THE ASYMPTOTIC DISTRIBUTION OF CIRCLES IN THE
ORBITS OF KLEINIAN GROUPS

HEE OH AND NIMISH SHAH

ABSTRACT. Let P be a locally finite circle packing in the plane C in-
variant under a non-elementary Kleinian group I' and with finitely many
I-orbits. When I' is geometrically finite, we construct an explicit Borel
measure on C which describes the asymptotic distribution of small cir-
cles in P, assuming that either the critical exponent of IT" is strictly
bigger than 1 or P does not contain an infinite bouquet of tangent cir-
cles glued at a parabolic fixed point of I'. Our construction also works
for P invariant under a geometrically infinite group I', provided I' ad-
mits a finite Bowen-Margulis-Sullivan measure and the I'-skinning size
of P is finite. Some concrete circle packings to which our result applies
include Apollonian circle packings, Sierpinski curves, Schottky dances,
etc.

1. INTRODUCTION

A circle packing in the plane C is simply a union of circles (here a line
is regarded as a circle of infinite radius). As we allow circles to intersect
with each other, our definition of a circle packing is more general than the
conventional definition of a circle packing.

For a given circle packing P in the plane, we are interested in counting
and distribution of small circles in P. A natural size of a circle is measured
by its radius. We will use the curvature of a circle, that is, the reciprocal of
its radius, instead.

We suppose that P is locally finite in the sense that for any 7' > 1,
there are only finitely many circles in P of curvature at most T in any fixed
bounded subset of C. Geometrically, P is locally finite if there is no infinite
sequence of circles in P converging to a fixed circle. For instance, if the
circles of P have disjoint interiors as in Fig. 1, P is locally finite.

For a bounded subset £ of C and T' > 1, we set

Np(P,E):=#{C eP:CNE#0, Cuv(C)<T}

where Curv(C') denotes the curvature of a circle C. The local finiteness
assumption on P implies that Np(P,E) < oo. Our question is then if
there exists a Borel measure wp on C such that for all nice Borel subsets
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F1GURE 1. Apollonian circle packing and Sierpinski curve
(by C. McMullen)

E, Es C (C,
Nr(P, Ey) N wp(E7)
Np(P,Ey) ™ wp(By)’
assuming N7 (P, E2) > 0 and wp(E2) > 0.

Our main theorem applies to a very general packing P, provided P is
invariant under a non-elementary (i.e., non virtually-abelian) Kleinian group
satisfying certain finiteness conditions.

Recall that a Kleinian group is a discrete subgroup of G := PSLy(C) and G
acts on the extended complex plane C = CU{oo} by Mébius transformations:

a b az+b

<C d) S
where a,b,c,d € C with ad —be = 1 and z € C. A Mabius transformation
maps a circle to a circle and by the Poincare extension, G can be identified
with the group of all orientation preserving isometries of H?. Considering
the upper-half space model H? = {(z,7) : z € C,r > 0}, the geometric

boundary 0., (H?) is naturally identified with C.
For a Kleinian group I', we denote by A(T') C C its limit set, that is,

the set of accumulation points of an orbit of I' in C, and by 0 < op < 2
its critical exponent. For I' non-elementary, it is known that ér > 0. Let
{v, : z € H3} be a I-invariant conformal density of dimension dr on A(T),
which exists by the work of Patterson [23] and Sullivan [30].

In order to present our main theorem on the asymptotic of Np(P, E) we
introduce two invariants associated to I' and P. The first one is a Borel
measure on C depending only on I'.
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Definition 1.1. Define a Borel measure wr on C: for ¢ € C.(C)
or(@) = [ w0 du, ()
zeC

where © € H? and 3, (21, x2) is the signed distance between the horospheres
based at z € C and passing through z, zo € H3.

By the conformal property of {v,}, wr is well-defined independent of the
choice of x € H™.

We have a simple formula: for j = (0,1) € H3,
dwr = (]2|* + 1)°Cdu;.

For a vector « in the unit tangent bundle T (H?), denote by ut € C (resp.
u~ € C) the forward (resp. backward) end point of the geodesic determined
by u. On the contracting horosphere H (j) € T!(H?) consisting of upward
unit normal vectors on the horizontal plane {(z,1) : z € C}, the normal
vector based at (z,1) is mapped to z via the map u — w~. Under this
correspondence, the measure wr on C is equal to the density of the Burger-
Roblin measure PR (see Def. 2.3) on H(j).

The second invariant is a number in [0, oo] measuring a certain size of P.

Definition 1.2 (The I'-skinning size of P). For a circle packing P invariant
under I, define 0 < skp(P) < oo as follows:

skp(P) := OB+ ($’”(S))dux(s+)

i€l
where € H3, 7 : T(H?) — H? is the canonical projection, {C; : i € I}
is a set of representatives of I'-orbits in P, C’J C TY(H?) is the set of unit

normal vectors to the convex hull C; of C; and Stabp(C’;r ) denotes the set-

/SEStabp (ch\ct

wise stabilizer of C;r in . Again by the conformal property of {v,}, the
definition of skp(P) is independent of the choice of z and the choice of
representatives {C;}.

We remark that the value of skp(P) can be zero or infinite in general and
we do not assume any condition on Stabp(C'Z-T )’s (they may be trivial).

We denote by m?MS the Bowen-Margulis-Sullivan measure on the unit
tangent bundle T!(I"\H?) associated to the density {v,} (Def. 2.2). When
I" is geometrically finite, i.e., I' admits a finite sided fundamental domain
in H3, Sullivan showed that [mEMS| < oo [31] and that dr is equal to the
Hausdorfl dimension of the limit set A(T") [30]. A point in A(T") is called a
parabolic fixed point of I if it is fixed by a parabolic element of I'.

Definition 1.3. By an infinite bouquet of tangent circles glued at a point
¢ € C, we mean a union of two collections, each consisting of infinitely
many pairwise internally tangent circles with the common tangent point
¢ and their radii tending to 0, such that the circles in each collection are
externally tangent to the circles in the other at & (see Fig. 2).
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FIGURE 2. Infinite bouquet of tangent circles

Theorem 1.4. Let P be a locally finite circle packing in C invariant under a
non-elementary geometrically finite group I' and with finitely many I'-orbits.
If or < 1, we further assume that P does not contain an infinite bouquet of
tangent circles glued at a parabolic fized point of I'. Then skp(P) < oo and
for any bounded Borel subset E of C with wr(9(E)) =0,

. Np(P,E)  skp(P)
Thi%o T §p-|mBMS wr(B).

If P has infinitely many circles, then skp(P) > 0.

Remark 1.5. (1) Given a finite collection {C1,---,Cp} of circles in
the plane C and a non-elementary geometrically finite group I' <
PSLy(C), Theorem 1.4 applies to P := U* ,I'(C};), provided P con-
tains neither infinitely many circles converging to a fixed circle nor
any infinite bouquet of tangent circles.

(2) In the case when or < 1 and P contains an infinite bouquet of tan-
gent circles glued at a parabolic fixed point of I', we have skp(P) = oo
[19]. In that case if the interior of E intersects A(I') non-trivially,
the growth order of Np(P,FE) is T'logT if or = 1, and it is T if
or <1 [21].

