Dynamics and Rigidity through the Lens of Circles

Hee Oh*

Abstract. We report on recent developments in the dynamics and rigidity of infinite-volume homogeneous
spaces through the lens of circles. By addressing four natural questions about circle packings, we highlight the
interplay between dynamics, geometry, and rigidity that defines the emerging frontier of homogeneous dynamics.

1 Introduction This article explores the interplay between dynamics, geometry, and rigidity in infinite-
volume homogeneous spaces, viewed through the lens of circles. Motivated by four natural questions on circle
counting, orbit closures, rigidity, and torus counting, we present results that highlight two complementary aspects
of homogeneous dynamics. Orbit-closure classification and rigidity phenomena reflect the underlying geometric
and algebraic structure, while counting and equidistribution are governed by mixing in infinite volume. Together,
these circle problems show how dynamics and rigidity in infinite volume arise naturally and illuminate the broader
frontier of homogeneous dynamics beyond the finite-volume setting.

1.1 Circle packings Circles have fascinated mathematicians since the time of the ancient Greeks. By
a circle packing P, we mean a configuration of countably many circles in the complex plane C. How can such
configurations be constructed? The earliest systematic example is due to Apollonius of Perga (262-190 BC), who
proved that three mutually tangent circles in the plane admit precisely two circles tangent to all three. Starting
with four mutually tangent circles and repeatedly inserting new circles tangent to three of the existing ones, as
prescribed by Apollonius’ theorem, one obtains the celebrated Apollonian circle packing. Figure 1.1 illustrates
the first few generations, with circles labeled by the reciprocals of their radii.

Figure 1.1: First few generations of Apollonian circle packings

Another striking example is a Sierpiiiski-type circle packing, shown in Figure 1.2.

Figure 1.2: A Sierpiniski-type circle packing
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Where do such intricate circle packings arise? A unifying perspective is that both Apollonian and Sierpiriski-
type packings emerge as
limit sets of Kleinian groups.

A Kleinian group is a discrete subgroup of PSLy(C). Such groups act on the Riemann sphere C=cCu {0}
by Mobius transformations. Explicitly, for any a, b, c,d € C with ad —bc =1 and z € C,

a b az+b
(1.1) (c d> AT cz+d

The limit set A C C of a Kleinian group I' is the collection of accumulation points of an orbit I'(z) for any z € C.

1.2 Four motivating questions We regard a circle packing P both as the set of circles and as their union
in C; thus writing C' € P refers to one of the circles, while P denotes its closure in C. Given a circle packing P
with symmetry group I' < PSLy(C), meaning I'P = P and P = A, the following motivating questions are natural:

1. Circle counting: How many circles in P have radii at least ¢ as t — 07

2. Orbit closures: For a given circle C C @, not necessarily in P, what is the closure of I'C' in the space of
circles?

3. Rigidity: How can we decide whether a I'-equivariant embedding f : P — C must be a Mébius
transformation?

4. Torus counting: For f as in (3), how many tori (C, f(C)) € P x f(P) have volume at least ¢ as ¢t — 07
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Figure 1.3: Torus packing

While simple to state, these problems lead directly into subtle questions about dynamics on infinite-volume
homogeneous spaces, ranging from rank one to higher rank. Infinite-volume marks precisely where classical
finite-volume methods cease to apply and new dynamical phenomena emerge.

e Questions (1) and (2) concern the distribution of geodesic planes in hyperbolic 3-manifolds, and involve,
respectively, the dynamics of frame flows and unipotent flows on infinite-volume hyperbolic 3-manifolds. In
sharp contrast to the finite-volume case, the ambient geometry and topology exert decisive influence on the
answers.

e Question (3) addresses representation rigidity of Kleinian groups. Our approach highlights new perspectives
on rigidity phenomena of Kleinian groups by interpreting them through dynamics on higher rank
homogeneous spaces.

e Question (4) is a higher rank analogue of Question (1), relying on the dynamics of diagonal flows in higher-
rank spaces of infinite volume.

Together, these problems illustrate the intricate interplay between geometry, dynamics, and rigidity that underpins
much of this article. While the finite-volume case is by now well understood, their resolution in the infinite-
volume setting reveals genuinely new and subtler dynamical phenomena. In this perspective, they may be viewed



as infinite-volume analogues of several landmark results: Duke-Rudnick-Sarnak [16] and Eskin-McMullen [23]
on counting and equidistribution (questions (1) and (4)), Ratner-Shah ([68], [75]) on orbit-closure classification
(question (2)), and Mostow-Prasad-Sullivan rigidity ([55], [65], [78]) (question (3)).

1.3 Organization The paper is organized in two parts. The first part presents results addressing the four
motivating questions about circles: circle-counting, orbit closures, representation rigidity, and torus-counting.
The second part focuses on mixing phenomena in infinite volume: first in rank one, where we discuss local,
exponential, and uniform exponential mixing with applications to the affine sieve, and then in higher rank, where
we develop analogues for diagonal flows on self-joining quotients. These mixing results form the main analytic
tools underlying the counting and equidistribution problems.

Throughout, I have aimed to maintain an informal and somewhat conversational style. Some statements are
presented without full references or detailed historical context; these can be found in the cited papers.
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2 Circle counting and Kleinian groups

2.1 Counting Apollonian circles We begin by recalling the following circle-counting theorem proved in
joint work with Kontorovich. We write rad(C') for the Euclidean radius of a circle C'.

THEOREM 2.1 ([37]). For any bounded Apollonian packing P, there exists a constant c¢p > 0 such that
#{CE’PZIad(C)Z%}NCPtéA ast — oo

where dp is the Hausdorff dimension of the closure P.

The dimension da is independent of the choice of P (so A stands for "Apollonian") and has been estimated as
Oa ~ 1.3057. Circles in P are moreover equidistributed with respect to the da-dimensional Hausdorff measure
% on P, defined using the Euclidean metric on C, as established in joint work with Shah:

THEOREM 2.2 ([59]). There exists a constant ca > 0 such that for any Apollonian packing P, we have the
following: for any region R C C bounded by a piecewise C*-curve,

#{CeP:rad(C) > L, CNR#D} ~ca H™(RNP)t™ ast— oco.

The symmetry group I'p of P is generated by the inversions with respect to the four dual circles (orthogonal to
three of mutually tangent circles) corresponding to a quadruple of tangent circles in P (see the four red circles in
Figure 2.1).

Figure 2.1: Dual circles

It is crucial in the above theorems that I'p is a geometrically finite Kleinian group whose limit set is equal to
the closure P.



2.2 Kleinian groups Let us recall some background on Kleinian groups. Such groups arise naturally as
holonomy representations of fundamental groups of complete hyperbolic 3-manifolds. The hyperbolic 3-space H?
is the unique simply connected complete Riemannian manifold of dimension 3 with constant sectional curvature
—1. We use the upper half-space model:

Vdz? + dz + dy?
H? = {(z1,22,9) : y > 0} with ds = T s Ly

Y

The geometric boundary of H? is the Riemann sphere (AI, with the plane (z1,x2,0) identified with the complex
plane C. Geodesics (resp. geodesic planes) in H? are either vertical lines (resp. vertical planes) or semicircles

~

(resp. hemispheres) perpendicular to the plane C. The group M6b(C) of Mobius transformations is generated

Geodesic Planes

Figure 2.2: Geodesic planes

by inversions with respect to circles in ((Aj, where an inversion in a circle sends each point to its reflection through
the circle with respect to the Euclidean metric. The group PSLy(C) acts on C by orientation preserving Mobius
transformations as in (1.1). This action extends to an isometric action on H?. The Poincaré extension theorem
identifies:

PSLy(C) = Isom* (H?) and Mab(C) = Isom(H?).

Let C denote the space of circles in C equipped with its natural topology in which C; — C' if the Hausdorff
distance between C; and C' tends to zero. A classical characterization states that a homeomorphism f of C is a
Mébius transformation if and only if it preserves circles: f(C) = C.

DEFINITION 2.3. A discrete subgroup I' of G = PSLo(C) is called a Kleinian group.

For general background on Kleinian groups, see [47] and [49]. In this article, we assume all Kleinian groups are
torsion-free and non-elementary, that is, it does not have an abelian subgroup of finite index. Each element of
a Kleinian group is therefore either loxodromic (conjugate to a diagonal element whose diagonal entries have
modulus not equal to 1) or parabolic (conjugate to a strictly upper triangular matrix).

Figure 2.3: Snow falling and Limit sets



For a Kleinian group I', the quotient M = I'\H? is a complete hyperbolic manifold. Conversely, any complete
hyperbolic 3-manifold M arises as such a quotient for some Kleinian group I". Thus the study of hyperbolic
3-manifolds is inseparable from the study of Kleinian groups. The notions of limit set and convex core play a
central role.

DEFINITION 2.4. The limit set Ap C C is the set of all accumulation points of T'(0o) for o € H3 U C. Its
complement Qr = C — Ar is called the domain of discontinuity.

We often omit the subscript I' from Ar and Qr when the group under consideration is clear from context. A
useful picture is to imagine snow falling: the limit set is precisely where the snow accumulates on the ground (see
Figure 2.3). When I' < G is a lattice, that is, when T'\H? has finite volume, the snow covers the entire ground,
ie, A = C. For non-lattice Kleinian groups, one often obtains breathtaking fractal patterns. See Figure 2.4.
The first image is homeomorphic to a circle, the next two to the Sierpinski carpet (the planar fractal obtained by
repeatedly removing central squares) and the last to a Cantor set.

Figure 2.4: Fractal limit sets of non-lattice Kleinian groups

The convex core of M = I'\H? is
core M :=T\hullA C M

where hull A ¢ H? denotes the convex hull of A.

Figure 2.5: Convex core of a geometrically finite hyperbolic 3-manifold

DEFINITION 2.5. A Kleinian group T is geometrically finite if the unit neighborhood of core M has finite
volume. If core M is compact, we call T’ convexr cocompact.

Geometrically finite (respectively, convex cocompact) groups are natural generalizations of lattices (respectively,
cocompact lattices). Among geometrically finite groups, lattices are precisely those whose limit sets are the whole
@, whereas the limit sets of all others have Hausdorff dimension strictly smaller than 2.

