oo (Pg.co)
0 otherwise.

if go = gnham,

Note that the continuity of ®. is a consequence of Lemma Also observe
that ®. depends on our choice of representative for z = [g].

We now assume without loss of generality f > 0 and define, for all £ > 0,
functions fei as follows: for all z € T'\G,

fr(z):= sup  f(zb) and f(2):= inf  f(zb).

bENI NI Ac beNF NI A.
Since u € inta™, for every € > 0, there exists to(R,&) > 0 such that
a;'Npa; € N for all t > to(R, ).
Then, as supp(®.) C gNEINp A.M, we have
f(xna)®.(gnha) < fi(xnhaa,)®.(gnha) (5.9)
for all nha € NYN~A and ¢ > to(R, ). Similarly,

fZE(aznhaat) <(gnha) < f(xnat) c(gnha).
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We now use f;g to give an upper bound on the limit we are interested in;
fo. is used in an analogous way to provide a lower bound. Entering the
definition of ®. and the above inequality (5.9)) into (5.8)) gives

limsup ¥(t) f(znay)p(n )d,ugN+( n)

t—00 N+
< limsup \I/(t)/ (/ for(znhaay) @ (gnha)dm dadu (h)) d,u,gN+( n)
t—00 Nt N—AM

= limsup U(t /fgE 90 Clt) =(90) dm M S(QO)

t—o00

= limsup V(¢ / fo([g0)ar) @< ([g0]) dm®™M5 ([go)),

t—o00

where

)= Pc(v90),

vyerl’

and Lemma was used in the second to last line of the above calculation.
By the standing assumption (5.2)), we then have

h?iségp U(t / f(znay)o )d,ug)]%H (n)
< J(0) mPYE (LMY (@0) = T (v) mPME(FL)MPME (@),

Using Lemma and the M-invariance of ®., we have

5@ = [ ([ atonha)dadify- 1) o
[ ([ o) dadnty- ) )

gnN— (pg,eo)
PS
Since € > 0 was arbitrary, taking € — 0 gives

limsup U(t) [ flznar)p(n) dugy () < J(0) mPS(f) poy ().

t—o0 N—

The lower bound given by replacing fi; with f5_ in the above calculations
proves the first statement.

For the second claim of the proposition, observe that if tu + vtv € a™T,
then

f(zna,)®.(gnha) < fR+€(:L‘nhaat) <(gnha),
as in . Hence
V(1) [ fana)on) Al () < O, 0.).
Choosing C'(f, ¢) := C’(f]';re, ®.) finishes the proof. O
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6. TRANSLATES OF LEBESGUE MEASURES AND HAAR MIXING

We continue with the setup of Section |5} recall that we have fixed u €
Lr Ninta™, a linear form ¢ € D} such that ¢ (u) = Yr(u), a (T, 9)-PS
measure v = vy, and a (I', 1 0 1)-PS measure v; = vyo; on F. We set

BMS BMS BR BR BR. _ ,, BR« ps _ PSS
m =m,,",mo T =m, T, m =m, =, and PgN+ = HgN+ 0

The main goal in this section is to prove a local mixing statement for the
Haar measure on I'\G. In order to do this, we first convert equidistribution
of translates of ,ugP]%H (Proposition D into equidistribution of translates of

the Lebesgue measure on o N *:

Proposition 6.1. Suppose that mPM3 satisfies the local mizing property for

the pair (¥, J). Then for any x = [g] € T\G, v € kerv, f € C.(T\G)M,

and ¢ € Co(NT),

lim W(0)e O [ (amat, o) oln) dn = (o) P R (0),
N+

t—o0

and there exists C" = C"(f,$) > 0 such that

‘\Il(t)e(Qp_w)(t“+\/z”)/ f(zna(t,v))¢(n)dn| < C”
N+

for all (t,v) € (0,00) x ker ) with a(t,v) € A*.

Proof. For g9 > 0, set B, = N, Ay MNZ. Note that MNE = Nt M by
the choice of the invariant metric on G. Given zg € I'\G, let eo(zg) denote
the maximum number r such that the map G — I'\G given by h — xoh
for h € G is injective on B,. Note that ¢(u) = ¢r(u) = ¢r(i(u)). Fixing
v € ker ), we set for all t € R,

a; := a(t,v).

By using a partition of unity if necessary, it suffices to prove that for any
xo € T\G and g9 = go(xp), the claims of the proposition hold for any non-
negative f € C(xoB.,)™, non-negative ¢ € C(NZ), and = = [g] € xoBe,,
that is,

lim W(t)e?=008) [ fanag)g(n) dn = J(0) mPH(f) pyis (9), (6.2)

t—o0 N+
and for loga; € a*, we have
W(t)er—¥)ogad) [ f(rnay)g(n)dn < C”, for some C" = C"(f, ).
N+

Moreover, we may assume that f is given as

fla)=>_fvg)  forallged,

yel’
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for some non-negative f € C.(goB:,) C C.(G). Note that for z = [g] €
[90]6505

(gaotydn =3 [ Fagnapotmyan.  (©63)

f
N+ vyer

Note that f(ygna;) = 0 unless ygna;, € goBs,. Together with the fact that
supp(¢) C N2, it follows that the summands in (6.3) are non-zero for only

€07
finitely many elements v € I' N goBgoat_lN;gg*I.
Suppose ygNZLay N goBe, # 0. Then vga; € goNZ, Ac(yM N, and there

0
are unique elements p; , € N Ac, M and n; 5 € N such that

Yg9as = goptyney € GoPo Nt

Let I'; , denote the subset I' ﬂgo(NE_OAEOMNJF)at_lg_I. Note that although
I'; ,» may possibly be infinite, only finitely many of the terms in the sums we
consider will be non-zero. This gives

oot dn = 3 | Fognadom) dn

N+

= % [ Foga(ar nan)otn) dn

’YEFt,U

— o—2p(logar) Z / f(ygatn)é(atnagl)dn
N+

Y€t

_ e—2p(logat) Z /+ f(gopt,vnt,vn)qﬁ(at”a[l)dn
N

YElt v

_ 672p(10gat) Z / f(gopt7fyn)¢(at n;,in at_l) dn.
’Yert,v NT

Since supp(f) C goBe,, we have

Z /N+ f(gopeyn) o (ar ngana;')dn

’Yert,'u

< Z sup qb(at n;vl a;l(atnagl)) -/NJr f(goptﬁn) dn,

YEt 0 nEN;E)
and

Z /N+ f(gopt,yn)¢(at ’I’L;,}TL a;l) dn

’YEFt,U

- (mf Sauni? af(amatl))) [ Hown)in
RIS Y

nENEJB
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Since u belongs to int Lr, there exist to(v) > 0 and a > 0 such that

-1 +
atN;*'at C Nre*at

for all » > 0 and t > to(v).

Therefore, for all n € N and t > tg(v), we have

¢€_oe*0‘t (at n;vlat_l) < d)(at ngvlat_l(amat_l)) < (joe*at (at nt_wl at_l), (6.4)
where

¢ (n) ;= sup ¢(nb), and ¢_ (n) := inf ¢(nb) forallme NT, &> 0.
beNZF beNZF

We now have the following chain of inequalities (for ¢ > to(v)):

> alinid ai) [ Floopgn) dn (65)

’YEFt,U €0

< elosad) [ f(glnas)p(n) dn
N+

<Y dhealandar) [ Flaon) dn (6.6)

’YEFi,’U €0
By Lemmas and there exist R > 0 and a radial function p € C.(N7})
such thzit p(n) >0 for alln € N, and M501N+ (p) >0 for all p e N, Ay M.
Define F' € Cc(goNE_OAEOMNE) by
ps”L)(p) vz £ (gopv) dv if g = gopn € goN;, Az M N,

F(g) := { Maopn+ .
0 otherwise.

