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G con, semi-simple real alg gp
(e.g SLR, SOcp,g),:-)

X =G/Riem. sym space

M =p(X ↑<G discrete

↳(M) > W'CM) closure of C,(M)
2

wir.t lfInt=1fll +Aradf11I

D =Laplace operator
knig self-adjointext of
X =dirograd on [,(M) to WI(M)

WIM) = L2 - spectrum of -1 < [0,0)

= SXED1 + 1 does nothave

a bad inverse (4+x):(M) -> WiM)3
I



do = Xo (M) =the bottom of w(M)

-inf5Sgradf11f-> C,/M)3
(n 1f

positive spectrum ↳2- spectrum
-

mu
Sullivan (1979)

① Do E WIM) ( [do,0)

& positive spectrum (C-0, do]

Question:Is do an atom of the L2-spectral
measure?

I.e. 14 E(M) S.+ -4% =d.4?

A

necessarilypositive
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· If PCG lattice, i.e., vol (M) (0,

YES Do=0 & 1= L(M)

· If I =Ee3, NO

do=Ifhalf
sum

of pos.Harish-Chandra roots

5(M) =[1191, 0)

Discrete & Non-lattice subgps?

Example Hitchin subp

In :PSLIR -> PSLIR irred rep

uniform lattice

InIp RepCY, PSIR)/-
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5:T. -> PSLuR Hitchin

if it Conn. componentof Taly.
=(R(29-2)(n2- 1)

Hitchin g =genus (p.WHY
Labourie (2005)

5 discrete
Fock. Goncharov

& faithful

4 =5CP.) < PSLuR

Hitchin subgp, voR(pPSLRy=

Thm (Edwards - 0.2022)

↑< PSLnIR Hitchin n7,3

=>(1) Do =119112, 5(M) =[1191,)
(2) do is not an atom

forthe spectral measure
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(2) is true for any Anosov subgp
in rankGT2.

characterization of a higher rank lattice

Thm (Edwards - Fraczyk-Lee - 0.)
↑ < G simple a rank? 2

Zariski dense More generally,
G:S.S with no rank 1 factors

vol(p\G) <0
iff No is an atom for the spectral meas.

If yol(M) =2, No positive (2-eigentin onM.

This is in stark contrast
to rank 1 situation
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X =(H" G. =S0n,1) ↑<G Ed

Sp =the critical exp of M
-sdc0,ro)

=abs.com of 3- I e
WEM

·<Sr = n - 1

e
↑ ↳ (i

7:geometrically finite ↳-

CNN has finite-sided polyhedron fund.dom)

If n=2, P:g.f =Y is 7.9

Elstrodt, Patterson, Sullivan-
Si> iff doesatom.

(E> 0xXo<)

true in generalrankone:Hamenstadt
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characterization of a higher rank lattice

Thm (Edwards - Fraczyk-Lee - 0.)
↑ < G simple a rank? 2

Zariski dense More generally,
G:S.S with no rank 1 factors

vol(p\G) <0
iff No is an atom for the spectral meas.
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G simple higher-rank

Questions N <GE. dense, vol(**)=0
-

(1) Can there be any 12- Laplace eigentth?
(notnece, positives

(2) E F s.t ((pG) is non-tempered?
LpG) tempered
I (G) a ((G)

E) All matrix coficients are in Lee
For 4<PSLIR nx,3,

Hitchin
LYMG) is tempered.

(Edwards - 0.(
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M-conformal densities on R =G/p
P =MAN minimal para.

Patterson,Sullivan, Quint

46 O* ->
finite Bore measure on F

A family v =3 Yc(x- X
=G/k] is

a (4, 4) - conformal density

-4(B5(x,y)) Fx,yeXif (13)=
UxVx = Vrix) Fre

/ ↳·y

8



A-conformal density v =(((x =xY
=>poseigenten on M =pX

-...

.(x) =1Vx) =(x(F)

1
Thin (Edwards-0.)

Any positive - eigenton is

of the form - for some

P conf. density
r

based on Sullivan's thm:

Iat most one positive (2-ef

cup to a const. multiple).
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Higher rank

Bowen-Margulis - Sullivan measure.

For a pair

SW:(4, 4,)
=conformal density

22:(5, 42) =conformal density

i
Mr, A squasil-in

Gmeasure on -
fo
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Hopf Parametrization
P1p

t
=AM

G/m = 4p +*4/p xG

g ->(gp+,9p,8yp10,90))
"+" - B

dMr,x(9)
*e4(g+ 10,901)

+4-(8g-10,994dV1,0(94dV2,0197db

left T-inv & rightA quasiviny.

my mdure on */m
·Il



BFinite BMS =>Finite Haar.
in higher-rank

The (Fraczyk-Lee 2023)

PCG E. densevoll,G) =0
↑

no rank 1 factors

=>Mr,(p)G) =0

uses high-entropy methods due to
Katok-Einsiedler - Lindenstrass.

D



E
Thurston-Sullivan

Smearing thm Edwards -0.

Mrr (N19) Sy Er, Ern

In particular, if (Mr,r1=0,

Er *SMI
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Thank

you