While there are only countably many lattices in G, up to conjugation, by the local rigidity theorem of Selberg
and Weil, the Bers-Sullivan-Thurston density conjecture (now a theorem due to Namazi-Souto and Ohshika



building on the work of many others (see [47, §5.9])) asserts that geometrically finite groups form an open and
dense subset of the space of all finitely generated Kleinian groups. Therefore, results proved for geometrically
finite groups apply to a very broad class of Kleinian groups.

2.3 Circle-counting theorem for geometrically finite Kleinian groups A fundamental observation
of Sullivan |77] inspired by Patterson [62] links the action of I' on H? with its action on the boundary C. In
particular, the growth rate of a I'-orbit in H? is determined by the Hausdorff dimension dim A.

THEOREM 2.6 ([77], [80]). For any geometrically finite group T' < PSLy(C),
0 = dim(A)

where 6 = §(I") denotes the critical exponent

1
0 :=limsup flog #{x €T (0):d(x,0) <T}, ocH.

T—o0

We call a circle packing! P locally finite if, for any bounded region B C C and any € > 0, there are only
finitely many circles in P with radii greater than ¢ that intersect B. This condition is necessary in order to pose
a circle counting problem. Theorems 2.1 and 2.2 are special cases of the following joint work with Shah:

THEOREM 2.7 ([59]). Let P be a locally finite circle packing invariant under a geometrically finite Kleinian
group T' and with finitely many T-orbits. If 6 < 1, we further assume that P does not contain an infinite bouquet
of tangent circles (see Figure 2.6). Then there exist a constant 0 < ¢p < 0o and a locally finite measure wr on
A NC such that for any region R C C bounded by a piecewise algebraic curve?

J

#{CeP:rad(C) > 1, CﬂR#@}NCp~WF(R)-t6 as t — oo.

Figure 2.6: Infinite bouquet of tangent circles

2.4 Decoding the constant and the measure In results of this type, it is often the constant cp and
the measure wr that encode the complexity of the problem and reflect the methods involved in the proof.

Where do the constant ¢p and the measure wr come from?

Their existence rests on fundamental results in the dynamics of hyperbolic manifolds M = T'\H?, beginning with
the construction of a geometric measure on the limit set. R

To motivate the definition of a “geometric” measure, consider how the spherical measure on C transforms under
the action of G. Fix o = (0,0,1) € H? and let K = Stabg(0). Let m, denote the K-invariant probability measure
on C. For g € G, the pushforward?® g,m, is absolutely continuous with respect to m,, with Radon-Nikodym
derivative

dg«m,

(2.1) (&) = e2Pe(09°)  forall g € G,

dm,

1Usually, a circle packing refers to a collection of circles with disjoint interiors that cannot be enlarged without intersecting the
interiors of others. In this article, however, a circle packing simply means a countable union of circles.

2The piecewise algebraic boundary condition can be replaced by the weaker assumption wr(9R) = 0.

3g.mo(E) = mo(g~1(E)) for all Borel subsets E C C.
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Figure 2.7: Support of BMS measure

where 3 denotes the Busemann function. Recall that for £ € C and z,y € H3, Be(z,y) = limy—s 4 o0 d(&, 2) —d(&4,y)
for a geodesic ray §; toward £, where d denotes the hyperbolic distance in H3. The Busemann function encapsulates
the conformal transformation law for the action of G on C.

The spherical measure m, has full support on C. To study a Kleinian group I', however, one needs measures
supported on its limit set A. Patterson and Sullivan introduced such measures, which capture the asymptotic
distribution of I'-orbits. For geometrically finite groups, their construction yields a unique conformal measure of
the correct dimension. A measure v on C is called a I'-conformal measure of dimension s if it satisfies

dysv
dv

THEOREM 2.8 ([62], [77]). For any geometrically finite group I' < PSLo(C), there exists a unique I'-conformal
probability measure v, on C of dimension 6. Moreover, v, is supported on A.

(2.2) (€) = e3P for all v € T.

This measure is called the Patterson—-Sullivan measure, or the geometric measure associated to I'. The measure
wr in Theorem 2.7 is given explicitly as

dwr(2) = (|2 +1)%dvy(2), ze€ANC.

When T is convex cocompact or in the case of the Apollonian group, v, and wr coincide (up to scaling) with the
d-dimensional Hausdorff measures with respect to the spherical metric and the Euclidean metric on C, respectively.

Explaining the constant ¢p requires two key ingredients: the Bowen-Margulis-Sullivan (BMS) measure on the
unit tangent bundle Tl(./\/l), and the skinning measure on a properly immersed geodesic plane in M.

2.4.1 Bowen-Margulis-Sullivan measure A tangent vector v € Tl(H3) is determined by the forward
and backward endpoints v, v~ € C of the associated geodesic, together with the Busemann value S,+ (0, v). This
gives the Hopf-parametrization

(2.3) T (H?) = (@ x C— diag) x R.

In these coordinates, the Bowen-Margulis-Sullivan measure mBMS on T'(M) is induced from the T-invariant
measure M8 on T' (H?), defined by incorporating the conformal factors from (2.2) into the product of Patterson-
Sullivan measures and the Lebesgue measure on R:

dmBMS (v) = 2But (00) ¢08,-(0V) gy (v dy, (v )dt.

Sullivan proved that if I' is geometrically finite, then mBMS

is a finite measure [80]:
|mBMS| < o0

The support of the BMS measure consists of all tangent vectors with endpoints in the limit set, and hence projects
into the convex core under the basepoint projection Tl(/\/l) — M. For convex cocompact groups, this makes



finiteness immediate. In the presence of cusps, that is, for geometrically finite but non-convex-cocompact groups,
finiteness becomes a non-trivial result, reflecting the specific geometry of the cusps.

This finiteness is crucial: although M has infinite Riemannian volume, the essential dynamics of flows is
captured by this finite BMS measure. This explains why many central theorems in dynamics for hyperbolic
manifolds are formulated for geometrically finite quotients.

2.4.2 Skinning measure of a properly immersed geodesic plane A circle C' € C corresponds uniquely
to a geodesic plane CT C H? (the hemisphere above C) and vice versa (Figure 2.2). The orbit I'C' is closed in C if
and only if the inclusion map Stabr(CT)\CT — M is proper [59]. In joint work with Shah [60], we introduced the
skinning measure for such CT. It is defined by assigning Patterson-Sullivan weights on the forward and backward
endpoints of geodesics orthogonal to C't. Concretely,

dpy (v) = Pt ) dy, (v) + 2P ) dyy (v7)

where v and v~ are the visual images of v, with v taken as outward normal to C'f. The normalization ensures
that this measure is invariant under Stabr(CT), and hence descends to a locally finite measure on the properly
immersed geodesic plane Stabr(CT)\CT c M.

) 2> T(n\H)

Figure 2.8: Orthogonal translates of geodesic planes

Intuitively the skinning measure records how the geodesic plane C' intersects the limit set through its normal
vectors. The skinning constant of C' is the total mass of this measure:

0 < sk(C) := uk; (Stabr (CTH\CT) < .

For a locally finite circle packing P =T'Cy U --- UT'Cy, we set skp(P) = sk(Cy) + - - - + sk(C). This constant
is finite whenever § > 1 or P has no infinite bouquet of tangent circles. Finally the constant ¢p in Theorem 2.7
is given by

Skp (P)

With these finiteness results in place, the key technical ingredient in the proof of Theorem 2.7 is the description
of the asymptotic distribution of orthogonal translates of properly immersed geodesic planes under the geodesic
flow (Figure 2.8), using the local mixing of the geodesic flow?(Theorem 7.2). This distribution is governed by the
skinning measure, which serves as the bridge between the geometry of circle packings and the dynamics of flows
in infinite volume.

3 Orbit closures of circles and rigidity of geodesic planes

4The original proof of Theorem 2.1 used the Descartes circle theorem: for Apollonian circle packings, it allows one to interpret the
circle-counting problem as a point-counting problem in the space of horospheres. This approach is special to the Apollonian case.



3.1 Orbit closures in round Sierpinski carpets In the previous section, the circle counting problem
concerned closed I'-orbits of circles. In this section, we study all possible orbit closures of arbitrary circles under
I'in C. When I'C' is not closed, what can its closure in C look like? For example, what is the closure of the orbit
of the red circle in Figure 3.1 under the symmetry group I'?

Figure 3.1: Round Sierpiniski carpet

If C does not intersect the limit set A, then the orbit I'C' is closed in a trivial way and is uninteresting for
our purposes. Hence our ambient space will be the space of circles intersecting A, which we denote by

Cxr CC.

Clearly T'(Cy) = Cp. We further define
C/*\ C Cq

to be the family of circles separating A; that is, C' € Cj if both the interior and exterior of C intersect A. Whether
C lies in C} or not influences the behavior of its orbit I'C.
An important class of Kleinian groups in this discussion are those whose limit sets A satisfy:

O=C-A=JB

where B; are infinitely many round disks with mutually disjoint closures. Such a limit set is called a round
Sierpiriski carpet. We give a complete description of orbit closures for geometrically finite groups whose limit
sets are round Sierpinski carpets. This classification was first established in joint work with McMullen and
Mohammadi [52] for convex cocompact groups, and later extended to all geometrically finite groups in joint work
with Benoist [3].

THEOREM 3.1 ([52], [3]). Let T' < PSLy(C) be a geometrically finite group whose limit set A is a round
Sierpiriski carpet. Let C € Cy.

o [fC €Cy, then I'C is either closed or dense in Cy.

e IfC ¢Cx, thenTC ={D € Cp : D C TB} where B is the component of Q whose closure contains C.

Geometrically finite hyperbolic 3-manifolds M with round Sierpinski carpet limit sets are precisely those
whose convex core has compact totally geodesic boundary. Each I'-orbit of a component B of € corresponds to a
boundary component of the convex core, and B being a round disk means that the associated boundary surface
is totally geodesic. In fact, core M can be obtained by removing finitely many disjoint compact embedded totally
geodesic surfaces from a complete finite-volume hyperbolic 3-manifold, as illustrated in Figure 3.2, where two
disjoint compact geodesic surfaces S; and Sy are removed from a closed hyperbolic 3-manifold and become the
convex core boundary of the resulting M. It follows that, up to isometry, there are only countably many such
manifolds, since there are only countably many finite-volume hyperbolic 3-manifolds and only countably many
ways to remove finitely many compact geodesic surfaces.