Since p is radial, Fis right M-invariant. The key property of F we will use
is the following: for all p € P_

€07

n PS _ n PS _ r
[ Faom o= [ Flown) )= [ Flaupm) an

R

Returning to (6.5]), we now give an upper bound for [ f([g]na;)¢(n)dn;
the lower bound can be dealt with in a similar fashion. We observe:

o2p(logar) . f([g]nas)p(n) dn

< Y dhenlanida) [ Fomon)n

7€l v 0
—1 =1 [ PS
- Z (’Zs:_Oe_at (at nt7’y at ) / + F(goljt?’)/n) dugopt‘.\/N"" (n)
'YEFt,'U NR
1

- -1 - PS
= Z / . F(goptﬁn)gb;efat (at Ny Gy 1) d“gopr‘F (n)
Y€t v NR
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Similarly as before, we have, for all t > ¢y(v) and n € Ng,

¢;)e*at (at n;’i G;I) = Qs;)e at (at n;in(n)_l a;l)

¢ R+€0)€ at (at n;;n a;l). (67)

Hence (6.5)) is bounded above by

< Z / + F(goptv'yn)é?rR+so)e—at (at n;’in a ) d‘ugopt yNT (n)

VGFt v

_ -1 + PS -1
= Z / g(]pt,'ynt,'yat nat)cb(RJrEO)efat (n) dﬂgopmNJr (e yay na).
’Yertv

By Lemma [4.2]

PS -1 _ _—4(oga;t) g, PS
dﬂgopmNJr(”t/vat nay) = e (loga; )dM

gOpt,’y"’Lt,’ya;1]\/7+ (n)

Since gopmnma;l = g, it follows that for all t > ty(v),

o(2p—¥)(logar) . f([g]nat)p(n) dn

Z/ F vgnat)‘ﬁ(zﬂeoe at (N )d,%gzw( n)

YElt v

/ ZF (vgnay) +R+€o)e—at( )ngN+( n).

vyel

Define a function F' on I'\G by

=Y F(v9).

ver

Then for any € > 0 and for all ¢t > ty(v) such that (R + gg)e < ¢,

V(1) [ Fllnan)oz (n) dufs () < WO~ [ p(lglnar)otm) dn

< ¥0) [ Plolnen)s? () dnfs (o).

Since F' is right M-invariant, by Proposition [5.3] letting £ — 0 gives

lim W(t)e®=W0se) [ f([glnar)g(n) dn = J(v) mPMO(E) pyRs (9).

t—o00 N+
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From the definition of F, together with Lemma in the form (4.5)), and
(4.8), we have

(
— /P . ( /N . F(gopn) dn) dptgyp- (p)
= mPR(f) = mBR(f).

This finishes the proof of the first statement. For the second statement,
note that the following inequalities corresponding to (6.4]), and (6.7 hold
with the weaker assumption tu + v/tv € a*, rather than ¢t > to(v): for all
ne N2,

qb(at nt_ﬁ} at_l(atnat_l)) < gb;rO (at nt_wl at_l),
and for all n € N;{,
¢4, (aeniy art) = ok (anyn(n) ™t ayt) < oh . (aenign apt).

Now proceeding similarly as in the proof of the first statement, we have

f(lglnat)g(n) dn

N+
< e(6=2)(lo5an) / S° Flygnan) | éhs., (n) dulS s (),
N+
vyel

and hence

W(t)eem)osae) [ f([glnas)é(n) dn
N+

< 80) [ Falno) o, (n) ditf () < C'(Fo,, ),

provided loga; € a®. By setting C”(f, ¢) := C'(F, ¢E+EO), this finishes the
proof of the proposition. U

With the help of Proposition we are now ready to prove:

Proposition 6.8. Suppose that mPMS satisfies the local mizing property for
the pair (¥, J). Then for any f1, fo € Co(T\G)M and v € ker 1), we have

lim W(0)eGr V) [ f (pa(t,v)) fo() de = T (o) mPR(f) mPR (),
— 00 F\G

and there exists Co = Co(f1, f2) > 0 such that if a(t,v) € a™,

U ()P ) (tutviv) fi(za(t,v)) f2(z) dz| < Cp.
NG
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Proof. Note that the hypotheses above coincide with those of Propositions
and this allows us to apply Proposition [6.1]in the following argument.

By compactness, we can find ¢g > 0 and z; € I'\G, i = 1,--- , ¢ such that
the map G — I'\G given by g — ;g is injective on R., = NE_OAEONQ;M,
and Ule xR,/ contains both supp fi and supp fo. As before, set a; =
exp(tu + v/tv). We use continuous partitions of unity to write f; and fo as
finite sums f1 = >, fi,; and fo = ijl fa,; with supp f1; C TR,/ and
supp fa2,; C 2R, /2. Writing p = ham € N~ AM and using the following
decomposition of the Haar measure on G:

d(hamn) = e~ 2189 dn dm da dh
(cf. [26, Prop 8.45]), we have

fi(zay) fa(z) dx (6.9)

G

= g / fii(xipnay) fa,5 (:U,-pn)e*Q’J(log @) dn dm da dh
— JR
1,7 €0

=3 / ( / fri(zipnay) fa i (zipn) dn> e~ 20108 iy, da, dh.
i NegAegM \ /N

Applying Proposition it follows (cf. also (4.8))

lim W (t)er—¥)(ogar) fi(zay) fo(x) dex

= J(v) Z mPR(f1,) Z / ,umP;SpNJr (fo,j(zip- ))e2P1089) qm da dh
( J

SoAcg M

= J(v) Z mBR(f1,) Z mPR(fy5)

= J(0)mPR(f1) mPR=(f)

where the second last equality is valid by (4.8)). This justifies the first state-
ment. For the second statement, note that if tu + v/tv € at, together
with Proposition [6.1] gives

W (t)e2r—¥)(logar) fi(zay) fo(x) d
NG

< Co(f1, f2),

where Co(f1, f2) := Ei,j C"(f1,i, f2,5) fNE_OAEOM e~ 2pUe(@ltv)) g da dh. This
completes the proof. O

We make the following observation, which will be used in the proof of
Theorem
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Corollary 6.10. Fiz u € Lr Ninta™, and let ¢ € D} be tangent to ir
at w. For k = 1,2, let v and vy be respectively (I',¢) and (', o i)-PS
measures on Ap. Setting mEMS = ml]?kl\ﬁ-,sk, suppose that there exist functions
Uy : Rog — Rsg such that for all fi, fo € C.(T\G)M,

t—o00

lim (1 /F i) 1o) S @) = S fmE f),

Then v1 = vy and Uy = Dsy.