(3) We note that the asymptotic of Np(P, E) depends only on I, ex-
cept for the I'-skinning size of P. This is rather surprising in view
of the fact that there are circle packings with completely different
configurations but invariant under the same group I'.

(4) Theorem 1.4 implies that the asymptotic distribution of small circles
in P is completely determined by the measure wr: for any bounded
Borel sets E1, Fy with wr(F2) > 0 and wr(9(E;)) =0, i = 1,2, as
T — o0,

NT(P, El) - wp(El)
NT(P,EQ) WF(EQ).

(5) Suppose that all circles in P can be oriented so that they have dis-
joint interiors whose union is equal to the domain of discontinuity
Q(T) := C — A(T"). If either P is bounded or oo is a parabolic fixed
point for I', then dr is equal to the circle packing exponent ep defined
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as:

ep = inf{s: Z Curv™® < oo} = sup{s: Z Curv(C)™% = oo}.
ceP cepP
This was proved by Parker [22] extending the earlier works of
Boyd [3] and Sullivan [31] on bounded Apollonian circle packings.

In the proof of Theorem 1.4, the geometric finiteness assumption on I' is
used only to ensure the finiteness of the Bowen-Margulis-Sullivan measure

m?MS. We have the following more general theorem:

Theorem 1.6. Let P be a locally finite circle packing invariant under a
non-elementary Kleinian group I and with finitely many U'-orbits. Suppose
that

ImBMS| < 0o and  skp(P) < occ.
Then for any bounded Borel subset E of C with wr(0(F)) =0,

NT(P, E) SkF(P)

li = ~wr(F).
Tl_rgo Tor op - ’mIBMs‘ wr(E)

If P is infinite, then skp(P) > 0.

Since there is a large class of geometrically infinite groups with \m?MS| <

0o [24], Theorem 1.6 is not subsumed by Theorem 1.4.
We remark that the condition on the finiteness of m?MS implies that the

density {v,} is determined uniquely up to homothety (see [26, Coro. 1.8]).

Remark 1.7. (1) The assumption of |mBEMS| < oo implies that v, (and
hence wr) is atom-free [26, Sec. 1.5], and hence the above theorem
works for any bounded Borel subset E intersecting A(I') only at
finitely many points.

(2) It is not hard to show that I' is Zariski dense in PSLy(C) considered
as a real algebraic group if and only if A(I") is not contained in a
circle in C. In such a case, any proper real subvariety of C has zero
vy-measure. This is shown in [7, Cor.1.4] for I" geometrically finite
but its proof works equally well if v, is I'-ergodic, which is the case
when [mBEMS| < co. Hence Theorem 1.6 holds for any Borel subset E
whose boundary is contained in a countable union of real algebraic
curves.

We now describe some concrete applications of Theorem 1.4.

1.1. Apollonian gasket. Three mutually tangent circles in the plane de-
termine a curvilinear triangle, say, 7. By a theorem of Apollonius of Perga
(c. 200 BC), one can inscribe a unique circle into the triangle 7', tangent
to all of the three circles. This produces three more curvilinear triangles
inside 7 and we inscribe a unique circle into each triangle. By continuing
to add circles in this way, we obtain an infinite circle packing of 7, called
the Apollonian gasket for 7, say, A (see Fig. 3).
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______

FIGURE 4. Dual circles

By adding all the circles tangent to three of the given ones, not only those
within 7, one obtains an Apollonian circle packing P := P(7 ), which may
be bounded or unbounded (cf. [10] [9], [27], [28], [12]).

Fixing four mutually tangent circles in P, consider the four dual circles
determined by the six intersection points (see Fig. 4 where the dotted circles
are dual circles to the solid ones), and denote by I'p the intersection of
PSLy(C) and the group generated by the inversions with respect to those
dual circles. Then I'p is a geometrically finite Zariski dense subgroup of the
real algebraic group PSLy(C) preserving P, and its limit set in C coincides
with the residual set of P (cf. [12]).

We denote by « the Hausdorff dimension of the residual set of P, which
is known to be 1.3056(8) according to McMullen [16].

Corollary 1.8. Let 7 be a curvilinear triangle determined by three mutually
tangent circles and A the Apollonian gasket for T. Then for any Borel subset
E C T whose boundary is contained in a countable union of real algebraic
curves,

. NT(E) Skr (P)
AR T :a.|fr7r)Ll]§7ll/IS wrp ()

where Np(E) :=#{C € A:CNE #0, Curv(C)<T} and P =P(T).

Either when P is bounded and F is the disk enclosed by the largest circle
of P, or when P lies between two parallel lines and FE is the whole period,
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FIGURE 5. Regions whose boundary intersects A(I') at
finitely many points (background pictures are reproduced
with permission from Indra’s Pearls, by D.Mumford, C. Se-
ries and D. Wright, copyright Cambridge University Press
2002)

it was proved in [12] that Np(P,E) ~ c¢-T“ for some ¢ > 0. This implies
that ! Np(7) < T®. The approach in [12] was based on the Descartes circle
theorem in parameterizing quadruples of circles of curvature at most T as
vectors of maximum norm at most 7" in the cone defined by the Descartes
quadratic equation. We remark that the fact that « is strictly bigger than 1
was crucial in the proof of [12] as based on the L2-spectral theory of I'p\H?.

1.2. Counting circles in the limit set A(I'). If X is a finite volume
hyperbolic 3-manifold with totally geodesic boundary, then its fundamental
group I' := 71 (X)) is geometrically finite and X is homeomorphic to I'\H? U
Q(I') where Q(I') := C — A(I) is the domain of discontinuity [11]. The
set ©(T") is a union of countably many disjoint open disks in this case and
has finitely many T'-orbits by the Ahlfors finiteness theorem [1]. Hence
Theorem 1.4 applies to counting these open disks in Q(I") with respect to
the curvature.

1= means that the ratio of the two sides is between two uniform constants
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FIGURE 6. Schottky dance (reproduced with permission
from Indra’s Pearls, by D.Mumford, C. Series and D. Wright,
copyright Cambridge University Press 2002)

For example, for the group I' generated by reflections in the sides of a
unique regular tetrahedron whose convex core is bounded by four 7 triangles
and four right hexagons, Q(I") is illustrated in the second picture in Fig. 1
(see [15, P.9] for details). This circle packing is called a Sierpinski curve,
being homeomorphic to the well-known Sierpinski carpet [5].

Two pictures in Fig. 5 can be found in the beautiful book Indra’s pearls
by Mumford, Series and Wright (see P. 269 and P. 297 of [17]) where one
can find many more circle packings to which our theorem applies. The book
presents explicit geometrically finite Schottky groups I" whose limit sets are
illustrated in Fig. 5. The boundaries of the shaded regions meet A(T") only
at finitely many points. Hence our theorem applies to counting circles in
these shaded regions.

1.3. Schottky dance. Another class of examples is obtained by considering
the images of Schottky disks under Schottky groups. Take k > 1 pairs of
mutually disjoint closed disks {(D;,D}) : 1 < ¢ < k} in C and for each
1 < <k, choose a Mobius transformation ~; which maps the interior of
D; to the exterior of D} and the interior of D] to the exterior of D;. The
group, say, I', generated by {7; : 1 < i < k} is called a Schottky group of
genus k (cf. [13, Sec. 2.7]). The I'-orbit of the disks D; and D)’s nests down
onto the limit set A(I") which is totally disconnected. If we denote by P the
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union U;<;<xI'(C;) UT(C]) where C; and C/ are the boundaries of D; and
D}, respectively, then P is locally finite, as the nesting disks become smaller
and smaller. The common exterior of hemispheres above the initial disks D;
and D) is a fundamental domain for I" in the upper half-space H?3, and hence
I" is geometrically finite. Since P contains no infinite bouquet of tangent
circles, Theorem 1.4 applies to P; for instance, we can count circles in the
picture in Fig. 6 ([17, Fig. 4.11]).