Figure 3.2: A manifold with round Sierpiniski carpet limit set: the convex core has totally geodesic boundary

3.2 Geometric structure and limit sets of acylindrical hyperbolic 3-manifolds We established
a similar orbit-closure dichotomy for a much broader class of geometrically finite groups, called acylindrical
groups. A compact core of M is a compact connected submanifold N with boundary whose inclusion induces
an isomorphism 71 (N) ~ T, unique up to homeomorphism. A geometrically finite manifold M = T'\H? is called
acylindrical if its compact core N satisfies:

e N has incompressible boundary;
e every essential cylinder in IV is boundary parallel.

If moreover the boundary of core M is totally geodesic, we call M rigid acylindrical. Note that acylindricity is
a purely topological condition: any geometrically finite hyperbolic 3-manifold homeomorphic to an acylindrical
one is itself acylindrical. It turns out that any geometrically finite acylindrical hyperbolic 3-manifold arises as a
quasiconformal deformation of a rigid acylindrical one. To state this precisely, recall that an orientation-preserving
homeomorphism f : C — C is called &- quasiconformal for some k > 1 if it maps infinitesimal circles to ellipses of
eccentricity at most x; that is,

) s U @) = FE) [z =a =1} _

r—o f{[f(z) = f(z)| s |z —a[ =71}
The 1-quasiconformal maps are conformal and hence they are elements of PSLy(C). Two Kleinian groups I'y
and I'; are said to be quasiconformally conjugate if they are conjugated by such a map, i.e., there exists an
isomorphism p : T'y — I's and a quasiconformal homeomorphism f of C such that for all v € T'y, p(y) = foyo f~1

on C. Such a representation is called a quasiconformal deformation.
By the Ahlfors-Bers theorem, quasiconformal deformations of a geometrically finite acylindrical group,
considered up to conjugation, are parametrized by the product

[ [ Teich(s;

where S; are the components of the boundary of the convex core of T'\H? and Teich(S;) denotes the Teichmiiller
space of S;, which parametrizes its quasiconformal deformations. The following result of Thurston and McMullen
provides a distinguished representative in each such quasiconformal class:

THEOREM 3.2 ([82], [50]). Every geometrically finite acylindrical Kleinian group is quasiconformally conjugate
to a geometrically finite rigid acylindrical group, unique up to conjugation.

In Figure 3.3, we illustrate this theorem for a convex cocompact hyperbolic 3-manifold M whose convex core
has two boundary components S; and Ss. For any choice of p; € Teich(S;), i = 1,2, there exists a quasiconformal
deformation of the ambient 3-manifold M whose convex-core boundary has been deformed according to these
parameters.

For convex cocompact groups, acylindricity is equivalent to the condition that the limit set A is a Sierpiriski

carpet:
C-A=JB



Figure 3.3: A quasiconformal deformation of a convex cocompact hyperbolic 3-manifold with two ends

where B; are infinitely many Jordan disks with mutually disjoint closures. When the B; are round disks, A is a
round Sierpiniski carpet, corresponding precisely to the rigid acylindrical case. For a general geometrically finite
acylindrical group, the closures of B; may intersect. We regroup the components of € into maximal families of
Jordan disks forming trees: declare B; ~ Bj if their closures intersect, which spans an equivalence relation on the
collection {B;}. Let T; be the union of all disks in the same equivalence class. Then the closure of T} forms a
"tree of disks", in the sense that the dual graph whose vertices corresponds to the disks and whose edges connect
pairs of tangent disks is a tree. Thus the limit set has the structure

C-A=Jm

where Ty are maximal trees of components with mutually disjoint closures (see the right image in Figure 3.4).

Figure 3.4: Limit sets of geometrically finite acylindrical groups: [84]

3.3 Orbit closures for geometrically finite acylindrical hyperbolic 3-manifolds With this picture
in mind, we have the following orbit-closure classification, proved in joint work with McMullen and Mohammadi
[53] for convex cocompact groups, and later extended with Benoist [3].

THEOREM 3.3 ([53], [3]). Let T' < PSLo(C) be any geometrically finite acylindrical group. Then:
1. Any I'-invariant subset of C} is either a finite union of closed I'-orbits or dense in Cj.
2. There are at most countably many closed I'-orbits in C}.
3. If T is rigid, then any I'-invariant subset of Cy is either a finite union of closed I'-orbits or dense in Cy.

Note that (1) not only includes the closed-or-dense dichotomy for individual orbits I'C' C Cj, but also implies
that any infinite collection of closed I'-orbits is automatically dense in C}.



Remark 3.4. When I’ is not rigid, the closedness of I'C' in C} does not necessarily imply that it is closed in
Ca. Indeed, Zhang [85] constructed a convex cocompact acylindrical group I' and a circle C' € C} such that I'C
is closed in C} but accumulates in Ca. This reflects the phenomenon that while the interior of core M behaves
more like a homogeneous space, the interior together with its boundary is not.

We also remark that possibly except for finitely many I'-orbits, all circles in Cy meet :

THEOREM 3.5 ([52], [3]). If T is a geometrically finite non-lattice Kleinian group, then the set {C € C: C C A}
consists of finitely many closed T'-orbits.

3.4 Conjecture on orbit closures on Apollonian circle packing The Apollonian group (the symmetry
group of an Apollonian circle packing) almost falls into this framework but just misses, because its compact core
is a genus-two handlebody and hence the boundary is compressible. Therefore it is not acylindrical. We propose
the following:

CONJECTURE 3.6 (Orbit-closure dichotomy for Apollonian circle packings). Let P be an Apollonian circle
packing with symmetry group I' < PSLy(C). For any circle C € Cy, the orbit I'C is either closed or dense in Cy.

Since Apollonian circle packings are among the most classical and visually striking examples of circle packings,
this is a particularly natural and compelling problem.

3.5 Topological rigidity of geodesic planes Recall that any geodesic plane in H? is uniquely determined
by a circle in C and vice versa (see Figure 2.2). Via this correspondence, Theorem 3.3 yields the topological rigidity
of geodesic planes in the hyperbolic manifold M = I'\H®. An immersed geodesic plane P in M is the image of a
geodesic plane in H3 under the quotient map H? — I'\H3. Denote by M* the interior of the convex core of M.
A circle C separates A if and only if the corresponding geodesic plane P intersects M*. Theorems 3.1 and 3.3
imply the following:

THEOREM 3.7 ([52], [53], [3]). Let M be a geometrically finite acylindrical hyperbolic 3-manifold. Then
1. Any geodesic plane P intersecting M* is either closed or dense in M*.
2. There are at most countably many properly immersed geodesic planes intersecting M*.
8. If M is rigid, then any geodesic plane P intersecting M* is either closed or dense in M.

3.6 Thick recurrence of unipotent flows behind geodesic plane rigidity We now explain the
dynamical mechanism underlying geodesic plane rigidity for geometrically finite acylindrical groups. To bring
in homogeneous dynamics, we pass to the frame bundle

F(M) =T\ PSLy(C).

Any geodesic plane in M is the image of a PSLy(R)-orbit in I'\ PSLy(C) under the basepoint projection
F(M) — M. Hence, the classification of closures of geodesic planes follows from the classification of the closures
of PSLy(R)-orbits in I'\ PSLy(C). A pivotal point is that PSLy(R) is generated by unipotent subgroups (the strict
upper and lower triangular subgroups). Recall that a matrix is unipotent if all of its eigenvalues are equal to 1,
and that unipotent subgroups are those consisting entirely of unipotent elements.

When I'\ PSLy(C) has finite volume, any PSLo(R)-orbit is either closed or dense. This is a special case of
Ratner’s theorem (Theorem 4.1) proved using unipotent dynamics. The main difficulty in the infinite-volume
case is the lack of recurrence of unipotent orbits: without recurrence, orbits rarely return to compact sets, and
accumulation behavior becomes hard to capture.

The key to carrying out homogeneous dynamics in the acylindrical case is the construction of a compact
subset R C T'\G such that for any x € R, the orbit zU of a one-parameter unipotent subgroup U = {u; : t €
R} < PSLy(R) has "thick recurrence". That is, there exists x > 1 such that for any s > 0, one can find ¢ € R with
s < |t| < ks satisfying zu; € R. Moreover, every PSLo(R)-orbit corresponding to a geodesic plane intersecting
M* arises from some x € R. The construction of R relies on the positive modulus property of the Sierpinski limit
set: infyy, mod(C — (Ty UT})) > 0; where, for an annulus A, the mod(A4) = logr if A is conformally equivalent
to the round annulus {z € C : 1 < |z| < r}. This condition is used to show that every separating circle C has



a thick circular slice C' N A, in the sense that C'N A contains a uniformly perfect Cantor subset®, even though
C N A itself need not be uniformly perfect. Morally speaking, R consists of all frames connecting these uniformly
perfect Cantor subsets of circular slices, modulo certain horoballs. The link between thick circular slices and thick
recurrence of unipotent flows stems from the fact that the visual images of horocycles on C are circles.

Figure 3.5: Bending and chaotic geodesic plane

3.7 Examples of chaotic geodesic planes in quasi-Fuchsian manifolds Indeed, the rigidity of
geodesic planes does not hold for general geometrically finite hyperbolic 3-manifolds when there are circular
slices of A that fail to be thick enough. A Kleinian group I' is called quasi-Fuchsian if it is a quasiconformal
deformation of a (Fuchsian) lattice of PSLo(RR); its limit set A is a Jordan circle (see the first image in Figure 2.4).
In [52], it was shown that many quasi-Fuchsian 3-manifolds obtained via bending constructions contain geodesic
planes whose closures are diffeomorphic to the closure of a geodesic in a closed hyperbolic surface times the real
line. Because geodesic closures in closed hyperbolic surfaces are known to be chaotic, the corresponding geodesic
planes in these hyperbolic 3-manifolds likewise exhibit chaotic behavior (see Figure 3.5).

4 Orbit closures in higher dimensions

4.1 Ratner’s theorem in finite volume In this section, we consider higher dimensional analogues of
convex cocompact rigid acylindrical hyperbolic 3-manifolds and present rigidity results for geodesic planes and
horocycles. We begin by recalling Ratner’s theorem on orbit closures of subgroups generated by unipotent
elements, which was a conjecture of Raghunathan.

