DEFORMATIONS OF ANOSOV SUBGROUPS:
LIMIT CONES AND GROWTH INDICATORS

SUBHADIP DEY AND HEE OH

ABSTRACT. Let G be a connected semisimple real algebraic group. We
prove the continuity of limit cones along deformations of Anosov sub-
groups of G under a certain convexity assumption. This convexity
assumption turns out to be necessary. We discuss an application to
the notion of sharpness of an action of a discrete subgroup on a non-
Riemannian homogeneous space. We also obtain that growth indicators,
certain critical exponents and the Hausdorff dimension of limit sets vary
continuously in the space of Anosov representations.
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Let G be a connected semisimple real algebraic group. The limit cone of
a discrete subgroup of G is a fundamental object in the study of asymptotic
properties of discrete subgroups. Let a be a Cartan subalgebra of the Lie
algebra g of G and a’ C a be a closed positive Weyl chamber. Let

p:G—at

denote the Cartan projection map (see (2.1))). For any closed subgroup I' of
G, the limit cone Lr is the asymptotic cone of the Cartan projection p(I'):

Lr = {zlirgo t,;/i(’}/i) cat: ti = 0,v; € F}.
1
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This notion was introduced by Benoist [3]. It is a natural question whether
the limit cones of discrete subgroups vary continuously in the deformation
space. The main goal of this paper is to answer this question in the affir-
mative for Anosov subgroups under a certain convexity assumption. This
convexity assumption turns out to be necessary. We discuss an application
of this result to the notion of sharpness introduced by Kassel and Kobayashi
[19]. We also obtain that certain critical exponents, growth indicators and
Hausdorff dimension of limit sets vary continuously along deformations of
Anosov subgroups.

Anosov subgroups of G are considered as higher rank analogues of convex
cocompact subgroups of a rank one Lie group. They play an important role
in the study of higher Teichmiiller spaces ([24], [15]). Letting II be the set
of all simple roots of G with respect to a™, Anosov subgroups are defined
for every non-empty subset 6 of II: a finitely generated subgroup I' < G is
f-Anosov if there exists C' > 1 such that for all « € § and v € T", we have

a(u(y)) > C | - C

where || is the word length of v with respect to a fixed finite generating
subset of I'. By a Borel-Anosov subgroup, we mean a II-Anosov subgroup.
All Anosov subgroups in our paper are assumed to be non-elementary, i.e.,
virtually non-cyclic.

Limit cones vary continuously. For a finitely generated subgroup I' < G,
we denote by Hom(I', G) the space of all homomorphisms of I' to G. Let
C(a™) be the space of all closed cones in the positive Weyl chamber a*.
Both have natural topology (see and (3.2)). Let idr € Hom(T',G) be
the natural inclusion map from I' to G.

Let i : I — II denote the opposition involution of G (see (2.2))). For
6 C II, let Wy be the subgroup consisting of all Weyl elements of G fixing
the subspace ag = [),cr_g ker a pointwise. A closed subgroup I' < G is said
to be f-convex if the orbit Wyy;p)Lr under the adjoint action is convex in
a.

Theorem 1.1. Let G be a connected semisimple real algebraic group. IfI' <
G is a 0-Anosov and 0-convex subgroup for some 8 C II and has reductiveﬂ
Zariski closure, then the map

o+ [,U(p) € C(a+)

is continuous at idr € Hom(T', G).
Moreover, the continuity fails in general unless I' is 8-convez.

The continuity in Theorem [T.1] consists of two parts: lower semicontinuity
(Proposition and upper semicontinuity (Theorem [5.7). The reductive
Zariski closure hypothesis (resp. convexity hypothesis) is not required for
the upper (resp. lower) semicontinuity. On the other hand, many interesting

1A non-trivial algebraic subgroup of G is reductive if its unipotent radical is trivial



LIMIT CONES AND GROWTH INDICATORS 3

Anosov subgroups are known to have reductive Zariski closure (see [§] for
maximal representations, and [34] for Hitchin representations).

The failure of continuity in the absence of the convexity assumption is
discussed in section [7

We prove that the following examples satisfy the hypothesis of Theorem

[L.1] (see section [6)):

Corollary 1.2. Suppose one of the following:

(1) rank G = 2 and T is an Anosov subgroup of G;

(2) T is a Borel-Anosov subgroup of G;

(3) T is a 6-Anosov subgroup of G such that Ly is a convex cone con-
tained in ag gy for some 6 C 11;

(4) T is a non-elementary convex cocompact subgroup of a rank-one sim-
ple algebraic subgroup of G.

If ' has reductive Zariski closure, then the map o — Ly ) is continuous
at idr € Hom(I', G).

For the case (2), we do not need the reductive Zariski closure assumption
(Proposition. This case can also be deduced from the work of Breuillard
and Sert on continuity of joint spectrum [0, Theorem 1.7]. For a Zariski
dense Borel-Anosov subgroup, isomorphic to the fundamental group of a
closed negatively curved manifold, it was also proved by Sambarino using
thermodynamic formalism [33]. The case (4) was proved by Kassel [I§].
Our proof of Theorem [1.1]is completely different from [I§], [33] and [6] and
is based on the local-to-global principle of Morse quasi-geodesics, due to
Kapovich-Leeb-Porti [I7]. In fact, we deduce that the limit cone of a small
perturbation of a #-Anosov subgroup I' is contained in any #Ui(#)-admissible
cone containing L — {0} in its interior (Proposition [5.5). The §-convexity
assumption on I' is used to guarantee that Lp can be approximated by
6 Ui(0)-admissible cones (Lemma [5.4)).

We now discuss some applications of the upper semicontinuity of limit
cones (Theorem [5.7).

Sharpness is an open condition. For a closed subgroup H of G, a dis-
crete subgroup I' of G is called sharp for G/H if the limit cones of I" and H
intersect only at zero:

LrN Ly ={0}.

This important notion, introduced by Kassel-Kobayashi [19], arises in the
study of compact Clifford-Klein forms. If T' is sharp for G/H, then it acts
properly discontinuously on G/H ([4], [23]). Kassel and Tholozan proved
in their recent work [20] that if I" acts properly discontinuously and cocom-
pactly on G/H, then I is sharp for G/H. We have the following immediate
consequence of Theoremthat the sharpness for G/H is an open condition
in the following situation:
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Corollary 1.3. Let H < G be a closed subgroup. Let I' < G be a 0-Anosov
and 6-convex subgroup for some 0 C Il. If T' is sharp for G/H, then there
exists an open neighborhood O of idr in Hom(T', G) such that for all o € O,
o(I') is sharp for G/H.

When H is reductive of co-rank one in G, this corollary was proved in [20,
Corollary 6.3] without the convexity assumption. We refer to Proposition
(and Corollary for a more general statement which in particular gives
another proof of [20, Corollary 6.3].

Growth indicators vary continuously. Our proof of Theorem nat-
urally extends to the study of continuity of #-limit cones (Theorem [9.4]).
Using this, we show that #-growth indicators vary continuously in the de-
formation space of a 6-Anosov subgroup. This can be regarded as a higher
rank analog of the classical result that the critical exponents for the Rie-
mannian metric vary continuously (even analytically) in the space of convex
cocompact representations of a finitely generated group ([32], [2]).

In the rest of the introduction, we fix a non-empty subset § C II. Let
Py : @ — ag be the canonical projection invariant under Wy. Consider the
f-Cartan projection map

po=poop:G—ay

where a; = ag Na’. For a closed subgroup I' < G, its 6-limit cone E% is
defined as the asymptotic cone of ug(I"). When T is f-discrete in the sense
that ug|r is a proper map, the growth indicator %Q : a;' — RU{—00} is
well-defined (see Definition . It is —oo outside £, and non-negative on
EIQ: for v € EIQ,

e 1
Y (v) = |[of| inf limsup —log #{y € T': pp(7) € C, o (Il < T} (1.1)
veC Thoo T

where the infimum is taken over all open cones C C aj containing v and
|- |l is a norm on ag. Any discrete subgroup of G is I-discrete and ¥
was introduced by Quint [31]. This notion was extended to a general 6 in
[22]. The growth indicator 1% describes the exponential growth rate of T'
in all directions of a;, and hence is a higher rank version of the classical
Riemannian critical exponent in the rank one group. We denote by int Ei‘l the
relative interior of E% in ag. When I' is Zariski dense in G, Elg is convex and
has non-empty interior [3]. All §-Anosov subgroups are clearly 6-discrete.

Theorem 1.4. Let I' be a Zariski dense 8-Anosov subgroup of G. If o, —
idr in Hom(I', G), then

lim wgn(l“) (v) = ¢&(w)  for allv € int L%

n—oo

and the convergence is uniform on compact subsets of int Ei@.
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For a f-discrete subgroup I' < G, the following critical exponent is well-
defined: .
0 = limsup —log #{y € T+ [lg(7)]| < T}.
T—o0

If I is Zariski dense, then there exists a unique the maximal growth direction
uf. € af such that 6% = ¢2(ul) = max,cq, v=1 P2(v) (BI], 22]).