Proof. By an argument similar to the proof of Proposition

Jlim Wy (1)t Gemer)t g 1 exp(t) o) de = mp (f1) mi (f).
Fix fi € C.(I'\G)M with m,]%f{(fl) > 0 for each £ = 1,2. By considering
fa € C.(T\G)M with mBR«(fy) > 0, it follows from the hypothesis that

Vi

— 1 Y1) S 0. Set ¢r = o (f1) Then f CT\GYM
co := Mmoo g, > 0. Set cp = Co'mgf‘(ﬁ)' en for any fo € C.(I'\G)™,
we have

my - (f2) = e1 - myy (f2)- (6.11)

Recall from Lemma that for all @ € A, a*mEkR* = e(=¥+2p)(loga) ml,?kR*.
We claim that v; = 5. Let g9 € G be arbitrary. Fix € > 0 and consider
F € C(G/P) supported in (goNZ)~. Choose ¢1 € C.(A), and a radial
function ¢z € C(N) such that [, ¢1 da = [y_ g2 dn = 1. Define fo € C.(G)
by

7 (9) : {F(90h+)Q1(a)Q2(n)€w(log“) if g = gohman € ggN*TP~,
2(g9) ==

0 otherwise.

Note that fg is M—invariant, as ¢o is radial. Defining fo € C.(I'\G) by
f2(lg]) == >, er f2(79), a direct computation shows

mBR=(fy) = / Fa(gohman) 18D dm, da dn dvy(goh™)
N+ Jp-

Vi

= [ Ftaon®) ([ @t amdadn) an (oo
— 1 (F).

Hence for any g, € G/P, vi(F') = c1 - vo(F) for all F' € C(G/P) supported
in (goO:)~. By using a partition of unity, we get v1(F) = ¢; - vo(F) for all
F € C(G/P). Since |v1| = |ra] = 1, we have ¢; = 1 and hence v; = v».
Repeating the same argument for i(v), we also get v; = s (this implies
co=1). O
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7. ANOSOV GROUPS

7.1. Anosov subgroups. Let X be a finitely generated word hyperbolic
group and let 0¥ denote the Gromov boundary of X. We call a Zariski
dense discrete subgroup I' < G Anosov with respect to P if it arises as the
image of a P-Anosov representation of Y. A representation ® : ¥ — G
is P-Anosov if ® induces a continuous equivariant map ¢ : 0% — F such
that (C(z),¢(y)) € F@ for all z # y € 9% following Labourie [27] and
Guichard-Wienhard [20].

Let 74 : PSLo(R) — PSL4(R) be the d-dimensional irreducible represen-
tation of PSLa(R). For any torsion-free uniform lattice ¥ in PSLa(R), the
connected component of 74|s in the space Hom(X, PSL4(R)) is called the
Hitchin component. Representations ¥ — PSLy(R) in the Hitchin compo-
nent are known to be P-Anosov [27]. In fact, Hitchin components are defined
for representations of ¥ into any split real simple Lie group G, and all rep-
resentations ¥ — G in the Hitchin component are known to be P-Anosov
(T3], [20)).

We mention that if p; : ¥ — G; are P;-Anosov where P; is a minimal
parabolic subgroup of G;, then p1 X pa : 3 — G x Ga is P X Py-Anosov
whenever its image is Zariski dense. Indeed, if ¢; : 0¥ — G;/P; denotes
the limit map of p;, the map ((z) = ((1(x), (2(z)) provides the desired limit
map for p; X p2, and hence {(p1(g),p2(g9)) : g € £} is an Anosov subgroup
of G1 x Gs.

One subclass of Anosov groups consists of Schottky groups, which gener-
alize the Schottky subgroups of rank one Lie groups.

For a loxodromic element g € G, we denote by y, € F the unique attract-
ing fixed point of g. Let 71,---,7, be loxodromic elements of G (p > 2).
For each 1 <17 < p, set fjl = 9,, and fi_l =Y,

Definition 7.1. The subgroup I' generated by {71, ,7,} is called Schot-
tky if there exist open subsets bli, BZTJE CF,1<i<pand 0 < e < 1such
that

(1) for all i # j and w,w € {—1,1}, by C BF;

(2) b x f C F@ whenever i # j or w # w;

(3) for all ¢ and w € {—1,1}, & € intbyY, 4By C bY C B and the

restriction of «; to By is e-Lipschitz;
(4) the intersection (), <;<, weq1,—13 Bi is non-empty.

This is the same definition as given in [45 Section 4.2], except for the
extra condition (2), which we added to ensure the following lemma:

Lemma 7.2. Any Zariski dense Schottky subgroup I' < G is Anosov.

Proof. The Gromov boundary OI' can be identified with the set of infinite

words of the form a = (apajasz - - - ) where a; € {'yfl, cee ;ﬂ} and a; # a;rll.

Fix an element §o € (1<j<pweqr,—1) Bi’» which exists by (3). Under the

7

above definition of a Schottky group, the proof of [44, Proposition 3.3] gives
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that the map a — lim, o (aga; - - - a,)& induces a I'-equivariant homeo-
morphism ¢ : 9T — Ar (see also [45, Proposition 4.5]). Let £ #n € Ap, and
write them as & = lim,,_,oo(aoa1 - - - an)&o and n = lim,_,(apa) - - - al,)&o for
some infinite words @ and a’. Let k be the smallest integer such that a;, # af,
and set v 1= ag---ar_1 € I'. It follows from (1) and (2) that y~1¢ € b
and v~ 19 € f where i # j or w # w. Hence (v 1,77 n) € F@ by (2);
consequently, (£,7) € F®). This shows that I" is Anosov. O

Schottky groups are found everywhere, in the following sense:

Lemma 7.3. Any Zariski dense discrete subgroup I' contains a Zariski dense
Schottky subgroup.

Proof. This follows from the proof of a more general theorem [2, Proposition
4.3]. We give a sketch of the proof for the sake of completeness. Since the
set of loxodromic elements of I' is Zariski dense, we may choose a loxodromic
element v; € I'. There exists a proper Zariski closed subset F,, C G which
contains all Zariski connected and Zariski closed proper subgroups of G
containing ~y; [54, Proposition 4.4]. We may choose a second loxodromic
element vy € I' — F,, such that {(y,hﬂ,y%), (yﬁl,yvl—ﬁ} c F®. Moreover
we can assume that 'yé“ generates a Zariski connected subgroup, and hence
V5 ¢ F,,, for any k € N. Let ¢; € G be so that v; € ¢;(int A*)(pi_l. Then
Yy = piet. For e > 0, let bfl(a) be the e-neighborhood of ¢ et and set
Biﬂ(a) = cpiNai_lejE where Nj_l denotes the e ~!-neighborhood of e in N*.
For any e1,e2 > 0, %-ikBiﬂ(sQ) C biﬂ(el) for all sufficiently large k. It

follows that we can find k, 1 > 0 and &2 > 0 so that 7 and 4 satisfy the
conditions in [7.1] with b5 := bF!(e1) and B! := BF!(e). O

7.2. BMS-mixing. The following theorem was first proved by Sambarino
[49], when ¥ is the fundamental group of a compact negatively curved man-
ifold, using the work of Thirion [53]. Using the reparametrization theorem
of [8] for a general case, Chow and Sarkar [I1] proved the following theorem;
their proof uses a different symbolic coding than [49] and works for functions
which are not necessarily M-invariant.

Theorem 7.4. Let u € int Lr. Let ¢p € Dy be tangent to yr at u, and v
and v; be respectively (T',1p) and (T, 1) 01)-PS measures on Ap. Set mPMS .=
m],ill\,/,fs. Then there exists ky, > 0 such that for any v € kerty and any

fi, fo € C(T\G)M,

lim ¢("—1/2 f1(z) fa (@ exp(tu + Vtv)) dmPMS (z)

= Ky efl(v)/Q mBMS(fl) mBMS(fQ),
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where I : ker(¢) — R is given by

vlIZ]]wl? — (v, u)?
I(v) :=c- (7.5)
|2
for some inner product (-,-), and some ¢ > 0. Moreover, the left-hand side

is uniformly bounded over all (t,v) € (0,00) x kert with tu + v/tv € a*.