THEOREM 4.1 ([68]). Let G be a connected linear Lie group and I' < G a lattice. Let U < G be a connected
closed subgroup generated by unipotent elements. Then for any x € T\G, the closure of xU is homogeneous:

xzU = zL

for some connected Lie subgroup L < G containing U.

For G = PSLy(C), the subgroup PSLy(R) is a maximal connected Lie subgroup of G, and hence Ratner’s theorem
yields a closed or dense dichotomy for PSLa(IR)-orbits in I'\ PSLy(C) when T is a lattice. This special case was
also proved independently by Shah [75], following earlier ideas of Margulis [48], and Dani-Margulis [12] in their
work on the Oppenheim conjecture on values of quadratic forms.

Classifications become more subtle as the acting subgroup U becomes smaller, since more orbit-closure
possibilities can arise. The most delicate and essential case of Ratner’s theorem is when U is a one-parameter
unipotent subgroup. For geometrically finite rigid acylindrical hyperbolic 3-manifolds, a classification of orbit
closures for a one-parameter unipotent subgroup U < PSLy(C) was obtained in [51] for convex cocompact groups
and extended in [32] to geometrically finite groups. In dimension two, the analogous classification had already
been established much earlier by Hedlund [27] and by Dal’bo [10].

4.2 Ratner-type rigidity in hyperbolic manifolds with Fuchsian ends In joint work with Lee [43],
we considered convex cocompact hyperbolic d-manifolds with Fuchsian ends for any d > 4 and proved an analogue

5That is, a Cantor set with no gaps that are disproportionately large at any scale.



of Ratner’s theorem on their frame bundles. Let H? denote the d-dimensional hyperbolic space with boundary
OHY = S9! and let

G :=S0(d,1)° = Isom™ (HY).
Any complete hyperbolic d-manifold can be written as M = I'\H¢ for a torsion-free discrete subgroup I' < G.
The limit set A of I and the convex core of M are defined exactly as in the three-dimensional case.

DEFINITION 4.2. A convex cocompact hyperbolic d-manifold M is said to have Fuchsian ends if the boundary
of its convex core is totally geodesic.

Figure 4.1: Limit set of a convex cocompact hyperbolic 4-manifold with Fuchsian ends

The term Fuchsian ends reflects the fact that each component of the complement M —core(M) is diffeomorphic
to the product S x (0, 00) for some compact hyperbolic (d — 1)-manifold S. For d = 2, every convex cocompact
hyperbolic surface has Fuchsian ends. For d = 3, these are precisely convex cocompact rigid acylindrical hyperbolic
3-manifolds. For d > 4, such manifolds are infinitesimally rigid, in contrast to the cases d = 2,3: the inclusion
I' —» G admits no non-trivial local deformations [30].

Let A be the one parameter diagonalizable subgroup of G generating the frame flow. The renormalized frame
bundle of M is the set of all frames whose A-orbit connects pair of limit points; equivalently,

RFM = {z € T\G : zA is bounded}.

This set captures all the non-trivial dynamics of A-action on I'\G. The following joint work with Lee provides an
analogue of Ratner’s theorem:

THEOREM 4.3 ([43]). Let M be a convex cocompact hyperbolic d-manifold with Fuchsian ends with d > 2.
Let U < G be any connected closed subgroup generated by unipotent elements, normalized by A. Then for any
x € RF M, the closure of xU is relatively homogeneous:

(4.1) zUNRFM =zLNRF M

for a connected closed subgroup U < L < G such that xL is closed.

From this, one can deduce the classification of the entire orbit closure zU, not just its intersection with RF M:
indeed,

2U = zL N (RFM)U,
and the structure of (RF M)U is well-understood.

To highlight a new ingredient in the proof of Theorem 4.3 in higher dimensions, consider a one-parameter
unipotent subgroup U, and suppose that xU is not contained in any closed orbit L of a proper intermediate
subgroup U < L < G. In this situation, one must show that U N RF M is dense in RF M. The obstruction
arises because the thick recurrence of zU to RF M may keep the orbit too close to the singular set, which is the
union of all intermediate closed orbits. The key technical tool is an infinite-volume analogue of the Dani-Margulis
avoidance principle for the singular set ([13]), combined with a delicate inductive scheme that incorporates both
the dimension of the maximal unipotent subgroup of the acting group and certain equidistribution statements.



Roughly speaking, the avoidance principle in this setting asserts that unipotent flows return to RF M in such
a way that, during thick recurrence times, they remain at a definite distance from every compact subset of the
singular set (see [43], [57]).

4.3 Rigidity of horocycles As a geometric consequence of the orbit-closure classification for one
dimensional unipotent subgroups, we obtain the rigidity of horocycles. A horocycle in M = T'\H¢ is an
isometrically immersed copy of R with zero torsion and constant geodesic curvature equal to 1. In the upper
half-space model

Hd = {(l‘l,"' 7xd—17y) ‘Y > 0}7

a horocycle is either a horizontal line or a circle tangent to the boundary y = 0, and its image in M = I'\H“ gives
rise to a horocycle in M via the quotient map H? — M.

COROLLARY 4.4 ([43]). Let M be a convex cocompact hyperbolic d-manifold with Fuchsian ends with d > 2.
For any horocycle x C M, one of the following holds:

1. x =X is properly immersed; or
2. X is a properly immersed totally geodesic k-plane for some k > 2, up to tilting.

An immersed totally geodesic k-plane of M is the image of a totally geodesic immersion H¥ — M. The phrase
“up to tilting” means the following: a tilted copy of H* C H" is obtained by pushing H* a fixed distance along
its normal direction inside a (k + 1)-dimensional hyperbolic subspace. Tilting preserves the essential geometric
features relevant to our setting: horocycles are carried to horocycles, along with their closures. It is therefore
natural that Corollary 4.4 allows such tilting operations.

For a more expository perspective, we refer to [56], where the closure of a horocycle is portrayed as the journey
of a traveler through the hyperbolic world, and the rigidity theorem is compared to Kronecker’s classical theorem
on the closure of a line in a torus.

Figure 4.2: Sightseeing of a horocycle traveler in a hyperbolic manifold with Fuchsian ends

4.4 Rigidity of geodesic planes The next result shows that closure rigidity extends beyond geodesic
two-planes to all totally geodesic submanifolds of dimension at least two.

COROLLARY 4.5 ([43]). Let M be a convex cocompact hyperbolic d-manifold with Fuchsian ends with d > 3.
Then the closure of any totally geodesic submanifold of dimension at least 2 intersecting core M is a properly
immersed totally geodesic submanifold.

Remark 4.6. It seems unlikely that there exists an analogous class of locally symmetric manifolds in higher
rank where geodesic planes exhibit rigidity. Nevertheless, explicit higher-rank counterexamples to geodesic plane
rigidity have been constructed only recently, in joint work with Dey [14], using floating geodesic planes and bulging
deformations of Goldman.



4.5 Orbit closure of circles in higher dimensions Finally, to connect back with the orbit-closure
problem for circles from the previous section, we include the following description of T'-orbits of circles. As before,
let C denote the space of circles in the boundary S¢—1.

COROLLARY 4.7 ([43]). Let C € C be a circle intersecting A in more than two points. Then there erxists a
k-dimensional sphere S for some k > 1 such that

TC={DeC:DNA#0, DCTS}.

When d = 3, the only possible spheres are circles or C= S2, recovering the dichotomy described earlier. In higher
dimensions, circle orbits can accumulate on spheres of intermediate dimension, which reflects the richer geometric
symmetries available beyond dimension three.

5 Representation rigidity of Kleinian groups

5.1 Circular slices under quasiconformal conjugacy Figure 5.1 below illustrates how the limit set of
a geometrically finite rigid acylindrical Kleinian group I' transforms under a quasiconformal conjugacy f : C — C.

7Y
.

Figure 5.1: Limit sets under quasiconformal deformation

Clearly f is not conformal: f does not map all circles in C to circles. It is also not hard to see that f cannot
map any open collection of circles to circles. On the other hand, it is much less clear how many circular slices of
the limit set A can be mapped into circles under f. Denote by A the collection of all such circular slices:

(5.1) Ay = U {C NA:C c Cis a circle such that f(C N A) is contained in a circle} .

We call a point £ € Ay a conformal point of f; that is, £ € A lies on some circle C' such that f(C N A)
is contained in a circle. Our results show that these conformal points Af are negligible, both topologically and
measurably: Ay has empty interior in A, and, even more, it has zero ¢-dimensional Hausdorff measure, where
6 = dim A. This phenomenon is not isolated: it reflects a deeper principle of representation rigidity for Kleinian
groups.

5.2 Mostow-Prasad and Sullivan rigidity To formulate this principle precisely, we recall the rigidity
theorems of Mostow-Prasad and Sullivan. Let I' < PSLy(C) be a Kleinian group and consider the discrete and
faithful locus of its representation variety:

Raisc(I') := {p : T’ = PSL2(C) : p is discrete and faithful}.

For any g € Méb(@), the conjugation v — gyg~! defines an element of Ry;sc(I'). Such representations are precisely
those induced by automorphisms of PSLy(C); we call them algebraic representations. The Mostow-Prasad rigidity
theorem® states that lattices admit no other discrete faithful representations:

SMostow first proved this for cocompact lattices, and Prasad extended it to non-cocompact lattices.



THEOREM 5.1 ([55], [65]). If T' < PSLo(C) is a lattice, then every discrete faithful representation of T' is
algebraic.

We are therefore led to the infinite volume case. For finitely generated groups, there are two types of the
limit set by the Ahlfors measure conjecture, now a theorem proved through the works of Thurston, Canary, Agol,
and Calegari-Gabai on the tameness conjecture:

THEOREM 5.2 (Ahlfors measure conjecture). Let I' < PSLy(C) be finitely generated. Then
A=C or Leb(A)=0,

where Leb denotes the Lebesgue measure of C.

For finitely generated groups I' with A = C, Sullivan established the quasiconformal rigidity of T [78]. Define
the Teichmiiller space of I as the space of quasiconformal deformations:

T(T) = {p € Raisc(T) : there exists a p-equivariant quasiconformal homeomorphism of (E}

Quasiconformal deformations played an essential role in Mostow’s proof of rigidity, which proceeds in two steps.
For any lattice I' < PSLy(C),

1. every p € Raise(I) yields an equivariant quasiconformal homeomorphism of C, so Rajse(T) = T(T);
2. every such homeomorphism is in fact M6bius, so T(I') = {algebraic representations}.