Corollary 1.5. If T' < G is a Zariski dense 0-Anosov subgroup, then the
maps
o> 5§(F) and o+ UZ(F)

are continuous at idr € Hom(T', G).

For a Borel-Anosov subgroup I' < G, isomorphic to the fundamental
group of a closed negatively curved manifold, Theorem and Corollary
m were proved by Sambarino [33]. Unlike his proof, our proof uses the con-
formal measure theory, inspired by the work of Sullivan [36] and McMullen
[27].

Analyticity of Hausdorff dimension. Let a; denote the space of all
linear forms on ay; this space can be identified with the space of all linear
forms on a that are pg-invariant. Let I' be a #-Anosov subgroup and let
AIQ be its #-limit set (see Definition . For ¢ € aj such that ¢ > 0 on
L2 — {0}, consider the premetric dy(&,1) = e~ ?9EM) for any € # 1 in A%,
where G denotes the a-valued Gromov product (see [LI], Section 5]). Let
dimg(A%) denote the Hausdorff dimension of A% with respect to dg. Using
the work of Dey-Kim-Oh [IT], Corollary 9.9] and a strengthening of the work
of Bridgeman-Canary-Labourie-Sambarino (Theorem [0.8)), we obtain:

Corollary 1.6. Let I' be a 0-Anosov subgroup with Elg convex (e.g., T is
Zariski dense). Let ¢ € a} be positive on L% — {0}. If D is an analytic
family of 0-Anosov representations in Hom(I', G), then

s analytic in D.

For those linear forms ¢ € aj which are non-negative on a;j — {0}, this
was obtained in [11, Corollary 9.13].

More general critical exponents. For any discrete subgroup I' < G and
a linear form ¢ € a* which is positive on Lr—{0}, we can define the ¢-critical
exponent 0 < dg1 < 0o by

: <
0 — Tim sup log#{y € I': ¢(u(v)) < T}
T—o0 T

Theorem 1.7. Let T" be a 0-Anosov subgroup of G such that Lr is a convex
cone contained in ag. Let ¢ € a* be such that ¢ > 0 on Lr —{0}. Then
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for all o € Hom(T',G) sufficiently close to idr, the critical exponent 0 <
0g,o(r) < 00 is well-defined and the map

0 = Og,0(r)
is continuous at idr € Hom(T', G).

The main point of this theorem is that the linear form ¢ € a* is not
required to be py-invariant.

Corollary 1.8. Let I and ¢ be as in Theorem[1.7]. Suppose that for some
sequence op, — idr in Hom(I', G) and k > 0,

sup ¥y, (ry(v) < kp(v)  for allv € at.

Then
Yr < Ko.

Denote by p the half sum of all positive roots of (g,a) counted with
multiplicity. The condition ¥r < p is equivalent to the condition that the
quasi-regular representation L?(I'\G) is tempered ([13], [26]). Corollary
applied to the linear form p states that if L?(o,(I')\G) are all tempered,
then so is L?(I'\G). This particular fact was proved in [I4] via the study
of matrix coefficients. But Corollary [I.§ offers a more detailed information
on the behavior of growth indicators as we are allowed to use more general
linear forms.

Acknowledgement. We would like to thank Misha Kapovich, Fanny Kassel,
Dongryul Kim, Eduardo Reyes, Max Riestenberg, and Kostas Tsouvalas for
useful discussions.

2. LIMIT CONES AND REDUCTIVE ZARISKI CLOSURE

Let G be a connected semisimple real algebraic group. Let A be a maximal
real split torus of G. Let g and a denote the Lie algebras of G and A,
respectively. Fix a positive Weyl chamber a™ C a. Fix a maximal compact
subgroup K < G such that the Cartan decomposition G = K(expa®)K
holds. For g € G, there exists a unique element u(g) = ug(g) € at such
that g € Kexp(u(g))K, called the Cartan projection of g. The Cartan
projection map

pw=pug:G—at (2.1)
is continuous and proper.

Let ®T = ®*(g,a) denote the set of all roots and II C ®* the set of all
simple roots given by the choice of a*. We denote by (-,-) and || - || the inner
product and norm on g respectively, induced by the Killing form. We use
the notation a' for the unit sphere in a. We denote by X the Riemannian
symmetric space G/K equipped with the metric d induced from (-,-). The
notation d(-,-) will denote both the left G-invariant Riemannian distance
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function on X, as well as the left G-invariant and right K-invariant distance
on G. We set o = [K] € X. We then have

[1(g)|l = d(go,0) forall g € G.

The Weyl group W is given by Ng(A)/Ck(A), where Ng(A) and Cx (A)
denote the normalizer and centralizer of A in K, respectively. The Weyl
group W acts on a by adjoint action:

w.v = Ady(v)

for w € W and v € a. Let i: a — a denote the opposition involution, that
is,

i(v) = —Ady,(v) forvea (2.2)
where wyg is the longest Weyl element. It induces the involution i : II — II
which we also denote by i: i(a) = aoi for all a € II.

Limit cone. The limit cone Lr = Lr g of a closed subgroup I' of G is
defined as the asymptotic cone of u(T'):
Lr = {limt;u(v;) €at :t; — 0,7 € T}

Since u(g~!) = i(u(g)) for all g € G, we have i(Lr) = Lr.

Any g € G can be written as the commuting product g = gng.g, where g,
is hyperbolic, g, is elliptic and g, is unipotent. The hyperbolic component
gn is conjugate to a unique element of the form exp(\(g)) where A\(g) € a™.
The element A(g) is called the Jordan projection of g. The Jordan projection

A:G —at
is continuous. For a closed subgroup I' of G, we denote by
el = i

the smallest closed cone of a* containing the Jordan projection A(T"). Since
AMg") = nA(g) for all g € G and n € N, it follows that £{" is equal to the
asymptotic cone of A(I"). Since for any g € G,

n
o) = Jim 15
we have the inclusion
Lr D L. (2.3)
In general, Lp # E%"r. For example, when I' is a unipotent subgroup,

L£°r = {0} while Lr is non-trivial.

Theorem 2.1. [3] If T is Zariski dense in G, then Lr is conver and has
non-empty interior. Moreover, we have

Lr = L. (2.4)
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Limit cone of discrete subgroups with reductive Zariski closure.
The equality holds more generally when the Zariski closure of I' is a
reductive subgroup of GG. To discuss this, let H be a reductive algebraic
subgroup of G in this subsection. There exists a Cartan involution of g
whose restriction to h = Lie H is also a Cartan involution of h [28]. It
follows that, by replacing K and A up to conjugation, we may assume that
K N H is a maximal compact subgroup of H and AN H is a maximal real
split torus of H. We will denote by ap the Lie algebra of AN H. Choosing
a positive Weyl chamber a?—p we have

H=(KnH)(expaf)(KNH) (2.5)

and the corresponding the Cartan projection map pp : H — a}g. When a}}
is not contained in a¥, we have puy # uglg. For w € W and v € a, we
simply write wv = w.v = Ady,(v), omitting the dot.

Lemma 2.2. For any closed subgroup I' contained in H, we have

Lrg= U {w™v:ve LpgNwatl. (2.6)
wew
In particular,
pna(exp Lrog) = Lrg. (2.7)

Moreover, the same statements hold for E%OrG and E%of{.
Proof. Recall that a = (J,cyw(a®) and if v € wia® N wa® for some
wy, wg € W, then wl_lv = wg_lv. Moreover, w(int a™), w € W, are disjoint
from each other.

Write af; = U,ew(af; Nwa™). Then pg on expaj; is given as follows:

pg(expo) = wty if v € af; Nwat.

Hence follows from the first claim.

Suppose that v € Lp g Nwintat for some w € W. By definition, for
some t; > 0 and 7; € T tending to oo, we have v = lim¢;upg(7y;). Then
pr(vi) € wint a® for all sufficiently large i and hence w™ g () = pa(vi)-
So

w v = lim tiwfl,uH('yi) = limt;puc (7).
Therefore w*1(£p7 g Nwinta™) C Ly g for each w € W. By the continuity
of the Cartan projection g, this implies the inclusion O of .

Conversely, if v € Lp gNint a™ is given by lim ¢;uc(;) for sequences t; > 0
and v; € T tending to oo, then ug(y;) € inta® for all large i. Moreover,
there exists w € W such that py(y;) € winta™ for all sufficiently large i.
Hence pug(y:) = w™tug(y;) for all sufficiently large i. Therefore if we set
o' =limt;up (), then ' € L g Nwa™ and v = w ', Hence

LrNintat C U {wv:ve Lr.pgNwat}.
weWw
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Again by continuity of ¢, this implies the inclusion C of (2.6)). Since E%Or is
the asymptotic cone of \(I"), the same proof replacing the Cartan projection
u by the Jordan projection A proves the last claim about C%Or and [,%0}{. (]

Theorem 2.3. If " is a closed subgroup of G whose Zariski closure is re-
ductive, then

Lr = L7, (2.8)
Proof. If H denotes the Zariski closure of ", then, by Theorem we have

Lr oy = E%"f{ Hence the conclusion follows from Lemma O

In general, the reductive Zariski closure condition on I' does not imply
the convexity of the limit cone (see section . On the other hand, we have
the following:

Lemma 2.4. If T is a discrete subgroup of G with reductive Zariski closure
such that Lp C inta™ U {0}, then Lr is convez.