Although the second statement of Theorem is not stated in [49, The-
orem 3.8], its proof uses the same technique as [53] Theorem 1.1], where the
corresponding statement can be found.

Remark 7.6. Theorem [7.4]is the main reason for the assumption that T is
a Anosov subgroup. In fact, all our results stated in the introduction hold
whenever T' satisfies Theorems [7.4] and

In the rest of the paper, let I' be an Anosov subgroup of G. The following
theorem was proved by Sambarino [48] for a special case and by Potrie-
Sambarino [40, Propositions 4.6 and 4.11] in general:

Theorem 7.7. (1) Lr — {0} Cinta™.
(2) ¢r is strictly concave and analytic on {v € int Ly : ||v]| = 1}.

By Lemma and Theorem [7.7], we get the following corollary:

Corollary 7.8. For each unit vector u € int Lr, there exists a unique i, €
Dy tangent to Yr at u, which is given by

Yu(-) = (Vir(u), ).

Theorem 7.9. For any ¢ € Df, there exists a unique (I',1)-PS measure
on Ar.

Proof. When I' is the fundamental group of a closed negatively curved Riem-
manian manifold, this follows by combining [50, Theorem 3.1] and [50,
Proposition 7.8] The general case follows from Theorem by Corollary
6. 10 [l

Note that this theorem implies the I'-ergodicity of every (I, 1)-PS mea-
sure.

Remark 7.10. The I'-ergodicity of a (I',4)-PS measure for ¢ € D} also
follows from [10, Thm A.2] together with the reparameterization theorem
[11, Thm. 4.10]. By the well-known Sullivan’s argument, it implies the
uniqueness of (I',)-PS measure.

For each u € int L, we denote by v, the unique (T',,,)-PS measure on
Ar. We now set
BMS ._ , BMS BR ._ . BR BR. ._ . BR.
M = My M) = My My 5= T, (7.11)
We mention that all three measures are infinite measures when G has
rank at least 2 (cf. [30, Corollary 4.9]). We also refer to [30] and [31] where
ergodic properties of these measures are discussed.
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We deduce the following from Proposition [5.3] Proposition and The-
orem [7.4]

Theorem 7.12. Let v € int Lr.
(1) For any f1, fo € Co(T\G)M and v € ker 1y,

lim ¢(r=1/22o—tu)(tutViv) fi(z exp(tu + Vtv)) fo(z)dz

= ru e TOPMER (FYmIR (f2).

(2) For any f € C.(T\G)M, ¢ € Co(NT), z = [g] € T\G, and v €
ker ¢y,

lim (r=1/2eo—tu)(tutViv) f(znexp(tu + vtv))é(n) dn

t—o00 N+
= ru e P () g v, (9)-

Moreover the left-hand sides of the above equalities are uniformly bounded
for all (t,v) € (0,00) x ker b, with tu+ v/tv € a*.

Recalling that 1, (u) = v¢r(u), the special case of Theorem when
v = 0 now implies Theorem [I.6] and Theorem

8. EQUIDISTRIBUTION OF TRANSLATES OF I'\'H

Symmetric subgroups of G. Let H < G be a symmetric subgroup; that
is to say, H is the identity component of the set of fixed points of an involu-
tion o of G. We start by reviewing some general structure theory regarding
symmetric subgroups; see Chapter 6 of [51] for more details on this. The in-
volution ¢ induces a Lie algebra involution on g, which (using a slight abuse
of notation) we also denote by o. There exists a Cartan involution of G that
commutes with o; without loss of generality, we may assume that 6 from Sec-
tion [2| commutes with . These involutions give rise to the decompositions
g=t®pand g="bh @ qinto the +1 and —1 eigenspace decompositions of ¢
and o, respectively. Let a be a maximal abelian subalgebra of p such that
b := aNq is a maximal abelian subalgebra of p N . Denote the dimension
of a by r and the dimension of b by rg.
Let 3, C b* be the root system of b, i.e.

S, ={Aeb* —{0}:3X € g— {0} with ady X = A(Y)X for all Y € b}.

From now on, we fix a closed positive Weyl chamber b+ C b for X, which
has been chosen compatibly with a® as follows [I7, Sec. 3]: denoting the
positive roots of a by ¥, we assume that there exists a collection of positive
roots ¥} of b such that the elements of ¥} are all obtained by restricting
elements of ¥* to b, hence b C a*. We will denote B = exp(b) and
Bt =exp(b™).
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Let Wy := Ng(b)/Zk(b) and W, := Ngnu(b)/Zrnm(b). There then
exists a finite set of representatives YW C N (a) N Ng (b) for W, o\ W, and
we have the following generalized Cartan decomposition:

G = Hexp(b)K = HWexp(b")K, (8.1)

in the sense that for any g € G, there exist unique elements b € BT and
w € W such that
g € HubK.

Directions in b™ Nint L. Let I be an Anosov subgroup of G. In the rest
of this section, we assume that
b Nint(Lr) # 0.

Since Lr C int(a™) by Theorem it follows that b* Nint(a™) # 0.
We now fix a unit vector (with respect to the norm || - || on a)

v e b Nint Lp

and set
0 :=1r(v) > 0. (8.2)
By Corollary the linear form © € a* defined as
O(w) = (Vir(v), w) (8.3)

gives the unique linear form in Df such that ©(v) = ¢r(v) = 6.
Lemma 8.4. We have Lr Nker © = {0}.

Proof. We use the fact that ¢r is strictly concave (Theorem . Since
© > ¢r on a, and O(v) = Yr(v), it follows that O(w) > ¢r(w) for all
vectors w € a™ — Rwv. Since ¢r > 0 on L, we have © > 0 on Lr — {0}, i.e.,
LrNker® = {0} O

We use the following notation: for t > 0 and w € ker ©,
a(t,w) == exp(tv + Vtw), and a(t,w) = tv+ Vtw.

We set

mBR = mBR and  mBR = ;BB
i(v) v

Patterson-Sullivan measures on H. Let P = M AN be the minimal
parabolic subgroup. Since b™ Nint(a™) # 0, it follows that M = Zk(b), and
the unipotent subgroup whose Lie algebra is the sum of positive root spaces
corresponding to ¥, coincides with V.

Lemma 8.5. We have HN N = {e}.

Proof. Fix a € ¥,. Since v € bT Ninta™, we have a(v) > 0. Letting
X € n be such that [v, X] = a(v)X, we have 0(X) = a(v) lo([v, X]) =
a(v) o), o(X)] = av) ~v,0(X)],ie. [v,0(X)] = —a(v)o(X). There-
fore 0(X) € n™. Since o fixes H point-wise and swaps N and NT, we get
HNN = {e}. O
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By [29, Theorem 3-(iii)],
HNP=HNM)HNA)HNN)=HNM)HNA). (8.6)
Together with the fact H N B = H N N = {e}, it then follows that H N
MBN =HnNM.