On the structure of the proof. In [12], the counting problem for a
bounded Apollonian circle packing was related to the equidistribution of
expanding closed horospheres on the hyperbolic 3-manifold T'\H?. For a
general circle packing, there is no analogue of the Descartes circle theorem
which made such a relation possible. The main idea in our paper is to relate
the counting problem for a general circle packing P invariant under I' with
the equidistribution of orthogonal translates of a closed totally geodesic sur-
face in TH(T'\H?). Let Cp denote the unit circle centered at the origin and
H the stabilizer of Cy in PSLy(C). Thus H\G may be considered as the
space of totally geodesic planes of H3. The important starting point is to
describe certain subset Br(E) in H\G so that the number of circles in the
packing P := I'(Cy) of curvature at most 7" intersecting E can be inter-
preted as the number of points in By (E) of a discrete I'-orbit on H\G. We
then describe the weighted limiting distribution of orthogonal translates of
an H-period (H NI")\H (which corresponds to a properly immersed hyper-
bolic surface which may be of infinite area) along these sets Br(FE) in terms
of the Burger-Roblin measure (Theorem 4.3) using the main result in [19]
(see Thm. 2.5). To translate the weighted limiting distribution result into
the asymptotic for Np(P, E), we relate the density of the Burger-Roblin
measure of the contracting horosphere H_(j) with the measure wr.

A version of Theorem 1.4 in a weaker form, and some of its applications
stated above were announced in [18]. We remark that the methods of this
paper can be easily generalized to prove a similar result for a sphere pack-
ing in the n-dimensional Euclidean space invariant under a non-elementary
discrete subgroup of Isom(H"*1).

Acknowledgment. We would like to thank Curt McMullen for inspiring
discussions. The applicability of our other paper [19] in the question ad-
dressed in this paper came up in the conversation of the first named author
with him during her one month visit to Harvard in October, 2009. She
thanks the Harvard mathematics department for the hospitality. We would
also like to thank Yves Benoist for helpful discussions.

2. EXPANSION OF A HYPERBOLIC SURFACE BY ORTHOGONAL GEODESIC
FLOW

We use the following coordinates for the upper half space model for H?3:

H3={z+7j=(z,7):2€C,r>0}
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where j = (0,1). The isometric action of G = PSLy(C), via the Poincare
extension of the linear fractional transformations, is explicitly given as the
following (cf. [6]):

(2.1) (Z Z) (2 +rj) =

In particular, the stabilizer of j is the following maximal compact subgroup
of G:

(az + b)(¢z + d) + acr? n r ,
lcz + d|? + |c|?r? lcz + d|? + |c|?r? J:

K :=PSU(2) = {(_al—) g) af? + o> = 1}

We set
€t/2 0 62'6 0
A= {at = ( 0 et/2> :t € R}, Mﬁ:{<0 e-w) 10 € R}

and

N::{nZ::<(1) ij’):zeC}, N—z{n;::C ?):ZE(C}.

We can identify H? with G/K via the map ¢(j) — g¢gK. Denoting by
X € TY(H?) the upward unit normal vector based at j, we can also identify
the unit tangent bundle T*(H3) with G.Xy = G/M: here g.Xy is given by
dA(g)(Xo) where \(g) : G/K — G/K is the left translation A\(g)(¢'K) =
99’ K and d\(g) is its derivative at j.

The geodesic flow {gt} on T!(H?) corresponds to the right translation by
a; on G/M:

g'(gM) = ga, M.

For a circle C' in C, denote by C its convex hull, which is the northern
hemisphere above C.

Set Cy to be the unit circle in C centered at the origin. The set-wise
stabilizer of Cj in G is given by

H = PSU(1,1) U (_01 (1)) PSU(1,1)

where
b
PSU(1,1) = {(Z a) al® = b = 1}.

Note that H is equal to the stabilizer of Cy in G and hence Cy can be
identified with H/H N K.

We have the following generalized Cartan decomposition (cf. [29]): for
A+:{atit20},

G=HATK

in the sense that every element of g € G can be written as g = hak, h €
H,a€ A+, k € K and hya1ki; = hoaoks implies that a; = aq, hy = hom and
k1 =m™lky for some m € HN K N Zg(A) = M.
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As Xj is orthogonal to the tangent space T;(Cy), H.Xo = H/M corre-
sponds to the set of unit normal vectors to C’o, which we will denote by Cg.
Note that C’g has two connected components, depending on their directions.
For t € R, the set gt(C'g) = (H/M)a; = (Ha;M)/M corresponds to a union
of two surfaces consisting of the orthogonal translates of Cyy by distance |t]
in each direction, both having the same boundary Cj.

Let I" < G be a non-elementary discrete subgroup. As in the introduction,
let {v, : € H?} be a T-invariant conformal density on C of dimension dr,
that is, each v, is a finite measure on C satisfying that for any z,y € H?,
z e C and vel,

dvy
dv,

Here 7,04 (R) = v5(7v " 1(R)) for a Borel subset R € C and the Busemann
function (3, (y1,y2) is given by lim; o d(y1,&) — d(y2, &) for a geodesic ray
& toward z.

For u € T'(H?3), we define ut € C (resp. u~ € C) to be the forward (resp.
backward) end point of the geodesic determined by u and 7(u) € H? to be
the basepoint. Fixing o € H3, the map u — (u™,u™,t := B, (7(u),0)) is a
homeomorphism between T'(H?) and (C x C — {(¢,€) : € € C}) x R.

VVx = V'yx; and (Z) = 6_6F182(y7$)‘

Definition 2.2. The Bowen-Margulis-Sullivan measure m?MS associated to

{v.} (2], [14], [31]) is the measure on TY(I'\H?) induced by the following
[-invariant measure on T!(H?): for 2 € H?,

danMS(u) = IrBu+ (@.m(w) OB, — (z.m(u)) dvy (u)dv, (u™)dt.

By the conformal properties of {v, }, this definition is independent of the
choice of z € H?.

We also denote by {m, : * € H3} a G-invariant conformal density of
dimension 2, which is unique up to homothety: each m, a finite measure
on C which is invariant under Stabg(z) and dmy(z) = e~ %2 dm,(z) for
any z,y € H? and z € C.

Definition 2.3. The Burger-Roblin measure mbE® associated to {v,} and
{m,} ([4], [26]) is the measure on T!(I'"\H") induced by the following I'-

invariant measure on T*(H"):
deR(u) = e2Put (@m(w) rh,—(wm(w)) dmg(u™)dvg (u™)dt

for z € H3. By the conformal properties of {v,} and {m,}, this definition
is independent of the choice of x € H?.

For any circle C, let

Ho={geG:9C=C}={geG:gC =CT}.
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We consider the following two measures on CT: Fix any = € H3, and let

(2.4) dugs(s) = 2ot @) dm, (5) and dug§(s) = B @) gy, (s1).