Proof. Let H be the Zariski closure of I'. By Lemma, Lr={wlv:ve
Lr g Nwat}. By the hypothesis that £r C inta™ U {0}, the set Lr g — {0}
is contained in the disjoint union (J,cp(af; Nwinta™). As Lp g is convex
by Theorem [2.7] it follows that for some unique w € W,

EF,H C (Cl; N wint Cl+).

Therefore, L = w*IL’n g, and hence it is convex. O

f-limit cones. For a non-empty subset 6 C II, set
ag = ﬂ ker a. (2.9)
acll-60

Denote by W)y the subgroup consisting of all elements of the Weyl group W
fixing ag pointwise; it is generated by reflections with respect to the walls
kera, a € 11 — 6.

Let

Po:a—ag (2.10)
be the unique projection that is invariant under Wy. Set a; =agNa’. Let
Lo ::pgo,u:G—>a0+.

For a closed subgroup I' of G, its 8-limit cone CIQ is defined as the asymptotic
cone of pp(T):

LY = {limt;ug(yi) € af : t; — 0,7; € T'}.

We have L% = py(Lr). Note that aff = a* and £H = Lr.
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3. LOWER SEMICONTINUITY OF LIMIT CONES

Let G be a connected semisimple real algebraic group. We keep the
notation from section [2

Definition 3.1. For a finitely generated group I, the topology on Hom(T", G)
is given as follows: for a fixed finite generating subset S of I'; we have o, — o
in Hom(T', G) if for each v € S, 0,(7) = o(y) as n — oo. This topology is
independent of the choice of a generating subset.

If T' < G, we denote by idr the inclusion map, and then the subsets {o €
Hom(T', G) : maxyes d(o(7),7) < €}, € > 0, form a basis of neighborhoods
of idp.

Throughout the paper, all closed cones in ag are assumed to be non-
degenerate, i.e., they are not {0}.

Definition 3.2. For 6 C II, denote by C(a;) the space of all closed cones
of a; equipped with the topology: C; — C if the Hausdorff distance between
P(C;) and P(C) in P(a]) converges to zero as i — oo. Under this topology,
C(a;) is a compact metrizable space.

If aé denotes the unit sphere, then C; — C if and only if the Hausdorff
distance between C; N aé and CN aél) tends to 0.

We prove the lower semicontinutity of limit cones under the reductive
Zariski closure hypothesis:

Proposition 3.3 (Lower semicontinuity). Let I" be a finitely generated dis-
crete subgroup of G, and let o, be a sequence of discrete representations
converging to idr in Hom(T', G). Then for any 0 C II, any accumulation
point L of the sequence ﬁgn(r) in C(ag ) contains pg(L{°T).

In particular, if £2 = po(LL) (e.g., the Zariski closure of T is reductive),
then L contains E%.

Proof. Since we have £, 1) D ﬁg?f(r) by (2.3)), it suffices to prove that if £’ is

an accumulation point of the sequence py (Cgor(r)) in C(a;), then £’ contains

po(L£17). By passing to a subsequence, we may assume that py (Egor(r)) — L

n

as n — oo. Since P(LY) is compact, it is enough to show that for all
unit vectors v € pp(LL%), the distance dy, (v,pg(ﬁi‘:f(r))) converges to 0 as
n — 0.

Let v € pp(L£1°) be a unit vector. Then there exists a sequence 7 € T’

such that

1
lpo(N () = vl < o for all k> 1,

where X (7;) denotes the unit vector in the direction of A(+). Since Jordan
projection map A : G — a™ is continuous, for each k, we can choose n;, large
enough such that || X (vx) — N (o, ()|l < £. Thus

2
DoV (on () = vl < - for all k> 1.
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Since X (o, (1)) € LI (r)> this shows that
"k

da, (pg(ﬁg‘:;(r)), v) =0 asn — oo, (3.1)
proving the claim. This finishes the proof together with Theorem ([

Since p(I") is not contained in Lr in general, one cannot replace the Jordan
projection A(7yx) by the Cartan projection p(vg) in the above proof.

4. LIMIT CONES OF ANOSOV SUBGROUPS

Let G be a connected semisimple real algebraic group. We keep the
notation from section [2| Fix a non-empty subset 6 C II in this section.

Definition 4.1. For a finitely generated subgroup I' < GG, a representation
o : ' = G is called #-Anosov if there exists a constant C' > 1 such that for
alla € f and v €T,

a(p(o(y) = Ch| -C (4.1)
where | - | denotes the word metric on I' with respect to a fixed finite gener-

ating subset of I'. We say that I' is a #-Anosov subgroup of G if the natural
inclusion map idr is 6-Anosov.

Each 6-Anosov representation is discrete and has finite kernel [15]. In
particular, all -Anosov subgroups are discrete subgroups of G. A II-Anosov
subgroup is also called a Borel-Anosov subgroup. By an Anosov subgroup,
we mean a 0-Anosov subgroup for some non-empty 8 C II. As mentioned
in the introduction, all Anosov subgroups in our paper are assumed to be
non-elementary, i.e., not virtually cyclic.

Since there is a uniform constant C' > 0 such that ||u(g)| > Ca(u(g))
for any g € G and any a € II, the inclusion map (I',|-|) — (G,d) is a
quasi-isometric embedding for any Anosov subgroup I', that is, there exists
L > 1 such that for all v1,v9 € T,

L7d(y1,72) = L < |7y el < Ld(v1,72) + L. (4.2)
It is immediate that for a 6-Anosov subgroup I' < G,
LrNkera ={0} forall a € 6. (4.3)

Any real algebraic subgroup L of G admits a Levi decomposition: L =
H x U where U is the unipotent radical of L and H is a reductive subgroup
normalized by U [5]. Without the reductive Zariski closure assumption, we
have the following (cf. Theorem [2.3)).

Lemma 4.2. For any 0-Anosov subgroup I' of G, we have
EG — pe(ﬁ%or)'

Moreover if T = Hw U is a Levi decomposition of the Zariski closure
of I' and 'y denotes the projection of I' to H, then 'y is discrete and
Ll = L’”f .

H
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Proof. Let Gy = T = H x U. For g € Gy, write gy € H for the H-
component of g, so that I'y = {yg : v € I'}. By [38, Lemma 2.11], there
exists C' > 0 such that for each o € § and each v € T,

wa (u(v) = p(vm)) | < C (4.4)
where w,, is the fundamental weight corresponding to « (see, e.g., [I1}, 2.1]).
Let v € T' be an infinite sequence going to oo, and o € 6. Since I' is
f-Anosov, we have a(u(7y;)) — oo, and hence wa(p(y;)) — co. By ([(@.4),
w((vi)g) = oo. Therefore 'y is a Zariski dense discrete subgroup of H. By
Theorem we have Lr, = E%‘g Since A(g9) = A(gm) for any g € Go, we
have L%C;; = L]

Since {wq : « € §} forms a basis for aj, now implies that

sup [|pa(pu(v) — pu(vm))l| < oc.
el

Since EIQ and £1QH are asymptotic cones of I' and I iy respectively, this implies
that £% = E%H. Therefore L% = pp(L{). O

The set of -Anosov representations is open in Hom(I', G) [15], and hence
if I is #-Anosov and o, — idr, then oy, is a #-Anosov (in particular discrete)
representation for all sufficiently large n. Hence we get the following lower
semicontinutity from Proposition and Lemma [4.2] without any assump-
tion on the Zariski closure of I" and the discreteness of o,,:

Proposition 4.3. Let I be a 0-Anosov subgroup of G. If o, — idr in
Hom(T", G), then any accumulation point L of the sequence Egn(r) in C(a™)

contains ,CIQ.

We will need the following corollary of the lower semicontinuity of the
limit cones:

Corollary 4.4. Let I' be a Zariski dense 6-Anosov subgroup of G, and let
on — idr in Hom(T', G). For any closed cone C contained in int £ U {0},
we have

C Cint ‘an(r) u{0}  for all large n.

Proof. Since the set of Zariski dense representations of I' is Zariski open in
Hom(I', G) [1, Proposition 8.2] and non-empty since I' is Zariski dense, we
may assume without loss of generality that for all n > 1, 0, (I") is Zariski
dense in GG , and hence Egn ) is a convex cone with non-empty interior by
Theorem 2.1

Let C be a closed cone contained in int £&U{0}. Let Z = CNal. Suppose
that for some sequence n; € N going to oo, we have a sequence of vectors

v, € Z —int L9 . Since £¢ is convex, there exists a closed half-space
ony, (T) ony, (T)
Hj. C ag whose boundary contains v, € Z and ﬁg_ @ C H;..

g

Since Z is compact, there exists € > 0 such that the 2e-neighborhood of Z
is contained in int Ei‘l. Let By = B(vg,2¢) C int LIQ denote the ball centered
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at vg of radius € > 0. Since v, lies in the boundary of Hy, the e-neighborhood
of Hy, does not contain B and hence the e-neighborhood of Egnk @ N al does
not contain By and, in particular, it does not contain Ei‘l. Therefore, for any
limit £ of the sequence Egnk(F) in C(ay ), the e-neighborhood of £Na' does
not contain El‘z Nal. This contradicts Proposition Hence Z C int L’Zn )

and consequently C C int Egn Y {0} for all large n. O

5. UPPER SEMICONTINUITY OF LIMIT CONES

Let G be a connected semisimple real algebraic group. In this section, we
prove the upper semicontinuity of the limit cones of #-Anosov and -convex
subgroups of G.