Sullivan’s quasiconformal rigidity theorem states that the second step persists even in the infinite-volume
case, provided that A = C:

THEOREM 5.3 ([78]). If ' is finitely generated with A = @, then any quasiconformal deformation of T is
algebraic.

In fact, Sullivan proved that for any finitely generated I' and an equivariant quasiconformal homeomorphism f of
C,

(5.2) f conformal on © = f is Mdbius.

Although the Ahlfors measure conjecture was not yet proved at the time, it is now known by combining it
with the measurable Riemann mapping theorem that the statement (5.2) is only meaningful when A = C.

5.3 Quasiconformal rigidity via conformality on the limit set We now turn to the case when A # C.
In this situation, by the Ahlfors finiteness theorem, T'\Q? is a finite-type Riemann surface, and the Teichmiiller
space T(I') modulo conjugation is as large as the Teichmiiller space of I'\Q ([47], [49]). Hence one cannot expect
an analogue of Theorem 5.3. It is therefore natural to ask for a criterion ensuring that p € T(T") is algebraic.
Taking a cue from Sullivan’s theorem (5.2), we are led to ask whether

f is "conformal on A" = f is Mobius.

When Leb(A) = 0, the analytic notion of conformality does not make sense on A. The following joint result with
Kim introduces a natural geometric substitute.

THEOREM 5.4 ([34]). Let T’ be a Kleinian group such that Q has at least two components. Let f be a T-

equivariant quasiconformal homeomorphism of C. Suppose that neither A nor f(A) is contained in a circle. If f
s conformal on A, in the sense that

for any circle C C C, f(C NA) is contained in a circle,

then f is a Mobius transformation.

The theorem requires only that f maps circular slices of A into circles, not that it sends entire circles to circles
(see Figure 5.2). Sullivan’s theorem (5.2) covers the case A = C, while Theorem 5.4 provides the natural analogue
when A # C. Taken together, they show that any quasiconformal conjugacy that is conformal on the “visible part”
of the dynamics must be M&bius. The theorem applies broadly, for example, to all geometrically finite groups

with connected limit set, which include all acylindrical and quasi-Fuchsian groups, but not Schottky groups.



Figure 5.2: Conformal points for f

5.4 Rigidity via boundary maps on the limit set We now present a stronger version that applies to
any discrete faithful representation p € Rgise(I') admitting a boundary map. By a boundary map, we mean a
p-equivariant continuous embedding f : A — @; it is unique when it exists. If both T' and p(T") are geometrically
finite and p is type preserving”, then p admits a boundary map, as shown by Tukia. Unlike the boundary map of
a quasiconformal deformation, which extends to all of C, this map is defined only on A in general.

Figure 5.3: The boundary map

In joint work with Kim, we obtained the following topological rigidity criterion, formulated in terms of the
union Ay of all circular slices of A that are mapped to circles by f (see (5.1)).

THEOREM 5.5 (Topological criterion [34]). Let T be a Kleinian group such that Q has at least two components.

Let p € Raise(T) and f: A — C be its boundary map. Suppose that neither A nor f(A) is contained in a circle.
Then

either Ay =A or Ay has empty interior in A.
In the first case, f extends to a Mdbius transformation and p is algebraic.

Since the cross-ratio of four points of C is real precisely when the four points lie on a circle, this yields a
rigidity criterion expressed purely in algebraic terms.

COROLLARY 5.6 (Cross-ratio rigidity [34]). Let f : A — C be a boundary map for some p € Raisc (). If
f sends every quadruple of points in A with real cross-ratio to another quadruple with real cross-ratio, then f
extends to a Mébius transformation.

Inspired by the Ahlfors measure conjecture, we also obtain a measure-theoretic criterion:

THEOREM 5.7 (Measure theoretic criterion [36]). Suppose in addition that T' is geometrically finite and p is
a type-preserving geometrically finite representation. Then

either Ap=A or v(A;)=0

7That is, it maps loxodromic (resp. parabolic) elements to loxodromic (resp. parabolic) elements.



where v is the unique T'-geometric measure on A (see Theorem 2.8). In the first case, f extends to a Mdbius
transformation and p is algebraic.

In short, preservation of circular structure on the limit set acts as a rigidity principle: once it holds on a large
enough set, the representation must be algebraic.

5.5 Diagonal dynamics on the self-joining quotients These rigidity theorems are proved using the
ergodic theory of diagonal flows on quotients of PSLy(C) x PSLy(C) by discrete subgroups called self-joining
groups. For p € Raisc(T), define the self-joining

(5.3) Iy =(@{dx p)(T) ={(7,p(7) : 7 €T} <G.

Figure 5.4: Self-joining of two hyperbolic 3-manifolds

A basic but key observation is that
(5.4) p is algebraic if and only if ', is not Zariski dense in PSLy(C) x PSLy(C).

Our rigidity theorems are obtained by showing that the conformality of f on A obstructs the Zariski density
of I',. While Mostow’s rigidity theorem relies on the ergodicity of diagonal flows on I'\ PSLy(C) with respect
to the Haar measure, our approach uses the ergodic theory of diagonal flows on the higher-rank quotient space
I',\ PSLy(C) x PSLy(C). The Furstenberg boundary of H? x H? is now C x C and the limit set of I'yin CxCis
given by
— (6, £(€) €€ A},

Define
R, = {[(91,92)] € L\G (gitvgg:) € Ap}

where gii € C are visual images of g;. One may view R, as the renormalized frame bundle of the higher-rank
manifold I',\ (H? x H?). For each non-zero vector u = (uj, us) € R?, the one-parameter diagonal subgroup

eult/Q 0 eth/2 0
Au = {atu = (( O e_ult/2> ) < O e_u2t/2>) :t e R}

acts by right translations on R,. Unlike in rank one, where there is a single diagonal flow, the dynamics of A,
in rank two depend crucially on the direction u. The proof of Theorem 5.5 relies on the fact that if I', is Zariski
dense, then for some u = (u1,u2) with uq,us > 0, the A,-action on R, is topologically transitive, i.e., it admits
a dense orbit ([11], [9]). The proof of Theorem 5.7 for I" further uses the ergodicity of this action with respect to
the higher rank Bowen-Margulis-Sullivan measure m5™5 on R, [8], which will be discussed further in section 8.



5.6 A higher-rank perspective on Mostow rigidity The self-joining perspective also suggests a new
approach to Mostow’s rigidity theorem: if I' < PSLy(C) is a lattice, then for every p € Raisc(I'), the group I',
cannot be Zariski dense in PSLy(C) x PSLy(C). Let f : C — C be the p-boundary map, which is a quasiconformal
homeomorphism of C with nonzero Jacobian at Lebesgue-almost every point. Hence the Lebesgue measure on C
is absolutely continuous with respect to the push-forward f,. Leb. That this forces p to be algebraic was already
observed by Sullivan [79] using the ergodicity of geodesic flow on T'\H?. In joint work with Kim [35], we provided
a different proof using higher-rank Patterson-Sullivan theory for I',. More precisely, if I', were Zariski dense,
then ergodic properties of horospherical subgroup actions on I',\G as in ([41], [35]) would imply that the two
pushforward measures

(f7! xid),Leb and (id xf), Leb

on C x C -which arise as Patterson-Sullivan measures of I',, as in (8.1)- must be mutually singular. This, in turn,
shows that f, Leb is singular to the Lebesgue measure, contradicting absolute continuity. Therefore I', cannot be
Zariski dense, and hence p is algebraic.

6 From circle-counting to torus-counting

6.1 Torus packings arising from quasiconformal deformations In Theorem 2.7, we presented a circle
counting result for a locally finite circle packing P consisting of finitely many I'-orbits of circles. In this section,
we present an analogous result for torus packing. By a torus in C2, we mean a pair of circles T = (Cy, C5). Let
T denote the space of tori in C2. The volume of T' € T is defined as

vol(T) = rad(Cy) x rad(Cy).

The main results from Sections 3 and 5 provide natural collections of torus packings to which our counting
theorem applies.

THEOREM 6.1. Let I' < PSLo(C) be a convex cocompact rigid acylindrical group. Let f be a p-equivariant
quasiconformal homeomorphism of C for some p € T(T') that is not algebraic. Define

P ={(C,f(C)) € T : #(CNA) > 2}.

Then P is a finite union of closed T ,-orbits of tori. In particular, P is locally finite®.

Proof. Since A is a round Sierpinski carpet, the condition #C N A > 2 means either C C A or C separates
A. Circles of the first type form finitely many closed I'-orbits of circles by Theorem 3.5. If I'C' is closed, then
circles in I'C accumulate only at radius 0, and since f is quasiconformal, the same holds for f(C). Therefore it
suffices consider P* = {(C, f(C)) € T : C € Cx}. By Theorem 3.3, the set {C' € Cj : f(C) € C} is either dense or
a finite union of closed I'-orbits. In the first case, f maps a dense collection of circles in Cp to circles, and hence
by continuity, f(Ca) C C. By Theorem 5.4, f would then be Mébius, contradicting the hypothesis. Therefore the
set {C € C} : f(C) € C} is a finite union of closed I'-orbits. By the p-equivariance of f, this implies the claim. O

T=(CHC)

Figure 6.1: Torus

In joint work with Edwards and Lee, we have proved the following torus-counting theorem:

8That is, for any bounded B C C? and e > 0, there are only finitely many tori in P with volume at least e that intersect B.



THEOREM 6.2 ([20]). Let P be the torus packing from Theorem 6.1. Then there exist constants ¢y > 0 and
05 > 0 such that as t — oo, we have

#{T € P:vol(T) > 1} ~cp - %7,

Moreover, there exists a locally finite Borel measure wy on the set {(&, f(€)) € C* : £ € A} such that for any
bounded region R C C? whose boundary is a piecewise algebraic subvariety,

#{T eP:vol(T) > 1, TNR#0D} ~cs-wp(R) %7,

6.2 Higher dimensional torus packings via self-joinings For n > 1, an n-dimensional torus packing
in C™ is a countable collection of n-dimensional tori T = (C4,--- ,C,) with C; € C. Let T' < PSLs(C) be a convex
cocompact, Zariski dense Kleinian subgroup, and let p = (p1,- - - , pr) be an n-tuple of faithful, convex cocompact,

Zariski dense representations of " into PSLy(C) with p; = id, and assume that no two p; are conjugate in Mob(C).
The self-joining of T’ via p is the following discrete subgroup of G = []}_; PSLy(C):

ry = ([Le@ = (0. pu() 17 €TY

Let f = (f1, -+, fn) where f; : A — A, () is the p;-boundary map. In the following torus-counting result,
obtained jointly with Edwards and Lee, we consider torus packings arising from these boundary maps. We do
not assume that f;(C7) is a circle, but only that f;(Cy N A) is contained in a circle C;.