These definitions are independent of the choice of = and ugﬁb (resp. ;%?) is

left-invariant by He (resp. Ho NT')). Hence we may consider the measures
,uI(jﬁb and ugf on the quotient (H NT)\CT.

We denote by skr(C') the total mass of M(Pj?; that is,

skp(C) := / OO+ @) gy, (s7).
seTNH\C}

In general, skr(C') may be zero or infinite.

Theorem 2.5 ([19, Theorem 1.9]). Suppose that the natural projection map
' N Ho\C — T\H? is proper. Assume that [mEMS| < 0o and skp(C) < occ.
Then for any ¢ € C.(I'\G/M), as t — oo,

kp(C)
(2 51‘)15/ " Leb L SKr BR
e say)du S mp ().
se(TNH)\CT ( t) cf ( ) |m1]§MS| . ( )

Moreover skp(C) > 0 if [I': Ho NI = oo.

Note that if \mIBMS] < o0, then T is of divergence type; that is, the
Poincare series of I' diverges at dp. When I is of divergence type, the I'-
invariant conformal density {v;} of dimension dr is unique up to homothety
(see [26, Remark following Corollary 1.8]): explicitly v, can be taken as the
weak-limit as s — 5? of the family of measures

1 .
Vx(S) = ~ _—sd(i~7) E G_Sd(x”y‘j)(;»yj.
Ewer e—sd(d:77) =

Recall that g € PSLy(C) is parabolic if and only if g has a unique fixed
point in C.

Theorem 2.6 ([19, Theorem 5.2]). Let I' be geometrically finite. Suppose
that the natural projection map TNHc\C — T\H? is proper. Then skp(C) <
oo if and only if either o1 > 1 or any parabolic fixed point of I' lying on C
is fixed by a parabolic element of Ho NT.

Proof. Note that in the notation of [19, Theorem 5.2|, if we put E = C,
which is a complete totally geodesic submanifold of H? of codimension 1,
then d(n(E)) = C, E=C!, Tz = HoNT, and |ph?| = skp(C). Hence the
conclusion is immediate. ([

3. REFORMULATION INTO THE ORBITAL COUNTING PROBLEM ON THE
SPACE OF HYPERBOLIC PLANES

Let G = PSLy(C) and I" < G be a non-elementary discrete subgroup. Let
C be a circle in C and H¢ denote the set-wise stabilizer of C' in G.
It is clear:
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Lemma 3.1. IfT'(C) is infinite, then [I' : Ho NT] = oo.

Lemma 3.2. The following are equivalent:
(1) A circle packing I'(C) is locally finite;
(2) the natural projection map f: T N HC\C' — D\H? is proper;
(3) Ho\HcT is discrete in Ho\G.

Proof. We observe that the properness of f is equivalent to the condition
that only finitely many distinct hemispheres in F(C’) intersects a given com-
pact subset of H3. Note that any compact subset of H? is contained in a
compact subset the form E X [ri,7re] = {(2,7) : 2 € E, r1 < r < ry} for
E C C compact and 0 < r; < 79 < 0o, and that the radius of a circle in C
is same as the height of its convex hull in H?. Hence the properness of the
map f is again equivalent to the condition that for any r > 0 and a compact
subset £ C C, there are only finitely many distinct circles in I'(C') intersect-
ing F and of radii at least r, that is, I'(C') being locally finite, proving the
equivalence of (1) and (2).

It is straightforward to verify that the properness of f and that of the
projection map I' N Ho\CT — T'\ T} (H?) are equivalent. Let X¢ € CT such
that Xg =00 € C. Let Mg = {9 € G:g9gXc = X¢c}. Since C is the unique
totally geodesic submanifold of H? orthogonal to X, M¢ is contained in H.
We identify G/M¢g with TY(H?) via gM¢ +— gXc. Since H/M¢ identifies
with CT, the canonical map I' N Ho\Ho /Mo — T'\G/M¢ is proper. Since
M is compact, it follows that I' N Ho\Hc — I'\G is proper. Equivalently
I'He is closed in G (see [19] for the equivalence). As I' is countable, this is
again equivalent to the discreteness of Ho\HoI' in Ho\G. This proves the
equivalence of (2) and (3). O

Remark 3.3. If I' N H¢ is a lattice in He, then I'He is closed in G ([25,
§1]), and hence I'(C) is a locally finite circle packing. In this case, by [19,
Theorem 1.11], we have skp(C) < oo.

Proposition 3.4. Let £ € C' be a parabolic fixed point of I'. Suppose that
I'(C) does not contain an infinite bouquet of tangent circles glued at &. Then
& 1s a parabolic fixed point for Ho N T.

Proof. Suppose that there exists a parabolic element v € I' — Hg fixing
¢ € C. By sending & to oo € C by an element of G, we may assume that
& = 0o and v acts as a translation on C. Since vC' # C and C is a circle
passing through oo, we have that {y*C : k € Z} is an infinite collection of
parallel lines. By sending co back to the original &, we see that {y*C : k € Z}
is an infinite bouquet of tangent circles glued at &. O

3.1. Deduction of Theorem 1.4 from Theorem 1.6. We only need to
ensure that skp(P) < oo, or equivalently, skp(C) < oo for each C' € P. By
the assumption in Theorem 1.4, if £ € C' is any parabolic fixed point of I',
then by Proposition 3.4, ¢ is a parabolic fixed point for Ho NT'. Therefore
by Theorem 2.6, skp(C) < oo. O
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3.2. Relating counting on a single I'-orbit to a set Bp(F) C H\G.
In the rest of this section, let Cy denote the unit circle in C centered at
the origin and let H := Stab(é’o). We follow notations from Section 2. We
assume that I'(Cp) is a locally finite circle packing of C.

Let E be a bounded subset in C and set

Np(T(Cy),E) :=#{C €T (Cy): CNE#0, Curv(C)<T}.
For s > 0, we set
Afi={a;:0<t<s}; A7 :={a:0<t<s)
For a subset E C C, we set Ng :={n,: z € E}.

Definition 3.5 (Definition of Br(E)). For E C C and T > 1, we define the
subset Bp(FE) of H\G to be the image of the set

KA, oN-p={kamn_,€G: ke K,0<t<logT,z € E}
under the canonical projection G — H\G.

For a bounded circle C' in C, C° denotes the open disk enclosed by C'. We
will not need this definition for a line since there can be only finitely many
lines intersecting a fixed bounded subset in a locally finite circle packing.

Definition 3.6. For a given circle packing P, a bounded subset £ C C is
said to be P-admissible if, for any bounded circle C € P, C°NE # () implies
C° C FE, possibly except for finitely many circles.