The main tool of our proof is the local-to-global principle for Morse quasi-
geodesics due to Kapovich-Leeb-Porti ([I7, Theorem 1.1], see Theorem [5.3)).
In order to explain this principle, we need to recall some terminology. Re-
call the notation ag = ﬂaen—é) ker oo and Wy from . Let My denote the
centralizer of exp ay in K.

The notion of a #-admissible cone is crucial:

Definition 5.1. Let § = i(f). A closed cone C C a™ is called §-admissible if
(1) C is i-invariant: i(C) = C;
(2) C is B-convex, i.e., WyC is convex;
(3) Cn (Uaee kera) = {0}.
Local-to-global principle. Let C be a #-admissible cone of a*. Recall
X =G/K and 0o = [K] € X. Let z and y be a C-regular pair in X, that is,

gy tg2) €C
for any g1,g92 € G such that z = g10 and y = go0. The C-cone emanating
from x and passing through y is defined as
Ve(z,y) = gMy(expC)o
where g € G is any element such that z = go and y € g(expC)o. Noting that
Ve(z,y) NghAo = gexp(Wy.C)o, the convexity of the cone V¢ (z,y) implies
the #-convexity of C. The main point of a §-admissible condition on the cone

C is that for a #-admissible cone C, all C-cones are convex subsets of X [16].
The C-diamond connecting x to y is defined as

Oc(z,y) = Ve(z,y) N Vely, x). (5.1)
Cones and diamonds can be viewed as higher rank generalizations of ge-
odesic rays and segments in the hyperbolic space.
Definition 5.2. Let I C R be an interval, and L > 1 and D > 0 be
constants.
(1) Amap f : I — X is called (C,D, L)-Morse, if f is an L-quasi-
isometric embeddingﬂ and for all s < ¢ in I, the image f([s,t]) lies

2That is, L't — s| — L < d(f(t), f(s)) < L|t —s| + L for all t,s € I
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in the D-neighborhood of some C-diamond (¢(z,y) in X, where
the tips = and y are a C-regular pair such that d(z, f(s)) < D and
d(y, f(t)) < D.

(2) For S > 1, amap f : I — X is called (C,D, L, S)-local Morse if
for all s,t € I with 0 <t — s < 5, the restriction map f|[s,t] is
(C, D, L)-Morse.

(3) More generally, for a geodesic Gromov hyperbolic space Y, a map
f:Y — X is called (C, D, L)-Morse (resp. (C, D, L, S)-local Morse)
if the restriction of f to each unit-speed parametrized geodesic in Y
is (C, D, L)-Morse (resp. (C,D, L, S)-local Morse).

We remark that the Morse datum is invariant under post composition
by any element g € G, considered as an isometry of X. More precisely, if
f:Y = X is (C,D, L)-Morse (resp. (C,D,L,S)-local Morse), then so is
go f for any g € G.

Finally, we can state the local-to-global principle for Morse quasigeodesics:

Theorem 5.3 (Kapovich-Leeb-Porti, [I7, Theorem 1.1]). Let 6 = i(0). Let
C,C" C at be -admissible closed cones with nonempty interior such that
C — {0} C intC’. For any interval I C R and any constants L > 1 and
D > 0, there exist L',)S > 1 and D" > 0 such that every (C, D, L, S)-local
Morse map

f:I1—-X
is (C', D', L")-Morse.

Upper semicontinuity of limit cone. In order to apply Theorem in
our setting, we will need the following lemma on the existence of §-admissible
cones:

Lemma 5.4. Let 0 = i(). Let D be a 0-admissible cone of a*. Then for
any open cone Co in a* containing D—{0}, there exists a 0-admissible closed
cone C such that

D—-{0} CcintC CC cCCyuU{0}.

Proof. We observe that Wya™ is equal to the union of all Weyl chambers
containing a;, and hence is a convex cone.

Let o € 6. Since kera N a™ is contained in the boundary of Wya™,
it follows from the convexity of Wya™ that Wya™ is contained in the half
space {a > 0}. Hence both int a™ and WyD — {0} are contained in the open
half-space {a > 0}. Since D is a closed convex cone disjoint from ker « — {0},
we may assume without loss of generality that the closure of Cy is disjoint
from ker o — {0}. Therefore we can find a linear form h, € a* such that

(keranat) — {0} C {he <0} and (CoUW,D)— {0} C {hy > 0}.

Now set
H= (] {haoAdy, >0} (5.2)
a€f,weWy
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which is clearly a Wy-invariant convex cone. By our choice of h,, the interior
int H contains D — {0}. Since # = i(f), we have that i(H) is also a W,-
invariant convex cone whose interior contains D — {0} = i(D) — {0}.

Since D—{0} C Co, we can find ¢ > 0 such that the cone D, := R (N-(alN
D)) is contained in Cy U {0} where a! = {|jw| = 1} is the unit sphere and
N(a'ND)={w € a:||w— (al ND)| < e}

Define

C:=D.Na"NHNi(H).

By construction, we have C N (U,eg ker o) = {0}. Moreover, C is a closed

cone in a™ whose interior contains D — {0}. Since i(D) = D and i preserves

the norm on a, we have i(C) = C. Since Wy acts by isometries on a', we

have Wy(D.) = Ry N.(Wya!NW,D). By the hypothesis that WyD is convex,
Wa(D;) is convex as well. Since

WyC = Wy(D:) N Wy(a™) N H Ni(H),
it follows that WyC is convex. Therefore C is f-admissible. O

The next proposition is the main ingredient of the upper semicontinuity
of limit cones, which does not yet require the #-convexity of I':

Proposition 5.5. Let 6 = i(0). Let I be a 0-Anosov subgroup of G. Let
D C at be a O-admissible cone containing Lr. Then for any open cone Cy C
at containing D — {0}, there exists an open neighborhood © C Hom(T, G)
of idr such that for all o € O, we have

[:O'(F) — {0} C Cp.

Proof. By Lemma we can choose #-admissible closed cones C and C’
contained in Co U {0} so that

D — {0} CcintC C C C intC’' U{0}.

Consider a left-invariant word metric |- | on I" with respect to a fixed sym-
metric finite generating set for I'. Since I' is §-Anosov, there exist constants
L, D > 1 such that the orbit map

I'—= X, vy—~o0

is a (C, D, L)-Morse embedding. Let L',S > 1 D’ > 1 be as in Theorem
corresponding to the data C,C’, D + 1, L + 1.
Denote by 0, : I' = X the orbit map of I' via g,:

v = on(y)o.
Claim A. The orbit map o, is (C’, D', L')-Morse.

Proof of claim. Consider the S-ball Br(e, S) C I'" with respect to the word
metric centered at the identity element e. Let f : INZ — Br(e,5) be a
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geodesic, where I C R is an interval. Since o, converge to idp in Hom(T", G),
there exists ng > 1 such that for all n > ny,

max d(vo,o0,(7)o) <
LA (v, 0n(7)0)

DN | =

Since the orbit map v — ~o is (C, D, L)-Morse, this implies that the
restriction o, to Br(e,S) is (C, D + 1, L + 1)-Morse for all n > ny.

It follows that for all n > ng, the map o,, is (C, D+1, L+1, S)-local Morse.
Indeed, let s < t be such that t —s < S, and let f : [s,t)NZ — T be a
geodesic. Without loss of generality, we may assume that ¢, s € Z. Consider
the post composition of f with the left multiplication by f(s)~!, which is
an isometry on (T, |- |). Note that the image of f(s)~!o f lies in Br(e, S).
Therefore the map

opof(s)tof:[0,81NZ = X
is (C,D + 1, L 4+ 1)-Morse. Thus

op o f =on(f(s))oono f(s)_l of
is (C,D + 1, L + 1)-Morse. This implies that o, is (C,D + 1, L 4 1, S)-local
Morse. Therefore, by applying Theorem [5.3] we obtain that the orbit map
on is (C', D', L')-Morse for all n > ng, proving the claim. O

Let B denote the ball B := {g € G : d(go,0) < D'}. By [3], there exists
a uniform constant () > 0 such that for all g € G and by,bs € B,

11(g) — p(brgb2)|l < Q. (5.3)

Let v € I and n > ng. We claim that there exists u € C, depending on
and n, such that

(o (7)) = ull < Q- (5.4)

By Claim A, the point o, (7)o lies within the D’-neighborhood of some C’-
diamond Q¢ (2, Yn ), where x,, y,, are a C'-regular pair such that d(x,,0) <
D" and d(yn,on(v)o) < D'. Let hy, € G be such that h,o is an element of
the diamond O¢/(xy, ypn) such that d(o,(y)o, hyo) < D', that is,

on(y) = hpb,  for some b, € B.