Definition 8.7. Define a measure ,uIF;S = u];fv on H as follows: for ¢ €
C.(H), let

PS/ .\ _
pi (@) = /}LOGH/(HQP) /peHmP @(hop)e

where dp is a right-Haar measure on H N P; for hg € H/(H N P), h is well-
defined independent of the choice of a representative. The measure defined
above is I' N H-invariant: for any v € I' N H, y*ul;}s = ,u%s. Therefore,
if '\T'H is closed in I'\G, d,ulgfv induces a locally finite Borel measure on

I'\I'H ~ (I' " H)\H, which we denote by “E]SH = M[P;]SHW,

e(ﬂhg*(evhop)) dpdy(ha»)’

Note that supp ME]SH ={[h] e I\I'H : h* € Ar}, and hence
| =0 if and only if Ar N HP/P =0, (8.8)

For a subset S C G and ¢ > 0, set Sz := {s € S : d(e,s) < e}. Let
M’ C M be a Borel section for the map m — (H N M)m, and P = M'BN
be the subset of the minimal parabolic subgroup P = M AN. Note that the
map H x P’ — G given by (h,p') — hp' is injective, which is an open map
in a neighborhood of e (|51, Prop. 7.1.8(ii)], [14, Prop. 4.3]). For € > 0, let
ps € C((NB).) be a non-negative function such that

/ pe(nb)dndb =1,
NB

and p.(mnbm™1) = p.(nb) for all m € M and nb € NB. Fixing ¢ €
QC(H YAOM and ¢ > 0 smaller than the injectivity radius of supp(¢), define
o, € C.(G) by
~ o(h)p:(nb if g=hm/nbe HP/,
b.(g) = { /1P | (5.9
0 otherwise.
Observe that d. is right M-invariant. Define now ®. € Cc(I'\G) by ®.([g]) =
> er Pe(7g). Since @ is right M-invariant, so is ®..

Lemma 8.10. For ¢ € C.(H)?!™ and ®. as above, we have
mP (@) = i (6)(1 + O(e)).

Proof. Note that supp(®.) C HM(NB).. The proof of the lemma now
relies on the following three observations.
Firstly, for each hm € HM' and n € N,

d(hmn) = ezp(ﬂ(hm")’(e’hmn))dmo(hmn_) =dn
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is a Lebesgue measure on hmN.
Secondly, for ¢ = hm/nb € HP’, the decomposition

By+ (e, 9) = Bp+ (e, h) + Be+ (e,1b) = B+ (e, h) +i(logb)
induces an isomorphism A = (AN H) x B. This implies that
d(By+(€,9)) = d(Bp+ (e, 1)) d(Be+ (e, p)) = d(Bp+ (e, 1)) d(b),
and for all hm’ € HM' and nb € (NB).,
OB+ (ehm'nb)) — OB+ (eh) (1 4 O(e))

by continuity of the Busemann function.
Finally, we also have:

ﬂ(hm/nb) (6 hm!/ nb) ﬁ(hm n)~ (6 hm' 7’L) + B(hm n) (hm,n7 hm,nb)

= ﬁ(hm’n) (e hm n) + Be ( )

= 5(hm 'n)~ (e hm! n) - l(log b)
Consequently, e2*Phm’nn=(© hmmb)) — 208t~ (e:hm’ ”))(1 + O(¢)). Using
the definition of mBR«(®,) and the second and third observations above give
mPR (&) = / B (h) pe (nb) e® P (A M) +20(B 1) (e b))

HxM'x(NB)
x dmg((hm'n)™) d(By+ (e, hm/nb)) dv(h™)

=1+ 0(5))/ d(h)e®Prt (1) ()2 Bltimtm) =~ (€hm'm))
HxM'x(NB)e

x dmo((hm'n)~) dbd(By+ (e, b)) dv(h™).

We now choose a section Hy C H for the map h — h(H N P), and write
h = homay € Hy(MNH)(ANH) = Hy(H N P). Using the first observation
above, we then have

— (14 0(e)) / d(homap)e. g ") ( / pe(nb)dn db) d(ap) dv(hy)
Ho(HNP) (NB)

= {1+00) /hoeH/(HﬂP) /peHmP Plhop)e
= (1+0(e)zr ()-

o e,h
(,Bh0+( oP)) dpdy(ha_)

Equidisitribution of translates of I'\I'H.

Proposition 8.11. For any f € C.(T\G)M, ¢ € C.(H)HI™M  and w €
bNker©,

lim t(r 1)/2 (2p—0)(a(t,w)) / f ( )dh = Ky e—[(w)/2 mBR(f) MES(QS):

t—00
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and there exists C' = C'(f, ) > 0 such that for all (t,w) with a(t,w) € bT,

#(r=1)/2¢(2p=8)(a(t:w)) / f([hla(t,w))¢(h) dh| < C". (8.12)
H
Proof. For £ >0, let R. := N.A.N:XM and define fF € C.(I'\G) by
fF(y) = sup f(yg), and [ (y) = inf f(yg). (8.13)
g€R. geRe

Since R. is right M-invariant, it follows that £ € C.(I\G)M. Let Co ¢ H
denote the support of ¢; we may assume that Cj injects to its image under
the map G — I'\G. Choosing p. € C.((NB).) and defining ®. as above, we
let dA(m’) denote the density on M’ of total mass one such that

d(hm/nb) = dh d\(m') dn db (8.14)

(where h € H, m' € M, n € N, and b € B) is a Haar measure on G.
We then obtain

/f([h]a(taw))cﬁ(h)dh: f([h]a(t, w))o(h) (/
H Co (

pe(nb)dn db) dh
NB).

_ / F(Iha(t, w))D-([hnb) dh dn db.
Co(NB)e
Using the M-invariance of f and the definitions of ®. and d\ gives
f([Pla(t, w))®<([h]nb) = . f([rJm’a(t, w)) @c([R]m'nb) dA(m),
and so

/H F(a(t, w)é(h) dh = / F(IR]ma(t, w))®..([hlm'nb) dh d\(m') dn db.

CoM'(NB).

Since v € intb™, for all (t,w) such that a(t,w) € b™, and for all nb €
(NB)., we have

f(zhm/a(t,w)) = f(zhm'nba(t,w) - (a(t,w) ™ (nb) ta(t, w)))
< fH(xhm/nba(t, w)). (8.15)
Consequently,

: f([hla(t, w))d(h) dh

< / £ ((h]mnba(t, w)) D ([Blm'nb) dh dX\(m') dn db
CoM'(NB).

= f2 (yalt, w)) @< (y) dy.
NG

A similar computation shows that

f([hla(t,w))p(h) dh > fe (ya(t, w))®:(y) dy.
Co NG
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On the other hand, we have

lim ¢("—1)/2¢(2p=0)(altw) fE (ya(t, w))®e(y) dy
t—o0 "G

—_ e—I(w)/2 mBR(fE:t) mBR* ((I)s)

= rp e T2 mPR(£2) 153 (6) (1 + O(e)).

Taking € — 0 in the last equality proves the first statement. The second
statement is clear with the choice of C' = C(f, ®.), finishing the proof. [

9. COUNTING IN AFFINE SYMMETRIC SPACES

Let T" be an Anosov subgroup of G, and let H be a symmetric subgroup
of G. We continue to use the notation for v, v, §, r, r9, ©, and G =
HWexp(b™)K, etc. from Section |8 hence v € b™ Nint Lr is a unit vector
(with respect to the norm ||-|| on a). We denote by |-| the norm on a induced
by an inner product (-,-) with respect to which v and ker © are orthogonal
to each other, and such that |v| = 1.