THEOREM 6.3 ([20]). Let P be a locally finite torus packing consisting of finitely many T ,-orbits. Suppose
that P is f-admissible, meaning that for any (Ci,---,Cy) € P,

fi(CinA)=Cin fi(A) foralll <i<n.

Then there exist a constant 0 < cp < oo and a locally finite Borel measure w, on ([, fi)(A) N C"™ such that for
any region R C C™ enclosed by a piecewise real algebraic subvariety,

#{T € P:vol(T) > 1, TﬁR#@}NC”p'wp(R)'tép“'OI ast — oo

where vol(T') = []}"_, rad(C;) and

1 - 2 .
0 < 8, vol = limsup - lo el dpi(v)o,0) <t} < —, oeH.
povol = lim sup - log {5 ; (pi()0.0) < 1} <

6.3 The exponents in torus counting The appearance of the particular exponent J, o1 in the above
theorem is genuinely a higher rank phenomenon. In the circle counting theorem, there was only one relevant
exponent, namely the the critical exponent of a Kleinian group I" with respect to the hyperbolic metric. In
higher rank, however, the exponent depends on how the tori are ordered in the counting problem. In Theorem
6.3, ordering the tori by their volume leads to the exponent d, o1, which differs from the Riemannian critical
exponent of I',. For instance, if we replace vol(T') by [[rad(C;)" with x; > 0, then J, o1 is replaced by

limsup,_, 1 log#{y € T': X1 | kid(p;(y)o,0) < t} [20].

6.4 Anosov subgroups and local mixing The convex cocompact hypotheses on p in Theorem 6.3 ensure
that the self-joining I', belongs to the important class of Anosov subgroups of G. Roughly speaking, Anosov
subgroups are higher-rank analogues of convex cocompact Kleinian groups, characterized by strong geometric
and dynamical stability properties (see 8.5 for a precise definition). The local mixing of diagonal action on the
Anosov quotients I',\G is the main tool in the proof. Local mixing is a fundamental phenomenon in homogeneous
dynamics in infinite volume and will be discussed in detail in the next two sections. The analogue of Theorem
6.3 for self-joinings of general geometrically finite groups remains open, with the main obstacle being the absence
of a local mixing theorem in this broader setting.



7 Matrix coefficients and Mixing in rank one infinite volume In the next two sections, we discuss
mixing for diagonal subgroups in quotients of G = [[;_, SO(d,1)® with d > 2 and n > 1. The case of n = 1,
treated in this section, corresponds to the frame flow on a hyperbolic d-manifold. Our discussion proceeds in
three steps:

e [ocal mizing which captures renormalized correlation in infinite volume;
e cxponential mizing which provides exponential rates of decay; and

e uniform exponential mixing over congruence covers, with number-theoretic consequences including applica-
tions to the affine sieve.

7.1 What is local mixing? Let G be a connected semisimple real algebraic group and I' < G be a discrete
subgroup. Let dz denote a G-invariant measure on I'\G and write Vol(S) for the volume of a subset S C T'\G
with respect to dx. Let {a: : t € R} be a one-parameter diagonalizable subgroup of G. In simple terms, mixing
concerns the distribution of Oa; as t — +oo for a bounded open subset @ C T\G. When Vol(T'\G) = oo, the
Howe-Moore theorem on decay of matrix coefficients [28] implies that for any bounded subset B C T'\G,

lim Vol(Qa: N B) =0,
t—+o0

which by itself yields no meaningful distributional information. The natural question is whether one can
renormalize this quantity to obtain a nontrivial measure describing the asymptotic distribution of Oa;. More
precisely, one seeks a locally finite Borel measure g on I'\G such that for any bounded subsets By, B, C T\G
with boundaries of volume zero,

Vol(@at ﬂBl) - [L(Bl)

(7.1)

150 Vol(Oaz N Ba)  1u(Bs)

whenever p(Bs) > 0. This question can be formulated in terms of matrix coefficients of the quasi-regular
representation of G on L?(I'\G, dz). For fi, fo € C.(I'\G), the corresponding matrix coefficient is the correlation
function:

g (g.-f1, f2) = /F\G fi(zg) fa(x) dx.

DEFINITION 7.1. The action of {a;} on (I'\G,dz) is called local mizing if there exists a proper function
® :R>g — R and locally finite Borel measures i1, o on T\G such that for any fi, fa € C.(I'\G),

(72) lim (I)(t)<at.f1,f2> :/f1 d,ul-/fg d/,LQ.

t—+oo

When @ is a constant function and duq(z) = dus(z) = dx, local mixing becomes the usual notion of strong

mixing. The term local indicates that we consider only compactly supported test functions so that their integrals

with respect to any locally finite measure are well-defined. Note that (7.2) implies (7.1) holds with p = p;.
Roughly speaking, the renormalization function ®(t), if exists, should satisfy that for an open subset O C G,

Vol(Oa;O)
#(F n OatO)
this can be deduced by taking f to be the characteristic function of T\I'O. Therefore, the growth rate of I' in the

direction of the one-parameter subgroup {a;} determines ®(¢). The notion of local mixing was formally introduced
in [58], where it was proved for the frame flow on abelian covers of convex cocompact hyperbolic manifolds.

D(t) ~ as t — +00;

7.2 Local mixing of frame flow in geometrically finite hyperbolic manifolds Let G = SO(d, 1)° =
Isom™ (H?) with d > 2, and I < G be a discrete subgroup. Write M = I'\H<.

Let A = {a; : t € R} be a one-parameter diagonal subgroup of G, which is unique up to conjugation, and set
AT = {a; : t > 0}. Fix a maximal compact subgroup K < G so that the Cartan decomposition G = K AT K holds,
and let M denote the centralizer of A in K. Through the identifications T (M) ~ I'\G/M and F(M) ~ T'\G, the
right translation action of A on I'\G/M corresponds to the geodesic flow, while the action on I'\G corresponds
to the frame flow. The following local mixing theorem was proved by Roblin for the geodesic flow and by Winter
for the frame flow.



THEOREM 7.2 ([69], [83]). Let T < G be a geometrically finite and Zariski dense subgroup. For any
f1, f2 € C.(T\G), we have

1
: (d—1-6)t _ BR . BR«
tilglooe <at~flaf2> - ‘mBMS|m (fl) m (fQ)a
where mPR and mBR+ denote the stable and unstable Burger-Roblin measures, respectively.

7.3 Burger-Roblin measures Let o € H? be a point with stabilizer K. Let v, denote the Patterson-
Sullivan measure on A and m, the K-invariant measure on 0H? = S?~!. As in dimension 3, we use the Hopf
parameterization T'(H?) = {v = (vF,v™,t = B+ (0,v)) : vF € S¥~'}. In these coordinates, the Burger-Roblin

measure mPR is induced from the T-invariant measure on T*(H?) given by

dThBR(v) = Bt (00) g(d=1)B, - (o) dvo(vT)dm,(v™)dt.

The key distinction from the Bowen-Margulis-Sullivan (BMS) measure is the use of m, at the backward endpoint
v~ instead of v,. This choice makes mP® invariant under the stable horospherical subgroup N = {g € G :
a_tga; — e ast — +oo}, that is, dmBR(zn) = dmPBR(x) for all n € N. In fact, mB® is the unique ergodic
N-invariant measure on I'\G not supported on a single N-orbit, up to scaling ([7], [69], [83]). It is always infinite
except when T' is a lattice. This measure was introduced by Burger in [7] and was further studied by Roblin
[69]. The unstable Burger-Roblin measure mPBR- is defined analogously, with the roles of g% interchanged, and
is invariant under the unstable horospherical subgroup N = {9 € G:aga_y — east— +oo}. It turns out
that Theorem 7.2 is equivalent to the strong mixing of the finite BMS measure ([1], [83]) via Roblin’s transversal
intersection argument (see [69], [60]). On the other hand, local mixing with respect to the Haar measure is often
more useful in equidistribution and counting theorems, since Haar measures are easier to handle under changes
of variables.

7.4 Exponential mixing in infinite volume By "exponential mixing", we mean exponential local
mixing, i.e. exponential error terms in the renormalized correlation asymptotics of Theorem 7.2. The discussion
splits into two cases, depending on the size of the critical exponent &, which reflects the L?-spectrum of the
hyperbolic manifold M = I'\H<. In fact, geometrically finite Kleinian groups can have critical exponent arbitrarily
close to 0 or to d — 1. Identifying L?(M) with the subspace of K-invariant functions in L?(T'\G), the asymptotics
of its matrix coefficients are tied to the L2-spectrum of the Laplacian. Denote by A the negative of the Laplace
operator on M. Combining results of Patterson, Sullivan and Lax-Phillips, one obtains:

TuEOREM 7.3 ([62], [77], [81], [40]). Let M =T\H? be a geometrically finite hyperbolic manifold.
o If 6 > %=1, then the bottom eigenvalue of A on L*(M) is simple and equal to Ao = 6(d — 1 —§), and there

are only finitely many eigenvalues of A in [Ag, (d_41)2).

o If6 < %, then the L?-spectrum of A is purely continuous.

Case § > %: In this regime, L?-spectral theory and unitary representation theory can be used to establish

exponential mixing. Let Ay = s;(d — 1 — s1) denote the second smallest eigenvalue of A in [Ag, (d_41)2), with

s$1 = % if there is no such eigenvalue, and define the spectral gap

7r := min(d — s1,1).

The following result with Edwards shows that for the geodesic flow, the exponential rate of local mixing is
determined precisely by the spectral gap nr.