By the description of the diamond, there exists g, € G such that x, = gno
and h,o0 = gn(expu)o for some u € C’. Hence

on(Y) = huby = gn(expu)kpby,

for some k, € K.
Since g, and kyb,, belong to B, we have by (/5.3|) that

[1(on(v)) —ull < Q,

proving the claim (5.4]). Therefore for all n > ng, p(o,(I")) is contained in
the @-neighborhood of C’ and hence

Eon(l“) cc.
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Since C" — {0} lies in Cy, we have L, ) — {0} C Cp for all n > ng. This
finishes the proof of Theorem O

Definition 5.6. A discrete subgroup I' of G is called #-convex if the orbit

Wauie)Lr = U Ad,, Lr is a convex subset of a.
weEWpui(e)

If 6 =TI, then Wi = {e}, and hence the II-convexity of I" is same as the
convexity of the limit cone L. Since Wgui(g)ﬁpﬂcﬁ = Lr, the #-convexity of
I is a stronger condition than the convexity of the limit cone Lr in general.

Theorem 5.7 (Upper semicontinuity). Let I be a 6-Anosov 0-convex sub-
group of G for some 0 C 1I. If 0,, — idp in Hom(I', G), then any accumu-
lation point L of the sequence L,y in C(a™) is contained in Lr.

Proof. If T is #-Anosov and #-convex, then I' is # U i(#)-Anosov and 6 U
i(@)-convex and Lr is 6 U i(f)-admissible. Hence the claim follows from
Proposition [5.5] by setting D = Lr. 0

Theorem in the introduction is a consequence of Proposition and
Theorem [5.71

For Borel Anosov subgroups, we need neither the reductive Zariski closure
assumption nor the convexity assumption in Theorem We first observe:

Lemma 5.8. Any [1-Anosov subgroup of I" is 1l-convex.

Proof. Let I" be a Borel Anosov subgroup of G. By Lemmal[4.2]for 6§ = II, we
have ElJPr = Lr. Let Gy be the identity component of the Zariski closure of
I". Using the same notation as in the proof of Lemma@, we have Lr = Ly,
Since 'y is Zariski dense in H and Lp,, = Lr C inta™ U {0} as I is Borel
Anosov, Lr,, is convex by Lemma @ Hence Lr is convex. O

Proposition 5.9. IfI' is a Borel Anosov subgroup of G, then the map
o+ ﬁa(p) S C(Cl+)
is continuous at idr € Hom(T', G).

Proof. The lower semicontinuity follows from Proposition with 8 = II.
The upper semicontinuity follows from Theorem and Lemma |5.8 O

6. APPLICATION TO SHARPNESS AND EXAMPLES OF f-CONVEX
SUBGROUPS

Let G be a connected semisimple real algebraic group. Recall from the
introduction that for a closed subgroup H of G, a discrete subgroup I' of G

is called sharp for G/H if Lr N Ly = {0}. We show that the sharpness is
an open condition in the following situation:
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Proposition 6.1. Let H < G be a closed subgroup. Let § C 1I. Let I' be
a 0-Anosov subgroup of G which is sharp for G/H. Suppose that T is 0-
convex, or more generally that there exists a 0 Ui(0)-admissible closed cone
C C at such that

LrCC and Cﬂ[,H:{O}.

Then there exists an open neighborhood O of idr in Hom(I', G) such that for
all o € O, o(T) is sharp for G/H.

Proof. By the hypothesis, we may assume that 6 = i(f). Since C is a 6-
admissible cone such that C — {0} is contained in the open cone at* — Ly in
a®, by Lemma there exists a f-admissible cone C; in at such that

C—{O} CcCintCy C at —Ly.

Since Lr C intC; U {0}, by Proposition we have that for all o €
Hom(I', G) sufficiently close to idr, L,y — {0} C intC;, implying that
Loy N Ly ={0}. If T is f-convex, Lr is a f-admissible closed cone. Hence
this proves the claim. O

The following is then a special case of Proposition [6.1}

Corollary 6.2. If H is a reductive algebraic subgroup with co-rank one in
G andT is 0-Anosov and sharp for G/H for some 6 C 11, then o(I") is sharp
for G/H for all o € Hom(I', G) sufficiently close to idr.

Proof. We may assume without loss of generality that 8 is a maximal subset
for which I is #-Anosov. In particular, § = i(#). Since Ly g = aj, it follows
from Lemma [2.6] that we have

Ly =Wagn a’.

We claim that
WyLr Na'  is connected

where a® is the unit sphere in a. To see this, note that £r Na® is connected
[10, Proposition A.2]. By the maximality assumption on 6, we have that
Lr Nker a # {0} for every o € IT — 6. In particular, if we denote by w, the
reflection along the wall ker o, then for all o € IT — 6,

(Lr Na') Uwe(Lr Nal)

is connected, since w, fixes the intersection £r Nker aNa' pointwise. Since
Wy is generated by {w, : « € II — 6}, the connectedness of WyLr N a
follows.

Since I' is sharp for G/H, we have Lr N Ly = {0}. Moreover, since
Lr — {0} is connected and Ly = Wagy Na™, the set Lr — {0} must lie in
the unique connected component, say C, of Wya™ — Way. Note that C is
a convex open cone in Wyat containing Lr — {0}. Since WpLr — {0} is
connected, it follows that

WeLr — {0} C C.
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For each w € Wj, since wC is a connected component of Wya™ — Wapy
containing w(WyLr —{0}) = WyLr — {0}, we must have wC = C, and hence

WeC =C.

In particular, the closure C of C in a is a Wy-invariant closed convex cone.
Let
Co:=a"NC;
thus, WyCo = C. Note that int Cy is a connected component of a™ — WLy
containing Lr — {0}. Since Ly and Lr are both i-invariant, it follows that
Co is also i-invariant. Let D be any #-admissible cone containing Ly (see
Lemma for the existence of such a cone). Then the cone

Ci:=CnND

is a #-admissible cone containing Lr — {0} in its interior, so the second claim
follows from the first one. g

As mentioned in the introduction, Corollary was obtained in [20)
Corollary 6.3] by a different approach.

Examples of -Anosov and §-convex subgroups. Since Wy ;) fixes
a;Ui(e), we have the following #-version of Theorem

Lemma 6.3. Any 0-Anosov subgroup I' < G such that Lr is a convex cone
contained in a;ui(e) is 0-convex.

As another example, we have the following:

Lemma 6.4. If H is a rank one simple algebraic subgroup of G and I' is
a non-elementary conver cocompact subgroup of H, then I' is a 0-Anosov
0-convex subgroup of G for some 6 C II.

Proof. We note that Guichard-Wienhard [15, Proposition 4.7] showed that
I" is a 6-Anosov subgroup of G for some 6. However, since we also need to
demonstrate that I' is f-convex for an appropriate choice of 8, we provide a
complete proof of this result.

If the rank of G is one, then I' is a convex cocompact subgroup of G. So
the claim just follows since any non-elementary convex cocompact subgroup
I" of a rank one Lie group G is II-Anosov and Lr = a™.

Hence we assume that rank G > 2. Since H < G is semisimple, we may
assume that we have a Cartan decomposition H = (K N H)a};(KNH) as in
. If v is a unit vector in a}_f,, since exp Ryv and expR_v are conjugate
by an element of K N H, we have that u(H) = Lr is a ray.

Set

0 :={aecll: Lr Nkera = 0}.
Since #II > 2 and Lr is a ray, § # (). Since Lr is i-invariant, § = i(6).
Moreover, by definition

Lr C ﬂ ker o = ay.
acll-0
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Since Wy fixes ag pointwise, we have WyLr = L which is hence a ray.
Since I' < H is a convex cocompact subgroup, then (I',| - |) is quasi-
isometrically embedded in H/(K N H) under the orbit map v — (K N H).
Since H/(K N H) C X = G/K is an isometric embedding, the orbit map
v + 7o is a quasi-isometric embedding of (I',| - |) into (X, d). Since p(I")
lies in a ray u(H) = Lr which is disjoint from (J,cq ker o except at zero, it
satisfies for all o € 0. Therefore I' is §-Anosov and §-convex. ]

As a third family of examples, we have the following;:

Lemma 6.5. Let rank G =2 and I' < G be an Anosov subgroup. If 6 is the
mazximal subset of I for which I' is 8-Anosov, then I is 0-convex.

Proof. Since Lr Na' is connected [10, Proposition A.2] and dim(a) = 2, Ly
is a convex cone. If I' is Borel-Anosov, the claim follows from Lemma [5.8
Otherwise, I' is #-Anosov with 6 as a singleton, but not Borel-Anosov.