The following translation of Np(I'(Cp), E) as the number of points in
[e]I’ N Br(F), where [e] = H € H\G, is crucial in our approach:

Proposition 3.7. If E is T'(Cy)-admissible, there exists mg € N such that
for allT > 1,

#[e]I' N Br(E) —mo < Np(I'(Co), E) < #[e]I' N Br(E) + mo.
Proof. Observe that
#[e]0 N Br(E) =#{[y] e TN H\I': HyN KA\, pN_p # 0}
=#{] €T/TNH:yHK N NA, K # 0}
= #{7(Co) : YHE N NgAj,, ;K # 0}
where the second equality is obtained by taking the inverse. Since
NgAp,ri ={(z1) € H: T '<r<1,z€FE}
and K is the stabilizer of j in G, it follows that
#[e]TNBr(E) = #{7(Co) : 7(Cy) contains (z,r) with z € E, T-! <r <1}

By the admissibility assumption on E, we observe that 7(6‘0) contains
(2,7) with 2 € E and T~! < r < 1 if and only if the center of v(Cp) lies in
E and the radius of v(Cp) is greater than 7!, possibly except for finitely
many number (say, mg) of circles. O
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4. UNIFORM DISTRIBUTION ALONG THE FAMILY Br(F) AND THE
BURGER-ROBLIN MEASURE

We keep the notations Cy, H, K, M, A*, Xo, G, {m, : * € H?}, etc., from
section 2. Denoting by dm the probability invariant measure on M,

(4.1) dh = duLeb( )dm

is a Haar measure on H = CT x M as ,uLeb is H-invariant, and the following

defines a Haar measure on G: for g = hark € HATK,
(4.2) dg = 4sinhr - coshr dhdrdm;(k)

where dmy;(k) := dm;(k.XJ").
We denote by dA the unique measure on H\G which is compatible with
the choice of dg and dh: for ¢ € C.(G),

/ ¥ dg = / (hlg]) dhdAlg].
G l9Je H\G JheH

For a bounded set E C C, recall that the set Br(E) in H\G is the image
of the set

KAlggTN,E ={kan_,€G: ke K,0<t<logT,z € E}

under the canonical projection G — H\G.
The goal of this section is to deduce the following theorem 4.3 from The-
orem 2.5:

Theorem 4.3. Let I' be a non-elementary discrete subgroup of G. Suppose
that |mEMS| < oo and skr(Cp) < co. Suppose that the natural projection
map FDH\CO — T\H? is proper. Then for any bounded Borel subset E C C
and for any ¢ € C.(T'\G), we have

skr(Co) BR
lim / / P(hg)dhdA —_— mp - (Yy) dn
T—oo T Joe . (6) Jnernmu (ha) 9)= op - [mBMS| [y T (W)

where Py, € Co(T\GYM is given by 1n(g) = Jiners ¥(gmn)dm and dn is the

Lebesgue measure on N.

In order to prove this result using Theorem 2.5, it is crucial to understand
the shape of the set Br(F) in the HAT K decomposition of G. This is one
of the important technical steps in the proof.

On the shape of Br(FE): Fix a left-invariant metric on G. For € > 0, let
U, be the e-ball around e in G. For a subset W of G, we set W, = W N U..

Proposition 4.4. (1) If a, € HKasK for s > 0, then |t| < s.
(2) Given any € > 0, there exists Ty = Ty(€) such that

{k€ K:ak € HKA" for somet > Ty} C K.M.
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Proof. SupposeA a; = hl{:laslfg for h € H,ki,ky € K. We note that, as Aj is
orthogonal to Cy and j € Cp,
’t’ = d(éo, th) = d(éo, hklasj)
= d(Co, k1asj) < d(j, krasj) = d(j, asj) = s,

proving the first claim. For the second claim, suppose a:k € H Ka, for some
s > 0. Then ka_s € a_¢HK. Applying both sides to j € H?, k(e™%j) €
a_;Cy. Now a_;Co = ety is the northern hemisphere of Euclidean radius
e~! about 0 in H?.

On the other hand A™j = (0,1]j for A~ ={a_s: s > 0} and K.{(0,1]5}
consists of geodesic rays in H® joining j and points of K.(0) C C. Now

K(0) contains a disk of radius, say r. > 0, centered at 0 in C, and hence
K.{(0,1]j} contains a Euclidean half ball of radius r > 0 centered at 0 in
H3

Therefore for t > Ty(e) := —log(re), k(e ®j) € a_;Co implies that
k(e=*j) € K{(0,1]7}, in other words, ka_sK C K.A~K. By the unique-
ness of the left K-component, modulo the right multiplication by M, in the
decomposition G = KA~ K, it follows that £ € K .M, proving the second
claim. [l

Fort € Rand T > 1, set
Kr(t):={k e K:ak € HKA] ,}.
As a consequence of Proposition 4.4, we have the following.

Corollary 4.5. (1) For all0 <t <logT, e € Kp(t).
(2) For allt >logT, Kp(t) = 0.
(3) For any e > 0, there exists To(e) > 1 such that we have

Kp(t) c KM for all t > Ty(e).
Thus for any T > 1,
(4'6) HKAnggT = Up<t<log THatKT(t)'
Since Br(FE) = H\HKAIJ(;g +IN_g, (4.6) together with Corollary 4.5 shows
that Bp(E) is essentially of the form H\Hapg 7K MN_g. The follow-

ing proposition shows that Bp(FE) can be basically controlled by the set
H\HalogTN_E.

Proposition 4.7. Fiz a bounded subset E of C. There exists { = {(E) > 1
such that for all sufficiently small € > 0,

atkmn, € Hpemam, Uy,
holds for anym e M, t >0, z€ E, and k € K..

Proof. Recalling that N~ denotes the lower triangular subgroup of G, we
note that the product map N~ x A x M x N — (G is a diffeomorphism at
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a neighborhood of e, in particular, bi-Lipschitz. Hence there exists £1 > 1
such that for all small € > 0,
(4.8) K. C Nﬁ_leAflerlﬁNfle'

Similarly due to the H x A x N product decomposition of G, there exists
{5 > 1 such that

(4.9) Ue C Hpye ApyeNpye

for all small € > 0 ([8, Lem 2.4]). We also have ¢35 > 1 such that for all small
e >0,

(4.10) Aty 409N t0)e Mye C Upge.
Now let t > 0,k € K.,m € M,n € N. Then by (4.8), we may write
k=mnybiming € Ny AgeMpeNye.
Since aynj a—y € No for t > 0, we have, by (4.9),
ainy a—¢ = hobamaong € Hp,e Apye MyyeNiye-
Therefore
atkmn = (ayny a—¢)(atbyming)mn
= (hgbamang)aibyminimn
= hzbgmg(atblbfla,t)ngatblmlnlmn
= hgat(bgmg)bl(bl_la_tngatbl)mlnlmn
€ M2t A, +19)e My Ny +00)c Meyemn. - by (4.10)
C hoatUpzemn.