THEOREM 7.4 ([22]). Let M be geometrically finite with § > %. There exists m € N (depending only on
G) such that, for any € > 0 and any f1, fo € Co(T\G)M = C.(T*(M)) with S™(f1),S™(f2) < o0,

1
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(7.3) tilgrnooe( Wap.fr, fo) = Wm (f1) - m>™ (f2) + O (6( mretS™(£)S (fg))
where S™(f;) denotes the L*-Sobolev norm of degree m.

In earlier joint work with Mohammadi [54], exponential mixing for the frame flow was established under the
assumption d > d — 2 with an error term controlled by a parameter depending on npr. Theorem 7.4 sharpens this
picture by showing that, for the geodesic flow, the rate is exactly nr itself.



Case § < %: In this range, the L2-spectrum of A is purely continuous, and spectral theory alone does not
yield exponential mixing. However, an argument of Pollicott [63] shows that the exponential mixing of the BMS
measure mPMS can be deduced from spectral bounds on the transfer operators associated to a Markov section for
the geodesic flow, via the Laplace transform of the correlation function. Dolgopyat introduced a powerful method
for obtaining such bounds for the geodesic flow on a compact negatively curved manifold, using a quantitative
non-integrability property of the stable and unstable foliations of the geodesic flow; this approach is now commonly
known as Dolgopyat’s methods [15].

For convex cocompact I, the geodesic flow on T* (M) admits a finite Markov section. Building on Dolgopyat’s
ideas, Sarkar and Winter proved exponential mixing for the frame flow with respect to m®MS with no restriction
on ¢ [74] (see also [76] for an earlier work on the geodesic flow).

For geometrically finite groups with cusps, the situation is more delicate since no finite Markov section exists.
In a major advance, Li and Pan [44] constructed a countable Markov section for geodesic flow in this setting and
established an exponential mixing by extending Dolgopyat’s method to suspension flows over countable shifts.
In joint work with Sarkar, they extended this result to the frame flow [45]. Independently, Khalil [31] obtained
a similar mixing property for the geodesic flow using a different approach based on anisotropic Banach spaces.
Combined with an effective version of Roblin’s transversal intersection argument ([61]), these results yield the
exponential local mixing for the Haar measure:

THEOREM 7.5 ([74], [45]). Let T < G be a geometrically finite Zariski dense subgroup. Then there exists
n > 0 such that for any f1, f2 on C.(T\G) with || f1]lct, || f2]lcr < oo,

(7.4) im0 o f ) = g™ () P () +O (e il fll)

t—+oo |

where || fil|c1 denotes the Ct-norm of f;.
Unlike Theorem 7.4, the error exponent 7 here is not explicit.

7.5 Uniform exponential mixing and application to the affine sieve In many arithmetic settings,
one needs exponential mixing estimates that hold uniformly over families of congruence covers. Establishing such
uniformity not only strengthens the dynamical picture but also yields important applications in number theory,
most notably through the affine sieve.

Selberg’s %—theorem about congruence covers for SLy(Z)\H? can be formulated in terms of uniform strong
mixing as follows: For ¢ € N, let I'; = {y € SL2(Z) : v = e (mod q)} be the congruence subgroup of level g.

Then for any € > 0, we have that for any f1, fo € C.(I';\ SL2(R)),

1

(75) <at.f17 f2>L2(Fq\SL2(R)) = WmHaar(fl) . mHaar(f2> +0 (e(—1/4+5)t82(f1)82(f2))
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where m1#* denotes the SLy(R)-invariant measure on I';\ SL2(R) induced from dz. The crucial point is that the
exponent i is uniform over all ¢ and that % = i(l — %) The eigenvalue conjecture predicts that % should be
replaced by %

We describe an analogue of Selberg’s %—theorem for thin subgroups of G = SO(d,1)°. Let I' < G be a thin
group, i.e., I' is a Zariski dense subgroup of an arithmetic subgroup G(Z) of infinite index. For each g € N, write
I', < T for its level ¢ congruence subgroup. The expander machinery of Bourgain-Gamburd-Sarnak ([4], [5]) and
its generalization by Golsefidy-Varju [25] show that if § > %, there exists a finite set of primes S such that the

family F := {T'; : q is square-free with no factors in S} has a uniform spectral gap:

(7.6) nF = Fiqféff{ts —s1(q),1} >0,

where s1(q)(d—1—s1(g)) is the second smallest eigenvalue of A on L?(T,\H¢). Together with this, Theorem 7.4
implies:

THEOREM 7.6 ([21]). If 6 > %, the family of geodesic flows over I'y € F is uniformly exponentially mizing:
for any € > 0 and any f1, f2 € Co(T,\G)M,

t—+o00
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lim e(d=1 6)t<at~f17f2>L2(I‘q\G) = mmBR(fl)'mBR (f2) + O (e( nrte)tg (f1)S (f2))



where mBMS | mBR and mBR+ on T ,\G are the measures induced from the corresponding fived ones on T'\G.

As before, when ¢ < %, the L2?-spectral approach no longer applies. For the surface case (d = 2), Winter
and the author established uniform exponential mixing by combining the Bourgain-Gamburd-Sarnak expander
machinery and Dolgopyat’s method [61]. Sarkar extended these arguments to higher dimensions d > 3, using the
results in [74] and [45]. As in the general exponential mixing theorem Theorem 7.5, the error exponent 7 in this

setting is not explicit.

THEOREM 7.7 ([61], [73], [72]). The family of frame flows over I'y € F is uniformly exponentially locally
mizing: there exists n > 0 such that for any fi, f2 € C.(T,\G),

. —1- 1 . -
tim i, i) = Lo () mP (2) 4 0 (e filler | fallen)

t—+4o00 |

These uniform exponential mixing results form a key dynamical input for counting orbital points with almost

prime coordinates with respect to the archimedean norm (cf. [37], [54]), one of the central themes of the affine
sieve developed by Bourgain—Gamburd—Sarnak.

COROLLARY 7.8. Let Q(z1, - ,x441) be an integral quadratic form of signature (d,1) with d > 2. Let T" be a
geometrically finite and Zariski dense subgroup of SOg(Z). Let wo € Z4H1; when d = 2, assume that Q(wg) < 0.
For any norm || - || on R4t and 1 <r < d+ 1, we have for all T > 1:

1. #{x cwol: ||x|| < T, xj is prime for all j =1,--- 1} K %;

2. For some R> 1, #{x € wol': ||x|| < T, x1 -2, has at most R-prime factors} > %.
This result generalizes a theorem with Kontorovich from [37] that for any bounded integral® Apollonian circle

packing P, the number of circles of prime curvature (=reciprocal of radius) at most T satisfies

oA

T
#{C € P : curv(C') prime at most T} < Iog

forall T >1

(see Figure 1.1). Here, quadruples of curvatures of four mutually tangent circles correspond to points in an
I'p-orbit on the zero locus of the Descartes quadratic form.

In summary, uniform exponential mixing provides the dynamical engine of the affine sieve, forging a bridge
between dynamics on hyperbolic manifolds and distribution of almost primes in orbits.

8 Matrix coefficients and Mixing in higher-rank infinite volume We now turn to the higher-rank
setting, where the main difference from rank one is that the required renormalization depends on the direction of
the diagonal flow.

8.1 Local mixing for self-joining quotients Let
G=G; x--xG,, G;=50(d,1)°.

The rank of G is n; hence n > 2 corresponds to higher rank. Let I' < SO(d, 1)° be a Zariski dense discrete
group, and let p1,p2,---, pn be discrete faithful representations of T' into SO(d, 1)°, where p; is the inclusion
map. Consider the self-joining of I' via p = H;i=1 Dit

n

T, =([Ir)@ ={(p1(7),-+ ,pu(3)) ¥ €T} < G.

i=1

We study the dynamics of diagonal flows on the quotient I',)\G. The maximal connected diagonalizable subgroup
A < G is of the form
A= {au = (aula"' 7au") U= (ula" . 7un) S Rn}

where {a; : t € R} is a one-parameter diagnolizable subgroup of SO(d,1)°. Let a ~ R™ be the Lie algebra of
A with positive Weyl chamber a™ = {u = (u1,-++ ,uy) : u; > 0 for all i}. For each non-zero u € a*, define the
one-parameter subgroup

A, ={ay : t € R}



Figure 8.1: Limit cone and a ray in its interior for n = 2

The dynamical behavior of A,-action on I',\G depends strongly on the direction u. The set of directions
where non-trivial dynamics occur forms the limit cone of I',, introduced by Benoist:

ﬁp = {kﬁ_{rgotkuk cat: tr — 0,ug € /A(Fp)}

where u(T',) = {u(v,) = (d(p1(7)0,0),- -+ ,d(pn(7)0,0)) € at : v € T'} is the Cartan projection of I',. Benoist
proved that if I', is Zariski dense, its limit cone £, is a convex cone with non-empty interior [2].
Another essential tool is the growth indicator ¢, : a* — R of I',, introduced by Quint [67]. For u € a™,

= inf
() 1= ol nf e

where C ranges over all open cones containing u and 7¢ is the abscissa of convergence of the series
Zvel‘,u('yp)ec e~ tIne)ll Quint proved that 1), is upper semi-continuous, concave, and £, = {¥, > 0}. In

higher rank, it records how the growth rate of I'p-orbit in [}, H¢ varies with the chosen direction.
For the rest of this section, we suppose that

each p; is convex cocompact and that no two p; are conjugate in Isom(Hd).

In joint work with Edwards and Lee, we established the following local mixing theorem for directional flows.

THEOREM 8.1 ([19]). For any u € int L, there exists k, > 0 such that for all fi1, fo € Co(T'\G),

lim ¢ D/2et o)W (g, f1) fo) = Ky - mER(f1) mER=(f2)

t—+o0 Y
where o(u) = uy + -+ - +u, is the sum of all positive roots of (g,a) and mBR and mER~ are the stable and unstable
Burger-Roblin measures on T'\G associated to u.

For counting results such as Theorem 6.3, one needs not only asymptotics along a fixed direction but also
uniform control of across all directions in a®. A linear form v € a* is said to be tangent to the growth indicator
Y, at u € at if ¢ > ¢, and ¢(u) = ¢¥,(u). In the setting of Theorem 8.1, the growth indicator v, is strictly
concave and analytic in int £, ([67], [70], [64]). As a consequence, there exists a unique tangent form , at u.
The positive Weyl chamber a* admits the parametrization

R>o x kerypy — a,  (t,w) — tu+ Viw.