By the maximality, # = i(f). Let « denote the simple root in II — §. We
claim that Lr contains the ray a;r = at Nkera. Suppose not. Then there
exists a closed cone C C a™ such that £p C intC U {0} and C Na; = {0}.
In this case, p(y) € C for all but finitely many v € T' (cf. [I1, Lemma 4.4]),
and hence

liming 2PD)

ver—{e} [lu()ll
Since I' is quasi-isometrically embedded in G, this implies

lim inf M

ver—{e} ||
In particular, it follows that I" is {a}-Anosov. Since I' is #-Anosov and II =
{a} U0, we see that I" is Borel-Anosov, which contradicts our assumption.
Therefore, Lr is a convex cone containing the ray aj in the boundary.
Therefore Wy Lr is convex. O

> 0.

Therefore the discussion above together with Proposition[b.9|proves Corol-
lary in the introduction.

7. FAILURE OF THE CONTINUITY OF LIMIT CONES: AN EXAMPLE

Upper semicontinuity of limit cones does not hold in general, even for the
class of Anosov subgroups unless they have the convexity property. In this
section, we present an example illustrating this point. These examples are
6-Anosov subgroups of SL(4,R) but are not #-convex.

In this section, we set

G = SL(4,R).
We fix the positive Weyl chamber a™ of G as follows:
4

a® = {v = diag(v1, va, v3,v4) : V1 > V2 > v3 > vy, Z'Ui = 0}.

i=1
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ker o ker a3

N/

ker agy

FIGURE 1. The folded “plane” in the unit sphere of a™
(green), containing the limit cone (darker green)

For simplicity, we identify v = diag(vy, ve, v3,v4) with v = (v1,va,v3,v4).
The set 11 of simple roots is given by

a;(v) =v; —vipp for 1 <i<3.
Consider the following block diagonal subgroup:

H= (SL(g’R) (1)) < SL(4,R).

Observe that the Cartan projection u(H) = pug(H) C a™ is a folded plane
(see Figure [1)):
p(H) =ViuVvs
where
Vi = {(v1,v2,0,v3) € a¥ s w1 > vy >0}
and
‘/2 = {(U1703027,U3) € Cl+ S U1 > 0 > UZ}-
More precisely, consider the Cartan projection of H: ug : H — a;} where
aj{, = {(v1,v2,v3,0) : v1 > v9 > v3,v1 + vy +v3 = 0}.
If up(h) = (v1,v2,v3,0) for h € H, then p(h) € V4 U Va is given by
U1702707U3 lfUQZO
p(h) = ( ) .
(v1,0,vg,v3) if va < 0.
Also consider the ray
‘/0 - ‘/1 m‘/Q - {(7)170707_7)1) 1U 2> O}

Lemma 7.1. Let = {aq,a3}. Any Zariski dense Borel-Anosov subgroup
' of H is a 0-Anosov subgroup of G which is not 0-convex. Moreover, for
eachi=1,2,

LrNVi ¢ V. (7.1)

Proof. Fix a word metric |- | on I with respect to a finite generating subset
of I'. Since I is a Borel-Anosov subgroup of H, there exists C > 1 such that
for any v € T,

ar(pr(y)) = C M| - C.
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For v € T with pug(y) = (v1,v2,v3,0), we then have a(u(y)) = v1 — vg
if u(y) € Vi or ag(p(y)) = v1 if pu(y) € V. In the second case, we have
0> v9 > v3 = —v1 — v9, and hence v1 > —2v9 > —vy. So v1 > %(vl — vg).
Therefore for any v € T,

(1) 2 gealpn (1) 2 55l - 20

It follows that I' is an {a }-Anosov subgroup of G or, equivalently, an
{a1, ag}-Anosov subgroup of G since i(a;) = as.

We now claim that I' is not #-convex for § = {a1, a3}. Since I' is a Zariski
dense Borel-Anosov subgroup of H, Lr g is a convex cone with non-empty
interior and contained in intaf; U {0}. Hence Lr — {0} is contained in the
union of relative interiors of Vi and Vo, Lr NV, ¢ Vy and Lr intersects
each relative interior of V; non-trivially. Hence Lr is not convex, and as a
consequence, I' is not #-convex. O

Let I' be a Zariski-dense Schottky subgroup of H generated by two diag-
onalizable elements

a = expv = diag(e”, e, e, 1)

and

b= gdiag(e®,1,e 1, 1)g~ for some g € H
where v; > vy > 0 > v3 and w; > 0. We refer to [12] for a precise defini-
tion of a higher rank Schottky subgroup and for the proof that a Schottky
subgroup is a Borel-Anosov subgroup.

Proposition 7.2. For the above Zariski dense Schottky subgroup I' < H,
the map
o = EO’(F)

is not continuous at idr € Hom(T', G).

Proof. Since the diagonal entries of a = expwv are all distinct, a is a loxo-
dromic element of G = SL(4,R). It follows from [37, Proposition 4.4] that
the union of all Zariski-closed and Zariski-connected proper subgroups of
G containing a is contained in a proper Zariski-closed subset of G, say Z.
Since I' is not Zariski dense in GG, we have

be Z.

Since G — Z is Zariski open and the set of all loxodromic elements of G is
Zariski dense ([29], [3, Corollary 1]), we can find a sequence b, € G — Z of
loxodromic elements converging to b.

Since I' is a free group generated by a and b, we can consider the repre-
sentation o, : [' = G given by

on(a) =a and o, (b) = by.

Then o, — ir in Hom(I',G) as n — oo. Let § = {ai,a3}. Since I is
6-Anosov by Lemma and the set of 6-Anosov representations is open in
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Hom(I', G) [15], each ¢, (I") is a #-Anosov subgroup, and hence a discrete
subgroup of G for all sufficiently large n.

Since 0, (") is Zariski dense in G (as b, ¢ Z), the limit cone L, ) must
be a convex cone of at. We claim that the upper-semicontinuity of the limit
cones fail: we can find an open cone C C a™ containing L1 — {0} which does
not contain £,y — {0} for any large enough n.

Consider two open cones C; and Cq in a™ containing V5 — {0} and V5 —{0}
respectively and C; NCy = Vi NVa — {0} = Vi — {0}. By taking C; and Co
small enough, we can assume that for any unit vectors w; € C; — Vp and
wo € Cy — V), the convex combination %(wl +wy) does not belong to C; UCs.
Set C = C1 UCy. Since

LrNVid Vy
by Lemma there must be a sequence of unit vectors u, € L, () con-
verging to some unit vector u € Vo — V3. By the choice of a, we have
ula) = (vi,v2,0,v3) € Vi — Vo Since p(a) € Vi — Vo € C1 — Vp and
Uy € Vo — Vo C Co — V for all sufficiently large n, we have
1
wp = 5 (un + (a)|| " pu(a) £ C
for all large n. On the other hand, w, must belong to in L, ) by the

convexity of £, ). This shows that £, ) — {0} ¢ C for all large enough
n. This finishes the proof. O

Note that I" is not Zariski dense in SL(4, R) in the above example. We re-
mark that Danciger-Guéritaud-Kassel announced that there exists a Zariski
dense Anosov subgroup of PSL(2, R) x PSL(2,R) x PSL(2, R) where the limit
cone does not vary continuously.

8. CONTINUITY OF 6-LIMIT CONES

As before, let G be a connected semisimple real algebraic group. We fix a
non-empty subset # C II. In this section, we prove the continuity of #-limit
cones E? of #-Anosov subgroups I" of G by a similar argument as the proof

of Theorem [T.1]

Theorem 8.1. Let T' be a 0-Anosov subgroup of G such that Ei‘l 18 conver
(e.g., Zariski dense). Then the map

is continuous at idr € Hom(T', G).

Since the projection pyg is Wy-invariant, we have that pgl (£2) is a f-convex
cone for I' as above, and this is why we do not require the #-convexity in
Theorem [8.1]

Remark 8.2. When T' is a fundamental group of a closed negative curved
manifold, embedded in G as a Zariski dense 6-Anosov subgroup, Sambarino
[33] proved this theorem using thermodynamic formalism. Given the work
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of Bridgeman, Canary, Labourie and Sambarino [7] which provides the ther-
modynamic formalism for a general §-Anosov subgroup, his argument should
extend to a general Zariski dense 6-Anosov subgroup.

The purpose of this section is to present an entirely different proof of this
result using Proposition We believe that this geometric proof is more
intuitive and has the potential to extend to a more general setup.

As before, we need to know the existence of #-admissible cones provided
by the following lemma:

Lemma 8.3. Let D C a' be a closed i-invariant cone such that pg(D) is
convex and D Nkera = {0} for all « € 6. Then for any open cone Cy in
ay containing pg(D) — {0}, there exists a (0 Ui(6))-admissible cone C in a™
such that

D—{0} CintC and py(C) C CyU{0}.

Proof. Since py(D) is convex, we may assume without loss of generality that
Co is convex. Moreover, since D is i-invariant, it follows that pguig)(D) is
i-invariant.