In the following we fix a convex cone C C b+ N (int(a™) U {0}) such that

veint,C and CNker® = {0} (9.1)

where inty C means the interior of C in the relative topology of b. Note that
there are convex cones which contain Lr Nb* and satisfy (9.1) by Theorem

(1) and Lemma

Remark 9.2. Note that if v = ur € b", then by Lemma O(w) =
dr{ur, w), hence the cone b™ N (int(a™) U {0}) satisfies the conditions placed
on C above.

By the condition , we have
CC{tv+Vtw:t>0,w € kerO}. (9.3)
Denote
Cr={weC:|w|<T} forT>1.
For w € ker O, set
Rr(w) :={t € R : tv + Vtw € Cr}.

for all sufficiently large 7', Rr(w) is an interval of the form
Rr(w) = [tuy (—lwf? + VJw+472)].

Lemma 9.4. (1) There ezists ¢ > 0 such that for all w € bNker © and
T>1,

6—6TT(r—r0)/2/ 105 Bty < §Te—edlul,
Rr(w)
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(2) We have

T—o0

lim e 97T(—70)/2 / tr Ot = 5t olwl/2, (9.5)
Rr(w)

Proof. Note that for any non-zero vector x € C, (v,x) > 0. Since C is a
convex cone with C Nker © = {0}, it follows that there exists 0 < 6y < 7/2
such that the angle between any vector in C and v is at most 6y. Now, as v
is perpendicular to ker © with respect to (-,-), we have that for any ¢ such
that a(t,w) € C,

Vil

o]

< tan#fy, or, equivalently, |w|?* < tan® 6, - .

In particular, for ¢t € Rp(w), we have

1 1
T2 > 2 + tlw|? > 4,
2t ’w| ~ \ tan2 N + tant 0o |w‘

This gives the upper bound

o v TRy A U Luwl® < —clwl’,
2(Vlw|"+aT2+27)
with
1 1 1 -1/2
0:22(1—(1+4<m200+m490)) > 0. (9.6)

Now, by changing variables,

—|w|? 44/ |w|4+4T2 —|w|? 44/ Jw|4+4T2 7

2 ro—"T 2 ro—"r
tz et = (t+T)"7 D) gy,
tw tw—T
and hence
—|w|? 41/ |w|*+aT2
=" 2 rog—nr
e T =" t2 0t gt
tw
—w|2 4/ |w|t+4T2 Ty rg—r
— =% —  ~ 2
_ / < + 1> e dt (9.7)
to—T T
—clwl|? 5
< / e(St dt = %e—cé|w| ’
—0

which proves (1).
The second claim (2) follows as well, because by the dominated conver-
gence theorem, converges to

_ lw| )
5wl

tdt = %e_ 2

—00
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We fix a left (H N M)-invariant function 77 € C.(H) with its support
injecting to I'\G, and and a right M-invariant function 75 € C(K). Define
a function Z7 : G — R as follows:

Zrlg) = i (h)1c, (logb) T (k) g = hbk € Hexp(C)K,
e 0 g¢ Hexp(C)K.

Since C C int(a™) U {0}, hM and Mk are uniquely determined and hence
Zr is well-defined.

Definition 9.8 (Bi-sector counting function). For T" > 0, define Fp =
Frqpy e :T\G — R by

Fr(lg) =Y Zr(v9). (9.9)
vel’

For ® € C.(I'\G) and a left M-invariant Borel function f on K, we define
the following M-invariant function on I'\G: for z € T'\G,

B 5 fx) /kEch(xk)f(k) dk.

In the definition (9.11) below, the integral over the trivial subspace {0}
should be interpreted as [, f(w)dw = f(0). In particular, if bNker © = {0},
then ¢, = v,

Proposition 9.10. Let ® € C.(I'\G). As T — oo, we have
(Fp, @) ~ ¢, T (ro—")/2 pE8 (i) mBR(®  7x)
where ¢, is given by

Cy = vty e L)1)/ gy, (9.11)

0 Jorkero
here K, and I(w) are as in Theorem[7.4] and in (7.5)) respectively, and s, =
where S, : a — a is any linear map such that Sy|kere = Id and Syv

1
| det Sy’
is a unit vector orthogonal to ker © with respect to the inner product on a
induced by the Killing form.

Proof. In view of the decomposition (8.1)), we will need the following formula
for the Haar measure dg on G; for all ¢ € C.(G),

/G o(g)dg =Y /H /K ( . gf)(hw(epr)k)g(b)db) dkdh,  (9.12)

weWw
where £ : b — R is given by
¢(b) = [] (sinha(b))™ (cosha(b))’~; (9.13)
aexst

here ¢F := dim(gZ), where each g is the £1 eigenspace of the root space
go With respect to the involution o (cf. [51], [I7, p.18]).
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TO—
2

Substituting b = a(t,w) fort > 0 and w € bNker © gives db = s,t *dt dw.

Now,
(Fp,®) /K e (k) /bec ( /[ ]H@([h](epr)k)m(h)d[h]> £(b) db k.

(9.14)
Hence

<FT’(I)>

= / / troglg(g(t, w)) </ (P« ) ([h]a(t,w)) T (h) d[h]) Sy dt dw
bNker © JteRp(w) le]H

= sve‘sTT(m_r)ﬂ/ pr(w) dw,
bNker ©

where we define pr(w) to be

e—‘STT(’“‘”’)/Q/ £ E(alt,w)) (/ (@ 7)) ([A] )
a(t, K a(t,w))rg(h)d[h] | dt.
Rr(w) le]H
(9.15)
We next look for an integrable function on b Nker © that bounds the family
of functions pr(w) from above, in order to apply the dominated convergence

theorem. By (9.13)), there exists a constant ¢; > 0 such that for all (¢, w)
with a(t,w) € C,

672p(2(t7w))§(g(t7 w)) S C1; (916)
By Proposition B.11] we may assume

r—1

'3 egp(a(t,w))—ét/”H(Q x 7x ) ([hla(t, w)) Ty (h) d[h]

<c

as well. Hence

pr(w) < cfp(w),

where 1h(w) = 6 le=l*l* is as given in Lemma Since 1 is integrable
over bNker ©, we may apply Proposition and the dominated convergence
theorem to deduce that

/K i (k) /b B ( /[ el b)k‘)TH(h)d[h]> £(b) db dk

~ Sykipe® T2 MEIS(TH) / 5_1€_6|w|2/26_1(“’)/2mBR((I> * Tx ) dw
webNker ©

— Cv€6TT(rgfr)/2MZS (TH) mBR((I) % TK);

with ¢, as given in the statement of the proposition. O
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We now fix a left (H N M)-invariant compact subset Qg C H and a right
M-invariant compact subset (i C K. Let € > 0 be a number smaller than
the injectivity radius at [e] in I'\G. There exists a symmetric neighborhood
O. of e in G such that for all T' > 1,

QI_-I,E eXp(CEE)QI_{,s - m Qu exp(CT)QKga and
g€0¢

Qpexp(Cr)QrO: C QEE exp(C{E)Q}’E, (9.17)

where C;E = Cr + b, Ciﬁ = mbebE(CT + b), Q;_{’E = QK. Q;(’E =
Niex. Qrck, and Qfl . are defined similarly (see [17], [18]). We will addi-

tionally fix convex cones C’,C* C b* N (int(at) U {0}) such that C* C int, C,
C C inty C¥, and which satisfy the condition (9.1]). Note that Ct . is no longer
contained in C, but there exists Tp > 0 (independent of 0 < ¢ < 1) such that

b b —
C’./—t,a - Cﬂ—to,a - C’gﬂ—&-g and CT—E - CTO - CT,E' (918)

Choose a nonnegative function ¢. € C.(G) such that [ ¢<(g9) dg =1 and
supp(¢e) C Oc. Define &, : I'\G — R by

o-([g]) = ) 6:(v9). (9.19)

~vel
Lemma 9.20. Let 7 € C(K) be left M-invariant. Then

lim mBR (@, + 7) = /K (k™Y ui?{?v)(k).

e—0
where ulj{si’a) = Dgoi 18 given in (4.10).
Proof. Set U := Ugoi. We use Lemma [£.9] and write

mBR(®, % 7) = T nBR
(B, %7) /K /G b (gh)r(K) dinP™(g) dk

= / / e (K exp(q)nk)7 (k) =D dn dq do(K') dk.
KJG

Substituting g = exp(q)nk € ANTK, the density of the Haar measure is
given by
dg = 2P\ dn dq dk.