THEOREM 8.2 ([19], [18]). Letu € int L,. For any f1, fo € Cc(T'\G) and w € ker 1),

lim (D2 V) (T BROf ) BR- (1)

t—+o0

2 2
where I(w) = % for some inner product (-,-). on a. Moreover, the left-hand side is uniformly bounded

by a fized constant multiple of e~ '™) for all sufficiently large t.

9this means that curvatures of all circles in P are integers.



8.2 Burger-Roblin measures in higher rank We explain the Burger-Roblin measures mE® and

mBR+as introduced in [19]. The Furstenberg boundary of G is F = [[S?"!, and the limit set of I, is
A, = {& = (f1(6), -, fu(&) + € € A} where f; denotes the p;-boundary map. Fix o € [[H? and let
K = Stabg(o). For any linear form ¢ € a* tangent to ¢, at some u € inta™, Quint constructed a higher

rank analogue of Patterson-Sullivan measure, a measure supported on A, satisfying

dysv
dv

(8.1) (&,) = e¥PBen(©79)  for all 4, € T,
where 3 is the a-valued Busemann map [66]; it is called a (I",, ¥)-Patterson-Sullivan measure. Under the hypothesis
of Theorem 8.1, there exists a unique (I',, 9, )-Patterson-Sullivan measure, denoted v, and for different directions,
these measures are mutually singular [41].

Let M be the centralizer of A in K, m, the K-invariant probability measure on F, and ds the Lebesgue

measure on a. The Burger-Roblin measure mB® is induced from the following I'-invariant measure on G/M:

dﬁz]ugR(g) = ¥u(Bg+(0.9(0))) o(B,-(0,90)) dvy(gH)dme (g7 )ds;

where g* = (9T, ,¢F) and s = B4+ (0, go) € a. This measure mS® is an N-invariant ergodic measure where N
is the stable horospherical subgroup for A, ([41], [42]). Unlike the rank one convex cocompact case, where the
BR-measure is the unique N-ergodic measure on I'\ SO(d, 1)° not supported on a closed N M-orbit, in higher rank,
one obtains a continuous family of N-ergodic measures on I',\G parametrized by directions in int £,. They yield
all N-ergodic measures supported on the set of directionally recurrent points [39]. It remains an open question
whether these measures exhaust all possible N-ergodic measures in I',\G, except for those supported on closed
N M-orbits. Similarly, the unstable Burger-Roblin measure mE®+ is defined by switching the roles of gt and g~
in the above formula.

8.3 Local mixing of Bowen-Margulis-Sullivan measures in higher rank The Bowen-Margulis-

Sullivan measure mEMS is the AM-invariant measure on I',\G induced from

dm]fMS(g) — %u(By+(0,90)) Yu(By—(0,90)) dvy(g)dvy (g™ )ds;
A crucial difference between rank one and higher rank is that in higher rank m2MS is an infinite measure. Hence
strong mixing does not make sense. Nonetheless, mEMS is A-ergodic ([42]) and the following local mixing result
was proved by Sambarino for the M-invariant functions and by Chow-Sarkar in general:

THEOREM 8.3 ([71], [9]). For any u € int L,, there exists k, > 0 such that for all fi, fo € C.(T)\G),

lim ¢(1/2 / fr(zag) fo(x) dmBMS (2) = Ky - mBMS (1) mBMS ().

t—+oo L\G

Theorem 8.1 is in fact deduced from this result via a higher rank version of transversal intersection argument.
If T is a normal subgroup of a convex cocompact Zariski dense subgroup I'y < SO(d,1)° with T'/Tg ~ Z"~!,

then in joint work with Pan [58], we proved that for all f1, fo € C.(T'\ SO(d, 1)°),

107 fi(war) fola) dmPMS(z) = k- mPMS(f) MBS fy)
t—+oo0 '\ SO(d,1)°

for some constant x > 0. The factor t("~1)/2 arises because the support of mBMS is the Z" !-cover of a compact
flow space, namely the renormalized frame bundle of I'g\H¢.

Likewise, the same factor in Theorem 8.3 reflects that the support of mPMS is an R™~!-bundle over a compact
flow space. A key structural property of m2MS for Anosov subgroups is that it decomposes as the product of a
rank one BMS-type measure on a compact space and the Lebesgue measure on the kernel of the linear form ,.
Letting A,(JQ) = (A, x A, —diag), the I ,-action on A,(32) xR given by v.(§,m,t) = (v€,yn, t+vu(Be (e, y)) is properly
discontinuous and cocompact. Hence ), := F\(A(pz) x R) is a compact metrizable space. The projection

A xa) = [(€n,)] = [0, 9u(v))]



defines a ker ¢,-vector bundle over Q, [71]. It follows from the work of Bridgeman-Canary-Labourie-Sambarino
[6] that the translation flow on €, is a metric Anosov flow, which is Holder conjugate to a reparameterization
of the Gromov geodesic flow associated to I'. This structure provides a Markov section on €2, and hence a finite
symbolic coding of the flow. Theorem 8.3 then follows from the control of the a-valued transfer operator on this
symbolic model by applying the Fourier inversion theorem to the correlation function.

8.4 Drunken bird vs. drunken person The vector-bundle structure yields a homeomorphism
T\(AP) x @) ~ Q x R™

which suggests an analogy with random walks on Euclidean spaces. In dimensions one and two, a random walk
almost surely returns home (a "drunken person"), while in higher dimensions, a "drunken bird" tends to fly off
to infinity. This leads to the following rank dichotomy, obtained jointly with Burger, Landesberg and Lee.

THEOREM 8.4 ([8]). Letu €intL,. The Ay-action on (I,\G, mEMS) is ergodic if and only if n < 3.

For example, if I' < G = SO(d, 1)° x SO(d, 1)° is a Zariski dense self-joining of a convex cocompact subgroup
of SO(d, 1)°, then the flow A4, on (I'\G, mEBM) is ergodic for any u € int £,. This ergodicity was one of the main
ingredients in the proof of Theorem 5.7.

Theorem 8.4 follows from a general Hopf-Tsuji-Sullivan type criterion for the ergodicity of the action of a one
parameter diagonal subgroup A, on I'\G, where G is a connected semisimple real algebraic group and I' < G

a Zariski dense discrete subgroup [8]. The ergodicity criterion relies on the measure being u-balanced, that is,

. f(f muBMS((’)lﬂ(Dlatu)dt

rl;r;ll SUP; 4o [T mBYS (02N 0zaz,)dt
eorem 8.3.

< oo for any bounded open subsets Oy, Oz. This condition is verified for I', by

8.5 Borel Anosov subgroups Let G = KATK be a Cartan decomposition. Recall that a finitely
generated subgroup I' < G is called Borel Anosov if there exists ¢ > 0 such that for all v € T,

a(p()) = eyl =

for all simple roots « of (g, a) where |y| denotes the word length of v with respect to a fixed finite set of generators
of ' and u(y) € a® is the Cartan projection of v, i.e., v € Kexp(u(y))K. This condition is stronger than
the quasi-isometric embedding property for the orbit map v — ~vo € G/K where K = Stab(o): it requires a
quasi-isometric type control for every simple root a. The class of Borel Anosov subgroups forms a distinguished
subclass of the general family of Anosov subgroups, since in general the Anosov property may be imposed relative
to any subset of the simple roots. Only in the Borel Anosov case does the associated dynamical system coincide
with the homogeneous space I'\G; for other types of Anosov subgroups, the relevant dynamical space is no longer
G-homogeneous. The notion of Anosov subgroups was introduced by Labourie for surface groups [38], extended
by Guichard-Wienhard for Gromov hyperbolic groups [26], and formulated in the general language used here by
Kapovich-Leeb-Porti [29].

Analogues of Theorems 8.2 and 8.3 hold for all Zariski dense Borel Anosov subgroups of a connected semisimple
real algebraic group G. In our setting, a self-joining I', is Borel Anosov if and only if all p; are convex cocompact
representations. This explains the hypothesis in Theorem 6.3 and in the other theorems of this section. A natural
question is whether these results extend to self-joinings of geometrically finite representations. More generally,
one may ask whether an analogous local mixing phenomenon holds for Zariski-dense relatively Borel Anosov
subgroups—viewed as higher-rank analogues of geometrically finite groups—just as Anosov subgroups generalize
convex cocompact ones in higher rank.

8.6 Rank-one vs. higher-rank contrast for L?-spectrum In rank one, as noted in Theorem 7.3, the
existence of an L?-eigenfunction at the bottom of the Laplace spectrum depends on the critical exponent . By
contrast, for a general semisimple real algebraic group G and any Zariski dense discrete subgroup I' < G, the
bottom of the L?-spectrum on I'\ X (where X is the associated symmetric space) is never an atom, equivalently,
there is no positive L?-eigenfunction of A. The only exception occurs in the product case: up to commensurability,
I' =Ty xI'y where I'y is a discrete subgroup of a rank one factor Gy and I's is a lattice in G with G = G1Gs. In
particular, if G is simple and of higher rank, then the bottom of L*(T'\X) is never an atom. This was shown in
joint work with Edwards, Fraczyk, and Lee [17]. These results naturally lead to the question of how the continuous



part of the spectrum behaves and, in particular, when the representation L?(I'\G) is tempered, meaning that all
K-finite matrix coefficients are L?*°-integrable for any € > 0.

Temperedness of L?(I'\G) is closely related to the orbital growth of I'. For Borel Anosov subgroups, it was
shown in joint work with Edwards [22] that L?(T'\G) is tempered (in which case we call I' tempered) if and only if
the growth indicator of I' is bounded above by the half-sum of all positive roots. More recently, Lutsko, Weich, and
Wolf [46] extended this growth-indicator criterion to all discrete subgroups and proved that L?(T'\G) is tempered
for any Borel Anosov subgroup (possibly except when the reduced root system of G is As), thereby confirming the
conjecture in [33]. Finally, in joint work with Fraczyk [24], we constructed Zariski-dense, non-tempered subgroups
in higher rank. In contrast to the rank-one setting, where non-tempered subgroups always give rise to an atom at
the base of the L2-spectrum, these examples show that in higher rank, non-temperedness can occur even without
such an atom—a phenomenon that appears to be genuinely higher-rank in nature.
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