Consider the i-invariant open convex cone in ag;g):

C1 = py ' (Co) Nilpy ' (Co)) M agy)-

Since pguji(g) (D) is i-invariant, C1 contains pgyu;g) (D) — {0}
Let a €  Ui(f). As in the proof of Lemma both int a;ui(e) and

WyD — {0} are contained in the open half-space {o > 0}. Since C; is an

open cone contained in agruw) and hence C; Nker a = (), we can find a linear

form h, € a* such that
(kerana®) — {0} C {ha <0} and (Ci UWyipD)— {0} C {ha > 0}.

Now set H = ﬂaeeui(e),wewgw(g){ha o Ad,, > 0}, which is clearly a
Woui(e)-invariant convex cone. By our choice of hq, the interior int H con-
tains D — {0}. We have that i(H) is also a Wyy;g)-invariant convex cone
whose interior contains D — {0} = i(D) — {0}.

Define

C = pe—uli(e)((?l) Na™NHNi(H).
Then C is a closed cone whose interior contains D — {0}, disjoint from ker «
for all a € OUi(0), pg(C) C CoU{0}, and i(C) = C. Since pyuji(p) : & — agui(g)
is Wyui(p)-invariant, the preimage pe_di(e) (C1) is a Woui(e)-invariant convex

cone of at. Hence we have
Waui9)C = Pg_uli(g) (C1) N Wauigyat) N H Ni(H);

so Wuip)C is convex, being the intersection of convex subsets. Therefore C
is (A U i(0))-admissible. O
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Proof of Theorem [8.1] The lower semicontinuity follows from Proposition[4.3]

To prove the upper semicontinuity, let Cy be any open cone in ag containing

0
EFBy gz)i).lying Lemma[8.3|with D = L, we can choose a (§ Ui())-admissible
closed cone C C a™ such that
Lr—{0} CintC and C C p,'(CoU{0}).
By Proposition for all sufficiently large n,
Lo,r) C Py (CoU{0}),

and hence L’ﬁn T €U {0}. This implies the upper semicontinuity. O

9. f-GROWTH INDICATORS VARY CONTINUOUSLY

Let G be a connected semisimple real algebraic group. We fix a non-
empty subset 6 C II. In this section, we show that the #-growth indicators
vary continuously in the subspace of Zariski dense 8- Anosov representations
of Hom(T', G). We consider the #-Cartan projection:

po =poop:G—aj.
Definition 9.1 (#-growth indicator). Let I' be a #-discrete subgroup of G,

i.e., pglr is a proper map. The #-growth indicator Y : a;r — {—c}UR s
defined as follows: if u € a; is non-zero,

0 . 0
— f 1
Yr(u) HuHigcTc (9.1)

where C C a;r ranges over all open cones containing u, and ¥%(0) = 0. Here

—o0o < Tg < oo denotes the abscissa of convergence of the series Pg (s) =

5 erpn(mec € o0,

This definition is equivalent to the one given in (I.1), as was studied
in ([31], [22]). The 6-discreteness hypothesis is necessary for the #-growth

indicator to be well-defined. It follows from Definition .1l that #-Anosov

subgroups are f-discrete. For § = II, we simply write ¢r = ¥. For any

discrete subgroup I' < G, we have
Yr < 2p (9.2)

where p = £ 3 4+ m(a)a is the half sum of all positive roots of G counted
with multiplicity (cf. [31]).
The main goal of this section is to prove the following theorem:

Theorem 9.2. Let I" be a Zariski dense 0-Anosov subgroup of G. Let oy —
idr in Hom(T',G). Then for any v € int L%, we have

: 0 0
im0 1)) = (). (9.3)
Moreover, the convergence is uniform on compact subsets of int /Jaf.

We begin by recalling the following property of the #-growth indicator:
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Lemma 9.3. ([31], [22]) For any Zariski dense 0-discrete subgroup T of G,
w{i 18 upper semicontinuous and concave. Moreover, ¢1€ 1s strictly positive
on int £2 and L% = {4% > 0}.

As a consequence of these properties, 1/11(2 is continuous on int EIQ, since it
is a real valued concave function on L and concave functions are continuous
on the interior of their domain.

Continuity of 6-limit sets. Let Py denote a standard parabolic subgroup
of G corresponding to 6; that is, Py is generated by the centralizer of A and
all root subgroups U,, a € ®* U [[I — 0] where [II — 0] denotes the set of all
roots in ® which are Z-linear combinations of IT — 6. We set

Fo=G/Py.

Definition 9.4 (6-limit set). For a discrete subgroup I' < G, the 6-limit set
AIQ is a closed subset of Fy defined as the set of all limit points lim k; Py €
Fo where k; € K is a sequence such that there exists v; = kja;k, € T'N
K expa™ K with a(loga;) — oo for all a € 6.

One important feature of a #-Anosov subgroup I' is that I" is a hyperbolic
group. If J,I" denotes the Gromov boundary of I', then there exists a I'-
equivariant continuous injection f : 05" = Fy such that for £ # n in O,
f(&) and f(n) are antipodal, that is, the pair (f(&), f(n)) belongs to the
unique open G-orbit in G/Py x G /Py under the diagonal action. Moreover
the image f(OI') coincides with the f-limit set A%.

Let C(Fy) be the space of all closed subsets of Fy equipped with the
Chabauty topology: F; — F' if and only if any = € F is a limit of some
sequence x; € F; and the limit of any convergent sequence x; ; € Fj; belongs
to F.

Theorem 9.5. [15, Theorem 5.13] Let I' be a 0-Anosov subgroup of G. If
on — idr in Hom(T', G), then AZH(F) converges to A% in C(Fp).

Conformal measures on limit sets. The space a, of all linear forms on
ag can be identified with the following space:

ap={p€a":d=0opy}.

In particular, we may regard a linear form on ag as a linear form on the
whole space a.
Definition 9.6. For ¢ € aj, a probability measure v on Fy is called a
(T", ¢)-conformal measure if for all v € I and £ € Fy,

drysv

dv

where § denotes the a-valued Busemann map ([30]).

(€) = e#(Pe(0n0) (9.4)



LIMIT CONES AND GROWTH INDICATORS 27

A linear form ¢ € aj is said to be tangent to 71’19“ at a non-zero vector
v E ag if
o>y and  ¢(v) =Y (v).
The following gives a complete classification of conformal measures sup-
ported on the -limit sets:

Theorem 9.7. ([25], [34], [22, Corollary 1.13]) Let I' be a Zariski dense
0-Anosov subgroup of G. For any unit vector v € int Eg, there exists a
unique tangent linear form ¢, € ay to 1/)% at v and there exists a unique
(T, ¢v,)-conformal measure v, on AY.

Moreover, the assignment v — ¢, — v, gives bijections among the set of
all unit vectors in int E%, the set of all tangent linear forms to wfe, and the
set of all I'-conformal measures supported on A?.

Continuous variations of growth indicators. If ¢ € aj is positive on
/J”f — {0}, the critical exponent 0 < d4r < oo, which is the abscissa of
convergence of the series s — > e=5¢(M) | is well-defined [22, Lemma
4.2] and is equal to

d¢,r = limsup %log #{yeTl:o(uly) <T}. (9.5)
T—o00
Theorem 9.8. Let I' < G be a 0-Anosov subgroup with EIQ convex. Let
¢ € ay be positive on L% —{0}. Then for all o € Hom(T,G) sufficiently
close to idr, the critical exponent 0 < 64 ) < 00 is well-defined and the
map
o d 5(15,0'(F)

is continuous at idpr € Hom(I', G). Moreover, if D is an analytic family of
0-Anosov representations in Hom(I', G), then o +— 84 »r) is anayltic in D.

Proof. In [7, Proposition 8.1] (see also [0, Section 4.4]), this is obtained for
any ¢ € a, which is positive on a; — {0}, but the condition ¢ > 0 on
a('; — {0} was needed only to guarantee that ¢ is positive on ﬁg(r) for all o

sufficiently close to idr. By Theorem if ¢ >0 on L% — {0}, then ¢ > 0
on £§(F) — {0} for all o sufficiently close to idr and therefore the above
formulation holds. (]

We now give a proof of Theorem the use of conformal measures in
this context was inspired by the work of Sullivan [36] and McMullen [27]
where conformal measures were used to study critical exponents of Kleinian
groups.

Proof of Theorem Let v € int EIQ be a unit vector. By Theorem (9.7
there exists a unique linear form ¢ = ¢, € aj tangent to 1/11‘2 at v. The
0-Anosov property of I" implies that wfe is vertically tangent, i.e., there is no
linear form tangent to 1% at a non-zero vector v € L% ([34], [22, Theorem
12.2]). This implies that ¢ > 0 on £% — {0}. By Theorem we have
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0 < 04,5, < oo for all large n. This implies that 4, ()¢ is a tangent
linear form [22, Lemma 4.5], in particular,

¢§n(r) < 04.0,(T)P- (9.6)
Since ¢ 4, (r) — dg,r by Theorem and o4 = 1 [22, Corollary 4.6], we
have
lim sup il 1y (0) < limsup o, 0)d(v) = 6(v) = ¥h(w).  (9.7)
By Corollary [£.4]
v € int Egn(r)
for all large n. Therefore, by Theorem there exists a linear form ¢,, € aj
tangent to @bgn (ry at v and a (o, (I"), ¢ )-conformal probability measure, say
Uy, on the limit set Afrn(f‘) C Fo.
We claim that by passing to a subsequence, v, weakly converges to a

I'-conformal measure on Ai‘l. To see this, fix a closed cone D such that
v €intD C D Cint L2 U{0}. By Corollary D C int Ein(l‘) U {0} for all

large enough n > 1. Since 1/Jgn () >0 on Ln(r)’ we have that for all large
n’
¢n >0 onD.