For g € G, let k(g) denote the K-component of g, and a, denote the loga-
rithm of A-component of g, in the decomposition G = ANTK. Then

PR (@, 1) = /K /G b2 (K9)7(1(g)) €2~ dg dis (k')

- / / 0e(9)r(r (k" g)) €O 010) dg di(k).
K JG
By shrinking O, if necessary, we can assume that for all k € K,
k(k710:) C k7K.
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By the uniform continuity of 7, there exist positive n = 7. — 0 as ¢ — 0
such that for all g € O, and k € K,

T(k™) —n < T(k(kTg)) < T(RTH) + .

It follows from the fact that the multiplication map A x Nt x K — G is a
diffeomorphism that for some C' > 1, we have that for all g € O, and k € K,

1—Ce < e ONu—1,) <1 4 e,

Since [ ¢ dg =1, we get
(1—Ce) / (r(k~Y) =) di (k) < mPR(®,+7) < (14+Ce) / (k) 4) dir(k).
K K

The claim now follows from letting e — 0. (]

Corollary 9.21. Let C C b N (inta™ U {0}) be a convexr cone satisfying
OI). If 13550, (00") = 155 (0Qu) = 0, then

K,i(v)
. # TN Qg exp(Cr)Qk) 1
Tlgréo edTT(ro—r)/2 = co iy ()1 K (o )(QK )-

If v=wur € b, then we may take C to be b™.

Proof. Write v := ,u?fiw for simplicity. For ¢ € H(BT Nint AT)K, let
g = hg(expby)ky denote the HBTK decomposition of g € G; note that
hg(H N M), by and Mk, are uniquely defined.

Since Qp(HNM) = Qg and MQp = Qk, we may define X7 : G — R by

Xr(g) = 1o, (hg)lcT (bg)lflx (kg)

for g € HexpC*K, and Xr(g) = 0 otherwise. Let ¢x. € C(K.)M and
OHe € C(H.)""M be non-negative functions with integral one. Set

+ +
The = lﬂi ¥ Prer The = 1Q§ L ¢He, and
Ft, _=F + + ,Fn _=F, - __ .
T+e c§"+a TH 30 TK, 3 T—e Cor e TH 3 TK 3¢
Note that by definition,
1 <7t <1 and 15— <70 <16 . 9.22
Q;—(,e - K’E - Q?{,357 QK,S& - K,c‘ - QK,S ( )

By (9.17)), (9.18)) and (9.22) there exists a uniform constant C' > 0 such
that for all g € O,

)= C < Xr(y) < Fiy(lg]) + C.
vyer
Integrating this against ®. given in (9.19)), we get

< Tg? C<ZXT T+8’¢>+C
vel’
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For simplicity, we set xzp := Zvel“ Xr(y) = #I' N Qg exp(Cr)Qk. Hence by
Proposition [9.10] fixing g > 0, for all 0 < & < ¢¢, we have

. oz PS, + 1\ BR +
h;n_folip ST Tlro— 2 = ColH (Tr,5e )M (D * Ty 5.)
PS BR
< BB (1 g )P (D, w ). (9.23)

On the other hand, since 7(9Q;") = ubS(9Qy) = 0, we get from (9.22)
that

: PSS/ _+ PS : + — ~ ~—
lim pop (Tpr5.) = g () and - lim KTK,E(’C Y dir(k) = 0(Q%")-
(9.24)

Now letting ¢ — 0 first using Lemma and (9.24]), and then letting
eg — 0, we get

. rr (0=
limsup 757 < con (P2,
—00

Similarly, we can show that

. Trr PS ~r0—1
l&lﬂgﬂfm > copry ()0 (),
which proves the corollary. O

Remark 9.25. Note that this corollary implies that the asymptotic of #(I'N
Qp exp(Cr)Qxk) is independent of C.

Proof of Theorem [1.8] Theorem now follows directly from applying
Corollary and the following observation to a convex cone C such that
bN Lr C inty C; by Lemma such a cone always exists.

Lemma 9.26. Suppose that b™ N Ly C inty C. Then
#(T NQyexp(b™ —C)Qk) < oo.

Proof. We can find a smaller closed convex cone C’ C inty C such that b™ N
Lr C intyC'. Set @ := bt —C, Q := b" — (', and Q@ := QuH; where
H; means the unit neighborhood of e in H. We can find a bi- K-invariant
neighborhood O C G of e such that for all g € O,

Qp exp(Qr)K C Qyexp(Qpy ) Kg™!
Define Gr([g]) = >_ e 1o, exp(Q'T)K(’YQ)- Now,

#(F NQg eXp(b;‘_ —C)Qk) = Z 1o, exp(QT)K<7) < <GT+17 q)>7
vel

where @ is a non-negative K-invariant continuous function supported in [e]O
and fF\G ® dg = 1. Now note that

(G, ®) = /,, N ( /[ o, ®ED) dm) £(b) db.
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Recalling € is HN M-invariant, let 0 < 1) < 1 be an element of C.(H)7"M
which is one on ;. For gg > 0 smaller than the injectivity radius of

supp(v), let ¥ = ¢®p,, be given as (8.9). Let ol (y) = SUPge N, Acg N M D (yg)
be as in (8.13)). Since the closure of Q' is disjoint from b*NLr, by Proposition
there exists 7o > 0 such that ((expb)®f,¥) =0 forall be Q' — Q.

€07

Then by the same argument as in the proof of Proposition [8.11], we get that
forallbe Q' — Qépo,

/ ®([R](exp b))ep[h]dh = / ®([R](exp b)) ¥ ([h]nb)dn dbdh
[e] H []H(NB)e,
< ((expb)®Z,, ¥) = 0.

Hence

L, [, oepmumace s | (epnes, newa o)

e o
< || @4, Izl ®[|2Vol(Q7, )-
Hence for all T' > Tj,
#(I' N Qpexp(by — C)Qk) < (Grar, @) < [0 |2 ]2 Vol(Qf ).

This implies the claim in view of Corollary a

For w € W, set I'¥ = w™'Tw, HY = w 'Hw, and Qpe = w1 Qyw C HY.
Then
#(I' N Qpwexp(Cr)Qk) = #(I' N Qe exp(Cr)Qxw).
Since w € K, it follows that ¢r = tYre, and that the involution which
stabilizes H¥ commutes with 6. Hence

6 = tre(v) = bl Yre(b).

By applying Corollary to I'¥ and H* for each w € W, we can also
deduce the asymptotic of #(F N QW exp(Cr)Q2 K).