As FE is bounded, there exists ¢ = ¢(E) > {3 such that for all small e > 0
and for all z € F,

Ugzemn, C mn,Ule.
Since a; commutes with m, we obatin for all z € E that
atkmn, C Hypemain,Up,.
O

Proof of Theorem 4.3. Let { = ¢(E) > 1 be as in Proposition 4.7. For
Y € C.(T'\G) and € > 0, we define = € C.(T'\G),

vE(g) = sup v(gu) and U7 (g) = inf vlgu).

u€Uype

For a given n > 0, there exists € = €(n) > 0 such that for all g € I'\G,
[ (9) — v (9)l <

by the uniform continuity of .
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On the other hand, by Theorem 2.5, we have T;(n) > 1 such that for all
t>Ti(n),

(4.11) / T (hagn)dh
heTNH\H

— [ [ amm)dmdis s
sePNH\C} JmeM 0

skp(C _
= (14 0(n) gy mE )

where 925, (9) = [,,c s ¥ (gmn)dm.
As N_g is relatively compact, the implied constant can be taken uniformly

over all n € N_g. Let Ty(€) > T1(n) be as in Proposition 4.4. For [e] = H €
H\G and s > 0, set

Vr(s) := Us<t<iog €] KT (t)N_E
so that
Bp(E) = Vr(s) U (Br(E) = Vp(s)).
Setting

wH@wz/' (hg)dh,
heTNH\H

note that ¢ is left H-invariant as dh is a Haar measure. We will show that

skr(Co)

BR
_s¥krito) | )dn.
op - [mBMS| [ cn me(Ya)dn

T—o00

. 1
lim sup = / ¥ (g)dN(g) = (1+0(n))
lgleVr (To(e))

—-E

By Corollary 4.5, we have
Vr(To(e)) C UTO(e)gtglogT[e]atKeMN—E-

Let [g] € Vr(To(e)), so [g] = [e]latkmn with Ty(e) < t < logT, k € K.,
m € M and n € N_g. By Proposition 4.7, there exist hg € H and u € Up,
such that

atkmn = homaynu

so that [g] = [e]ainu, since M C H.
We have

wig) = [ phamdns [y ham)an
heTnH\H heTnH\H

The measure e?dtdn is a right invariant measure of AN and [e]AN is
an open subset in H\G. Hence d\(a;n) (restricted to [e]AN) and e?dtdn
are constant multiples of each other. It follows from the formula of dg that
d\(azn) = e?*dtdn. Therefore

/ Y (g)d\(g) < / / / YT (hagn)dhe* dtdn.
lg]eVir(To(e)) neN_g JTo(e)<t<logT JheI'NH\H
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By the choice of € = €(n), we also have

mpt (¥d,) = (L4 O(m)mi™ (vn)
where the implied constant depends only on . Hence by (4.11),

/ / / Y (hag)dhe*t dtdn
nEN_g JTo(e)<t<logT JheTnH\H

_ skr(Co) BR e 5rTo(e)
= (1 + O(n))(;F . |mBMS’ /nGNE mr (¢n)dn (T (& )

Hence

. 1 Skr(C()) BR
lim sup —— / B9 (g)dA(g) = (1+0(n)) X0 / mBR (4, ) dn.
T T Jigeve () or - [mBMS| [y T

On the other hand, since I'\I'H is a closed subset of I'\G, so is Up<;< I\'Ha; KN_%
for any fixed s > 0; in particular, its intersection with a compact subset of
I'\G is compact.
Since
UgleBr(m)-vr(sP\['Hg C Up<t<s I\I'Ha KN _g,
and ¥ has compact support, we have, as T' — oo,

/ [ g = o)
[9]€Br(E)—Vr(To(e)) JheTNH\H

Therefore
. 1 Skr(Co) BR
tmsup s [ w(g)irg) < (1400 ;T e mER () dn.
T ’ l9leBr(E) or - [mBMS| nEN_g r
As 1 > 0 is arbitrary and €(n) — 0 as n — 0, we have
. 1 SkF(CO) BR
hmsup/ W (9)dN(9) < —pnia / mp (Y )dn.
v T° Jgenr(n) op - [mBYS| - [y ot

Similarly we can show that

. . 1 SkF(Co) BR
lim inf —5 / W (9)dN(g) > — x5 / mBR (¢, )dn.
T lgleBr(E) or - [mBMS| neEN_g t

O

5. ON THE MEASURE wr

In this section we will describe a measure wr on C and show that the

term
/ mER(W,,) dn,
neEN_g

which appears in the asymptotic expression in Theorem 4.3, converges to
wr(E) as the support of ¥ shrinks to [e] with fF\G Udg=1.
We keep the notations G, K, M, AT, N, N~ ,a;,n.,n;, etc., from section

2. Throughout this section, we assume that I' is a non-elementary discrete
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subgroup of G. Recall that {v, = vr, : z € H?’} denotes a I'-invariant
conformal density for I' of dimension dp > 0.

Definition 5.1. Define a Borel measure wr on C as follows: for € C.(C),
or(@) = [ ey ) (2)
zeC

forx € H3 and 2 + j := (2,1) € H3.

In order to see that the definition of wr is independent of the choice of
x € H3, we observe that for any 1, z2 € H? and z € C,

eér(ﬁz(azl,z+]’)*ﬁz(3«“272+ﬂ'))%(g) — eér-ﬂz(xm)%(@ =1
dl/x2 dymz

by the conformality of {v,}.
Lemma 5.2. For any v =p+1rj € H? and ¢ € C.(C),

or (@)1= [ (7o ) (2)
zE
Proof. Tt suffices to show that
2,2
. . — +
Ba(p+rj, 2+ j) = log gl e

We use the fact that the hyperbolic distance d on the upper half space model
of H? satisfies

2,.2, .2
. ) 21— 2 +ri+r
cosh(d(z1 + r1j, 22 + 12j)) = & 2| 1 2

2’[’17’2
for z; + rij € H? (cf. [6]).

Note that
B:(2, 2+ j) = Bo(d, —2z + p+7§)
= lim t—d(—z+p+rjetj)
t—oo
= lim t —d(p+7j,z + e %j).
t—o0
Now

ez —p|> +1r?) +et
2r

coshd(p+rj,z+e'j) =
and hence

t 2 2 —t
ed(p—l—'rj,z—i—e*tj) + e—d(p—&—rj,z—&-e*tj) € (|Z - p‘ +r ) +e

r
Therefore as t — o0,
a2 2
d(p +7rj,z+ e_tj) ~t+ log m
Hence
|z —pl* +1?

B(p+rj,z+7j) =log
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Definition 5.3. For a function ¥ on C with compact support, define a
function Ry, on MAN™N C G by

Ry (magngn,) = e Tlyp(—z)

forme M,t € R,x,z € C. If ¢ is the characteristic function of E C C, we
put Rg = Ry,.

Since the product map M x A x N~ x N — G has a diffeomorphic image,
the above function is well-defined.

Proposition 5.4. For any i) € C.(C),

o (@) = [ Ry (k(0)).
keK/M
Proof. If k € K with k=! = mayn n, € MAN~N, since M AN fixes 0,
kE(0) =n_,(0) = —=z.
We note that lims_,o a_s(j) = 0 and compute

0=pB-2(k(4),7)

= fz(n—2n_,a_j, j)

= Bo(n”ya—tj,n:(j))

= slggo d(nZya—j,a—sj) — d(n(j), a—sj)

= lim d((asnZ,a—s)as—1j; j) — d(n2(4); a-sj)
= lim d(as—1j.) - d(n:().a-s))

= lim s —¢ —d(n.(j),a-sj)

S—

and hence

—t = lim d(n.(j),a-sj) — s = Po(n=(4), 4) = B--(d, == + 5)-

Hence for k' €¢ KNMAN™N,

i}i¢(k_1) — &9TBk(0) (j’”k(o)(j))¢(k(0)) .
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Since the complement of NN~AM /M in K /M is a single point and v; is
atom-free, we have

/’ R (k1) (k(0))
keK/M

R (k~")dv;(k(0))

/ke(KmNN—AM)/M

= [ MO GO (0)) iy ((0)
zeC
— / eérﬁfz(j,—zﬂ)z/,(_z)dyj (—2)

zeC

_ / €5Fﬁz(jaz+j)w(z)d1/j(2) = WF(¢)'
zeC

]

Lemma 5.5. If (maimn;n.)(miayng nz,) = MGy Nz, in the MAN™N
coordinates, then

to =t +t; 4+ 2log(|1 + e a2
for some 2" € C with |z| = |2/|.
Proof. Note that if m; = diag(e?", 1), then
agng nami = mlatn;glxnewlz.