Moreover, since D has non-empty interior and ¢, (v) = wgn(r) (v) < ¥ (v) for
all large n by , it follows that the sequence ¢,, converges, up to passing
to a subsequence, to some linear form, say ¢ € aj, which can possibly be
the zero linear form at this point. Let v be a weak-limit of the sequence v,.
Since o, — idr, it follows from that v is a (T, ¢)-conformal measure
on Fy. Since Agn (r) converges to A¥ as n — oo by Theorem ﬁ v is indeed

supported on A%. This proves the claim.
Therefore by Theorem we have

¢ > uf;
for instance, ¢ cannot be zero. Hence
UP(v) < G(v) = lim ¢y (v) = Hm ] o (v). (9.8)

Together with , this proves
YP(v) = limy) ) (v).
Finally, for any compact subset Z C int [,i‘l, we need to show that as n — oo,
Q,Z)gn(r)|z — ¢2|;  uniformly on Z. (9.9)

By Corollary we have Z C int £r97n(1“) for all sufficiently large n > 1.

Since int EIQ is a convex subset, any compact subset Z C int EIQ can be

covered by finitely many compact convex subsets of int Ei@. Hence we may

assume without loss of generality that Z is a compact convex subset.
Recall that each ¢3n<r) is continuous on intgn(r) (see the remark following

Lemma , and hence we may assume that wgn (r)| 7 is continuous for all
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n > 1. We claim that the family £ = {@Z}gn ) |z : n € N} is equicontinuous.
Observe that £z consists of positive concave continuous functions. Moreover,
by [22, Lemma 3.13],

wgn(r)(u) < max Vo, (v) for all u € a;’.
vEp, (u)

Since ¥, (1) < 2p by (9.2), we have that

0
maX¢ u) < max 2{) V). 9.10
wes Un(F)( ) = UEpEl( Lot ( ) ( )

Consider AUi(#)-admissible closed cones D C C such that Lr—{0} C int D
and D — {0} C intC, which exist by Lemma By Proposition we
have that £, ) C C for all large n > 1. Since C is 6 Ui(f)-admissible and

hence C Nkera = {0} for all & € 6 Ui(6), the intersection p,'(Z) NC is
compact. Thus the right side of (9.10|) is uniformly bounded by

max  2p(v) < oo.
vepy H(Z)NC

Hence, £ is a uniformly bounded family of concave functions. Since this
is true for an arbitrary compact convex subset Z C int £%, it follows that
the functions in £z are uniformly Lipschitz, which implies that they are
equicontinuous.

By the Arzela—Ascoli theorem, any sequence from the family £z has a
subsequence that converges uniformly. Since the growth indicator functions
wgn ) |z converge pointwise to pr‘l] 7, any uniform limit of £; must be ¢I€| 7.
This proves , completing the proof of Theorem (9.2

Proof of Corollary Let ule € ag be the unique unit vector defined by

S =vyp(up) = max P{(u). (9.11)
||u||:1,u€a;

As T" is 6-Anosov, we have that 1/112 is strictly concave and vertically tan-
gent [22, Theorem 12.2]. It follows that u% € int £%.

Choose a compact neighborhood B C int E% N aé of ulq Let o, be a
sequence converging to idp in Hom(I", G). By Corollary we have

B Cint Egn(r) Nag for all sufficiently large n > 1.

Let u,, € B be the unit vector such that wf,n ) (up,) attains the maximum
of wgn (ry on B. We claim that

that is, d}gn(m (up) = Max, e, ¢gn(l“) (v).
By definition of ule, there exist 17 > 0 such that

Ph(ud) >n+ max h(v).
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Since @Dgn () converges uniformly to 11)12 on B by Theorem we have, for
all sufficiently large enough n > 1,

n
Wy (uh) > 5 T max 08y (©)- (9.13)

Since d)gn(l“) (up) > ¢gn(F) (u?), it follows from (9.13) that w, lies in in the
interior of B for all large n > 1. Now suppose that u,, # ugn () This means

that ugn(r) ¢ B. Noting that both w, and ug_n(r) lie in int £%, which is

convex, consider the line segment in int £i‘l connecting u, to ugn 0y
. 0
t=ct) = tun + (1 = ug, (y forte[0,1].

Note that 0 < ||c(t)]| < 1 for all £ € (0,1). Therefore, by the concavity and
homogeneity of ¢gn (ry> we have that for all ¢t € (0,1),

1
0 (o) = Te e )
> ¢3,L(r)(c(t))
> wgn(r) (un) + (1 - thn(r) (Ugn(r))
> min {¢Zn(r) (un), U7 (1) (Uin(r))}
= wgn(l“)(un)‘

Since % — u, as t — 1, this is a contradiction to the fact that wu,

attains the maximum of ¢gn(F) on B. Therefore, uﬁn(r) € B, proving the
claim (9.12)).

Since B is an arbitrary compact neighborhood of uIQ, it follows from (9.12))
that

Uy = ugn(r) —ul asn — oco. (9.14)
Since wgn T Y2 uniformly on B, by Theorem we obtain from ({9.14))
that
55*”(1“) — 6% asn — oo.

This finishes the proof.

10. CONTINUITY OF MORE GENERAL CRITICAL EXPONENTS

If T is a discrete subgroup of G and ¢ € a* is positive on Lp — {0}, then
the ¢-critical exponent d4r of I' is well-defined as in (9.5)).

In this section, we obtain the following continuity of ¢-critical exponents
as an application of Theorem [5.5] The main point of this theorem is that we
are not assuming that the linear form ¢ is pg-invariant unlike in Theorem
9.5
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Theorem 10.1 (Theorem . Let T be a 0-Anosov subgroup of G with
Lr C a; convex. Let ¢ € a* be such that ¢ > 0 on Lr — {0}. Then for all
o € Hom(T', G) sufficiently close to idr, the critical exponent 0 < 04 51y <
oo is well-defined and the map o — 64 (1) is continuous at idr € Hom(I', G).

Proof. Let ¢ € a* be such that ¢ > 0 on Lp — {0}. Set
¢’ = ¢ o ps,

so that ¢/ € aj. Since ¢/ = ¢ on ap and Lr = L%, we have ¢’ > 0 on
Ly — {0}. Fix a small open neighborhood O’ of idr in Hom(T', G) so that

€= Sup Oy ) < 00
e’

by Theorem For n > 0, set N} (Lr) == {v € a® : |lv — Lp| < n|lv]|}.

Since ¢ > 0 on Ly — {0}, there exists n > 0 such that ¢ is positive on
N, (Lr) —{0}. Hence ¢ and the norm || - || are comparable to each other on
N, (Lr). Let € > 0 be arbitrary. By making 1 smaller if necessary, we may
assume that for all v € N (Lr), we have

—£d(v) < (¢ = ¢)(v) < £6(v). (10.1)
We can take a small neighborhood O C O’ of idr in Hom(T", G) so that
for any o € O, ¢ is 6-Anosov and

ﬁa(p) C Nn(ﬁf‘) (10.2)
by Theorem In particular, there exists a finite subset F, C I' such that
ulo (T = F)) € No(Lr).

Since lim dy ,(ry) = dg/.ry as ¢ — idr by Theorem we may assume
that for all ¢ € O, we have

10 o(r) — dgrr| < € (10.3)

by replacing O by a smaller one if necessary. Then for any o € O, we have
that for all s > 0,

Z e~ (1=8)sd(u(e(7)) > Z e—5¢' ((e(M))
I i o o g o
It follows that
5(1,6)@0(1—\) > 5(;5/70(1'*) and hence 545’0(1") > (1 — 5)(5(;5/’0.(1'*).
Similarly, we have that for any o € O,
Z e~ (I+e)sd(ule(M)) < Z 59 (e (7))
~el—F, ~yer—F,
Therefore
0(14e)p,0(T) < Oy (1) and hence 0y o) < (14 )¢/ o (1)
Therefore for all o € O,

(1= €)dgr,0(r) < Fgo(r) < (14 €)dr o(r)-
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It follows from (|10.3) that for all o € O,
[06,0(r) = Jg,r| < 22041 o(r) < 2.
This finishes the proof. U

Proof of Corollary Since ¢ > 0 on Lr — {0}, we have that ¢ > 0 on
Lo, ) — {0} for all sufficiently large n by Theorem It follows from [21]
that 5(;570-”(1") is the minimum constant x,, > 0 such that

Yo, (1) < Kn®-
Therefore & > 04,4, (). By Theorem we have
K> 01
This implies that ¢¥r < k¢, as desired.
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