Theorem follows from the following: we set skp ,(H) = | ME]SH'U"

Theorem 9.28. Suppose that voI' C H\G s discrete for vo = [H] and that
[e]H is uniformly proper. Then skr,(H) < oo and there exists ¢, > 0 such
that

#(vol' Nvgexp(b™ N Lr)rK)

Tlgrolo er ()T (ro—r)/2 = cv skro(H) (9.29)
Moreover, for v = ur, we have
rn b)) K
hm #(VO VO(GXP T) ) — CuF SkFVUF (H)

T 500 e¥r(ur)TT(ro—r)/2

where b = {w € b : |Jw| < T}.
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Proof. Set C := bt N Lr. By Theorem (1) and Lemma C satisfies
the conditions in (9.1)).

By hypothesis, there exists a K-invariant open neighborhood O C T'\G
of [e] such that Yy := {[e]h € T\T'H : [e]hexpC N O # 0} is bounded. Set

FT([Q]) = Z 1v0exchK(V0’Yg)-
~E(CNH)\T

Let O, C G and ®. be as in (9.19)). We may assume &, is K-invariant as

our functions Fp are K-invariant in deducing the following:
(Fr—e,®:) < Fr([e]) < (Frie, ). (9.30)
Observe that

(Frec) = [ /C ( /[ ([h](eprk))d[h]) (b) db k.

For S > 0, let 7g € C.([e]H) be a function satisfying 0 < 7 < 1 and
7s = 1 on the S-neighborhood of Yy. By the definition of Yy, it follows that

(Free, © / /ECHE (/[e]H ([h](eprk))fs([h])d[h]> §(b) dbdk.

Note that this integral is same as the one in (9.14), as 7g is compactly
supported. Hence we get

: (Frie, ®c) PS BR
Th—rgo ed(Txe)(ro—r)/2 - C”M[G]H(Ts)m (®:)-
By sending € — 0 and applying Lemma we get from ((9.30))
Fr
lim ([e]) = cv,uﬁ]SH(TS).

T=00 1T (r0=7)/2

It follows that ,u[e] 5. (Ts) is a constant function of S > 0, and hence

| H‘ e]H(TS) < 0.

This proves the first claim. The second claim follows from the first one in
view of the following lemma by taking C = b+ N Lr. O

Lemma 9.31. Let C C b™ be a convexr cone with v = ur € int,C. Set
Q :=b" —C. Then there exist 0 < & < dr = ¢r(ur) and C > 0 such that
for all T > 1,

#(F N Qg exp(QT)QK) < CealT.

Proof. Choose a closed convex cone C' C inty C such that ur € int, C' and
set @ :=b" —C’, and Q) := Qg H; where H; means the unit neighborhood
of e in H. We can find a bi-K-invariant neighborhood O C G of e such that
for all g € O,

Qi exp(Qr)K C Qyexp(Qry1)Kg ™'
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Define GT([Q]) = nyel" ]-Q}I exp(Q’T)K(fyg)' Now,

#(T Nz exp(Q0)0%) =Y Loy exp(onx (V) < (Gri1, @), (9.32)
vyel

where @ is a non-negative K-invariant continuous function supported in [e]O
and fF\G ® dg = 1. Now note that

(G, ®) = /b N ( /[ o, D) d[h]) £(b) db.

If we write b = tur + vtw € Qf with w € ker ©, then t? + t|lw||* < T?
and ||w||? > tan%@q - t for some 0 < fy < 7/2 depending on the distance
between ur and Q' (cf. proof of Lemma. Hence if b = tur +tw € Qép,
then

0<t<T-cosby. (9.33)
Fix a non-negative function ¢ € C,(H) which is 1 on ;. Since gives
that

H(r=1)/2,(20-0) a(t.w)) /

O ([hla(t,w))p(h) dh' <,
H

it follows that for all ¢ > 1,
| @patt.w)och dn
Using (9.16)), (9.33)), and O(ur) = dr, we deduce that

/be% (/H ®([ha(t, w))é(h) dh) §(b) db

< / et db < el cos00)T ol (prp).
be Q)

< C'e(©-20)(a(t:w)) (9.34)

As Vol(by) = O(T™), for any ¢ satisfying dr cos by < &' < dr, we get
/ < / ®([ha(t, w))o(h) dh) ¢(b)db < 7.
beQ, \JH
This proves the lemma by (9.32). O

Finally we give examples satisfying the hypothesis of Theorem [9.28

Lemma 9.35. Suppose that a =b and Ap C HP/P.
(1) The orbit [e]H is uniformly proper.
(2) The support of ,LLE]SH is a compact subset of (HNI)\H and |,uE]SH| >
0.

Proof. The condition a = b means HNA = {e}, and hence HN P is compact
by (8.6). Since Ar is a compact subset of HP/P ~ H/(H N P), it follows
that Apr C HoP/P for some compact subset Hy C H.
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To show (1), let C be a closed cone contained in inta®™ U {0}. It suffices
to show that for any given compact subset Z C I'\G,

{leJh e T\T'H : [e]hexpC N Z # (I}

is bounded. Suppose not; then there exist h; € H with [e]h; — oo in I'\I'H,
v € I' and ¢; € expC such that v;h;c; converges to some g € (. Since
[e]H C T'\G is a closed subset, it follows that ¢; — oco. We may write h;c; =
v; 'gg; where g; — e. Set o = [K] € G/K. By passing to a subsequence,
we may assume that 'y;lggio converges to some { € F in the sense of [30),
Def.2.7]; note here that u(vy; 'gg;) — oo regularly in at as Lr C inta™.
Since gg; is bounded, it follows that £ € Ar by [30, Lemma 2.12]. Since
hicin = ;" Lggin — € for all n € F except for points on a proper submanifold
of F, we may choose 7 = ne™ € N*e™ so that lim; .o hicine™ = £. Writing
& = hoe™ for some hy € Hp, we have lim; .o hicmci_lP = hoP. Since
¢; — oo in expC and C C inta™ U {0}, we have lim; o cmci_1 =e. As
HP is open, we may write c;nc; ' = hip; € HP with h; € H,p; € P both
tending to e. It follows that h;h,P — hoP as i — oo. Since H N P is
compact, and the sequence h/ is bounded, it follows that the sequence h; is
bounded, yielding a contradiction. This proves Claim (1).

Since supp(,uﬁ]SH) = {le]h € [e]H : he™ € Ar} C {[e]ho : ho € Ho(HNP)},
the first part of Claim (2) follows, and the second part follows from from

BI). O

We remark that this lemma holds when H is replaced by N* by the
same proof. Moreover, by replacing Proposition by Proposition
and considering the Iwasawa decomposition G = N (exp a)K, the proofs of

Theorems |1.8 and apply for H = NT and b™ = a™.

Example 9.36. Let G = PSLy(C) x PSLy(C) and H = PSLa(R) x PSLa(R).
Then a = b and G/P can be identified with S? x S? and HP/P can be
identified with D x D where D is the open northern hemisphere of S%. Let
¥ be a non-elementary finitely generated discrete subgroup of PSLa(R). For
i = 1,2, consider a convex cocompact representation m; : 3 — PSLg(C)
such that A (s) C D and that {(m1(s),m2(s)) : s € X} is Zariski dense in
G. Then it is easy to see that I' := {(m1(s),m2(s)) : s € £} is an Anosov
subgroup with Ap € D x D. Hence T satisfies the hypothesis of Lemma
9.9
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