Hence we may assume m; = m = e without loss of generality. We use the
following simple identity for z,z € C:

_ 1+ 2z 0 _
(5.6) nyn, = < 0 (1+ xz)l) M (1) Va1 4az) -

Hence we have
(aing nz)(ay, ng, ns,)
-1 — -1 _
= (at+t1)(at1 Ny atl)(atl nzah)nmnzl
= Attty Mgty Met1 Mgy My

_ 1+e g2 0 _
— ey ( 0 (14 e tayz)~t ) Mar(re iz te (e za1) =1 10

= Myt 4210g(|14et1my 2]) ag V22

for appropriate m € M and z9, 25 € C. O

Let E C C be a bounded subset and U, C G a symmetric e-neighborhood
of e in (G. For € > 0, set

(5.7) Ef:=UJ(E) and E- :=Nuep,u(E).
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Lemma 5.8. There exists £ > 0 such that for all small ¢ > 0 and any
g e UZE)

R (k™' g)dvj(k(0)) = (1+ O(e)) - wr(E)
keK/M
where the implied constant depends only on E.

Proof. Write k=1 = magn, n, and g = miayng n. € Ue. By Lemma 5.5,
we have k~1g = moay,nzon., where tg =t +t1 + 2log(|1 + et 212]). Since
Re(k~tg) = e roxp(g~'k(0)), we have

/ R (kL g)dv; (k(0))
keK/M

= [ e k)
k(0)eg(E)

- / ¢~Orte=d(t+2log( e a12D) gy, (1 (0))
k(0)eg(E)

= (1 + 0(6)) /k(o) o e*5rte*5(t1+2log(‘lJretlzlzD)de(k(o))_
€E;

Since t1 = O(€),z1 = O(e) and z = —k(0) € —g(F) C —E,
t1 +2log(|1 + e Mz12]) = O(e)

where the implied constant depends only on E. Hence

/ R (k™" g)dv; (k(0))
keK/M

— (14 0(e) / et dy, (k(0))

k(0)eEEX

= (1+0(9) R (k1) dv; (k(0))
keK

= (14 0(e)) - wr(E).
]

For € > 0, let ¢° be a non-negative continuous function in C(G) with
support in U, with integral one and ¥¢ € C.(I'\G) be the I'-average of ¢“:

VE(Tg) ==Y ¥ (79).
yel’
We define ¥, € C.(I'\G)M by

U%(g) ::/ E/ M\I'E(gmnz)dmdz.
zE— me

Lemma 5.9. For a bounded Borel subset E C C, there exists ¢ = ¢(E) > 1
such that for all small € > 0,

(-0 wr(BD) <mPR(Ug) < (1+c- o) -wr(ED).
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Proof. Note that N~ is the expanding horospherical subgroup for the right
action of a;, i.e., N~ = {g € G : atga_y — e ast — oco}. We have for

Y€ C(G)M,
i (y) = /KAN W(kan™ e rtdndtdy;(k(0))

(cf. [19, 6.2]). We note that d(a;n;mn,) = dtdrdmdz is the restriction of
the Haar measure dg to AN~ N C G/M.
We deduce

mBR (W) = / PR (g )
zeE—

:/ / / d)e(katn;mnz)e_drtdmdxdtduj(k:(()))dz
26— FE JKAN— JmeM

:/ / Qﬁ(k(am;mnz))x_E(z)e_‘srtdxdtdmdzduj(k:(()))
keK JAN-MN
= [ [ wteg)ete)dgdv; k0)

kek Jgea

= ¥ (9) (

mE(k—lg)duj(k(o))> dg.
g€Ue

keK

Hence by Lemma 5.8 and the identity er Y¢dg = 1, we have
mEt (W) = (14 O0(e)Jwr(ES).

([
Corollary 5.10. If wr(0(E)) =0, then
wr(E) = lim mER(TS).
€E—
Proof. For any n > 0, there exists € = €(n) such that wp(ES — E7) <.
Together with Lemma 5.9, it implies that
mp(Pg) = (1+0(€))(1 + O(n))wr(E)
and hence the claim follows. g
6. CONCLUSION: COUNTING CIRCLES
Let T' < G := PSLy(C) be a non-elementary discrete group with [mEMS| <

00. Suppose that P :=T'(C) is a locally finite circle packing.
Recall that

skp(P) = skp(C) = Pt @) qup  (s1),

/seswbp(of)\cf
where C1 is the set of unit normal vectors to C. It follows from the conformal
property of {vr .} that skp(C) is independent of the choice of C € I'(C),
and hence is an invariant of the packing I'(C).

Theorem 1.6 is an immediate consequence of the following statement.
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Theorem 6.1. Suppose that skp(C) < co. For any bounded Borel subset E
of C with wp(90(F)) =0, we have
Nr(P,E) skr(P)

62 i, = = g ()

Moreover skp(C) > 0 if P is infinite.

The second claim on the positivity of skp(C) follows from the second
claim of Theorem 2.5 and Lemma 3.1.

We will first prove Theorem 6.1 for the case when C' is the unit circle Cy
centered at the origin and deduce the general case from that.

The case of C = Cy. Fixn > 0. Aswr(9(F)) = 0, there exists e = ¢(n) > 0
such that

(6.3) wr(Ef — E;) <7

where E is defined as in (5.7): Ej. := Uy (E) and Ej, := Nyep, u(E).

We can find a P-admissible Borel subset E+ such that E ¢ EX ¢ EX by
adding all the open disks inside E intersecting the boundary of E. Similarly
we can find a P-admissible Borel subset E- such that E- ¢ E- C E by
adding all the open disks inside E intersecting the boundary of E_. By
the local finiteness of P, there are only finitely many circles intersecting F
(resp. E-) which are not contained in E (resp. E). Therefore there exists
ge > 1 (independent of T') such that

(6.4) Nr(P,E;) — g. < Np(P, E) < Np(P, Ef) + q..

Recalling the set Bp(EF) = H\HKAI)gTN_EEi C H\G, it follows from
Proposition 3.7 and (6.4) that for all 7> 1,

(6.5)  #[ell N Br(E7) —mo < Nr(I(Co), E) < #[e]l' N Br(EY) +mo
for some fixed mg = myp(e) > 1.

Lemma 6.6. There exists £ > 0 such that for all T > 1 and for all small
e >0,

KA 7Ue € KA 7, Nec

where Ny, is the Le-neighborhood of e in N.
Proof. We may write U = M. N_ AcN. = K AN, up to uniform Lipschitz
constants. For u = mn~an € M.N7 AcNe, a;u = m(ain~a—_¢)azan. Since

an~a_y € Ue for t > 0, we may write it as kyainy € K.A.N.. Hence for
0 <t <logT, we have (a~'a_;nia:a) € Ne and
aru = (mki1)(araia)(a ta_miaa)n € KAf(r)gT+2€N2€.

This proves the claim. O



ASYMPTOTIC DISTRIBUTION OF CIRCLES IN ORBITS OF KLEINIAN GROUPS 26

Lemma 6.7 (Stability of K AN-decomposition). There exists £y > 0 (de-
pending on E) such that for all T > 1 and for all small e > 0,

+ .
KAlogT E‘*‘Ufoﬁ - KAlogTJreN—E;E?

+
KAlogT o C KAlogT(ﬂ“€U£0 N—Ee_u)'

Proof. There exists {9 > 0 depending on E such that N_ 1+ Uy, C UGN_E;.

Hence the first claim follows from Lemma 6.6. The second claim can be
proved similarly. O

For € > 0, define functions F2* on I'\G:

Fri(9) = Y. Xbur(v E+)([€]’79)§ Fp(9):= Y. Xb .,
~E(HNT)\T 2e ~E(HNT)\T

_Ei>([6hg)-

Let ¢y be as in Lemma 6.7. Without loss of generality, we may assume
that ¢y < £ for £ as in Lemma 5.8.

Lemma 6.8. For all g € Upye and T > 1,
(6.9) F£"(g) —mo < Np(U(Co), ) < F£™ (g) + mo.
Proof. Note that, since Uy, is symmetric, for any g € Uy,
#[e]l N Br(ES) < #[e]l N Br(ES)Useg™ < #[e]lTg N Beer(N_p+ ),

by Lemma 6.7, which proves the second inequality by (6.5). The other
inequality can be proved similarly. O

For € > 0, let ¥ be a non-negative continuous function in C(G) with
support in Uy, with integral one and ¥¢ € C.(I'\G) be the I'-average of *:

T (Tg) := Y ¥ (vg).
vel
By integrating (6.9) against U¢, we have
(F5™,0¢) —mg < Np(T(Co), E) < (F™, U¢) + my.
Since

(F, 0 = / XB.c elvg)¥<(g) dg
[ 5 e (9T )

YETNH\T 2

B / CNH\G XBSET(NfE;r)([e]g)We(g) dg
ge ;

:/ / U (hg) dhdA(g)
[9]€Beer(N__4) JheTNH\H

Ey
we deduce from Theorem 4.3 and Lemma 3.2 that
k
(6.10) (Bt we) ~ 0 F(CO)S / mp (WG dn - T - er
’ neN +

or - |mF .
€
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where W, (g) = [\, P (gmn)dm.

Therefore by applying Lemma 5.9 to (6.10) and using (6.3), we deduce
: (F',w) skp(Co) / BR
limsup———— < (14+€6)——= - mp (VS dn
T Tor ( )5F - [mpMs| neN 4 £ (¥n)
2e
Skr(C{))

< (1+€)(1+ ce) ¥, -wr(Ef)

or - [mp
skp(I'(Ch))

<(I+an)(l+ CQG)W :
T

wr(E)
where the constants c, ¢, co depend only on F.

Similarly, we have

(et v
Tdr

SkF(Co)

lim inf _— -
T dp - [mpMS|

> (1 —c1m)(1 — cae) wr(E).

As n > 0 is arbitrary and e = ¢(n) — 0 as n — 0, we have

. NT(F(C()),E) - SkF(Co)
AT T g S| wr(E).

This proves Theorem 6.1 for C' = Cj.

The general case. Let r > 0 be the radius of C' and p € C the center of

C. Set
1 p\ (V7 0
go = npalogr = (0 1> < 0 r_1> .

Then gy *(2) = r~(z — p) for z € C and g, (C) = Co.

Setting I'g = galf‘go, we have

Np(T(C),E) = #{C €T(go(Cy)) : C°NE #0,Curv(C) < T}
= #{g,"(C) €To(Cy) : C° N E # B, Curv(C) < T}
= #{C. € To(Co) : C2 N gy L (E) # 0, Curv(Cy) < r~'T}
= N,-17(To(Co), g5 (E))-

We claim that
(6.11)
1

%m +skry (To(Co)) - 77 - wry (95 ' (E)) = —gppr - skr(T(C)) - wr(B).
’mro [mp |

Note that the each side of the above is independent of the choices of confor-
mal densities of I'g and T" respectively.
Fixing a I-invariant conformal density {vr,} of dimension Jr, set

P *
VLox *= 90 VT ,go(x)
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where giur go(2)(R) = Vp go(z)(90(R)). It is easy to check that vr, . is sup-
ported on A(T'g) = goA(T") and satisfies

dvry o (2) = efépﬁz(m,y);

YxVTo,x = VIgy(z
dVF07y ( )

for all z,y € H3, v € 'y and z € C.
Hence {vry, : = € H3} is a Tg-invariant conformal density of dimension
dr = dr, and satisfies that for f € C.(C)

/()eEf( )dvrg (2 / F(90 1 (2))dvr g2 (2)-
go(z

We consider the Bowen-Margulis-Sullivan measures m?MS and mBMS on

I\ TH(H?3) and T\ T'(H?3) associated to {vr,} and {vr, .}, respectlvely.

Lemma 6.12. For a bounded Borel function 1) on T\ T! (H?), consider a
function 14, on To\ THH?) given by 1y, (u) == 1(go(u)). Then

mpy > (o) = M ().

In particular, \mFMS] = |mBMS|,

Proof. Note that if v = g(u), then

But (x’ 71'(’[1,)) = By (g(l‘), 71'(1))).
Since vrg .z = goVr,go(x), We have
mlgé\ds(l/}go)

_ / @b(go(u))eéfﬁu*(z’”(“)) OB, (@7 (w)) dVFO,x(u+)dVr0,x(u_)dt
w€lo\ TL(H")

_ / ()Pt (0@ W) I8, (@0 T gy, Y g 0y (07 )l
vel\ T (Hn)

= mpM3(1)).
]

Similarly, we can verify:

Lemma 6.13. For any x € H3,

OBt (w’s)dVFD,x (3+) _ OBt (go(x),s)dyr’go(m) (8+);

/se&abro(cg)\cg /seStabr(CT)\CT
that is, SkF(F(C)) = SkFO (Fo(CD)).
Lemma 6.14. For any bounded Borel subset E C C,

wry (95 (B)) = ' wr(E).
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Proof. Since gy *(2) = r~!(z—p), r is the linear distortion of the map g, ' in

-1 -1
the Euclidean metric, that is, r = lim ., W for any wy € C.
Hence

2 1)
w|® 4+ 1)°T
T 91 | _ ) .
(lg0 " (w)]? +1)°r
Since vryz = govr go(z), We deduce

dVFvgo(j) (w) =

an(w).

orolg BN = [ | (o 1) (2
z€g, (E)
N /eE(|gol(u)|2 + 1) dup g, ) (1)

:rér/ (ul? + 1) dup ()
uekl
= (E).
O

This concludes a proof of (6.11). Therefore, since skr,(Cp) < oo and
‘m%\/IS’ < 00, the previous case of C' = () yields that

lim — Np(T(C), E) = lim —N,17(To(Co), g5 - (E))

T—o0 T(;F T—o0 T(SF
1
= —— g - Skro(Co) - - wry (95 1 (E))
by -] T o0
1
= ————— -skp(C) - E).
oo ] (€ ert)
This completes the proof of Theorem 6.1. U
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