
 
Lecture18

1 Tensorproductofalgebras
JBONUS

Abeliancategories
2 Exactnessofadditivefunctors
Refs AM Sections 2.92.11
1 A is commire unital ring BC are comm've Aalgebras
Last time 3 commire Aalgebra strive on Bgc s t
lb g 6091 6,62099
Thm BOAC is the coproductofBGC in the caty of
Comm've A algebras
i e the functors Homa

peg
B C o

Homa.gg Bi
Homa

peg Ga A CommAlg Sets are isomorphic equivy
we have algebra homomorphisms LB B B C E C Bgc
s t t alg homomisGB B D y C D where D
is commive A alga 3 Aalg homem g Bgc D

making thefollowing Comm've
B is e C

i

Proof Constrin ofCBLc LB61 601 Ecc I C

y boxc
boxer 601 0043 41601141904 1diagram is commive

qB167444 this what y shouldsatisfy

f
hemap BxC D 16c QB6q4c is A bilinearso



I Aeneas map g Bgc D w qc6 4 9461444
What remains to check is y respects ring multipen it's
enough to dothis on decomposabletensors

q 6,0cg 6204 416,60CE GB16,64y GE
q96,7y

Bh 44g fled D is comm've 1446,74491

y
BG 44971 416 c 4160cal 0

Example B A x xD F Fu C Aly ge G G
Then B C Alex xxy ye G Fk G Ge denotethe

righthandsideby D en x xx enyaye
Will show isomorphismof functors
Homa

peg
Q HomaaeglB lxtloma.mg

CilFBiHoma.aegB
o defineanotherfunctorFfg A CommAlg Sets

FB comm'vealga E e G EE lFile ed o ist K
for y E E n Ffly FB E FBEl Cq e Plyler 4led
well defined map6k fled ycedsatisfy relnsofG e

Then FB FB 16k a homomimfrom B isuniquelydetermined

by images ofgenerators x he exists as long as the imagessatisfy
relations Fa Fk
Similarly we have Fc FI Fo Ff Fromdescriptions
of B C D by generatorsArelins see Ff FfsxFf

g
This completes example



2 Exactness of additivefunders themainproperty ofthese
functors CommireAlgebra cares about
2 1 Exact sequences Let Me M E M
be a sequence of Amodules their homomism w geneHomaMiMi
so K l

Def in Say this sequence isexact if imyi.ikery.fi t K l
AshortexadsqmaCSEIisexo.it sequenceofform

a M 9 M M o

ie g is injective img Kerya ya is surjective

Example ef SES if NCM is an A submodule then have SES
e N M MIN o9 A

inclusion projection

In away every SES looks like this y identifies M
W submodule ofNz Gz identifiesMz w Mlimy

22 Definition of exactnessforfunctors
A B be two rings F AMod BModbe an additivefunctor
Definition et left rightexactfunctors
If H SES e M M M o

lit the sequence e FCM FIM I fMs isexact
thensay F is

lettexact.li'llthesequence FIM HMM HM o is exact

gotten say F is rightexact



Rem can define leftfrightexact funders F AModem BMod

e.g in i require that fly fly I
e fMs fMz HM

is exact
Def For F AMod BMod AModOPP BMod
exact left rightexact i e sends SES to SES

23 Examples
1 Let S CA localizablesubset localin functor s AMod
As Mod We claim that its exact

Reminder Lec 9 Section2.2 if yeHoma MN then
Kergsl Kerg s imCys img s
For SES e M M M o

y is injive y's isinjective imy Kery img's Keng
etc This shows s is exact

2 Let L be an A module Lg AMod AMod
We claim L a is right exout
Indeed consider SES e Ka Mi Mz o

need to show
id Lz id Iz

LOAka L Mj 20AM o

is exact

By Lecture16Section1.1 id Iz issurjive KerCid I

qjspanafloxkzlec
L.kzKz imCid Ca in that lecture



I
we've fixed the 2ndfactor of A but we know is comm've

so this doesn'tmatter

3 Homa L o AMod AMod is left exact Needtoshow
for SES e M M E M e thefollowing
is exalt

a Homagemy
9 HemallMd Homa 4m31

y is inj've y o is injive exercise
lets check Ker ye im y o i e thefollowing are

Guyaglent
for yzeHemaCLMd

92042 0 i e y cKer
b yeyay fer y cHempelM I lie y cim

6 Ca Gc gig so
a b gaya o imyackergoing Kyi M
img so we can view 42 as an A linearmap L M this
is y in 161 0 ofexample

Remark HemaCLo may fail to be exact A K L 7427L
consider SES

za 22
q 7427L oe K

Hom 7427472 o but Hom 74274742744103

Similarly Lola may fail to beexact see Prof6 in
Hwy

I



Another example Hom f L A Modem AMod is
left exact
theproofwasnt discussed in the lecture
We need to show that for an exact sequence

o M I'M 42M 0

the sequence
e HemMsL HemML Hom M L

is exact

4394542 is injective Indeed since yz is surjective y yeo
43 0

c Ker l eyD im l yid as in exampleofHomakil weget 3
Toshow a yay o Keryping so 3 y s t
thefollowing diagram is commutative

Ma

Making L

But y identifies MzlimywithMs so that theprojection
Mz Mrlimy becomes gz Mz Ms Take43 143 L

corresponding to 42 so that 43 4542

BONUS Abelian categories
Additive functors make sense betweenadditive categoriesLec15
Question for today whatadditionalstructures conditionsdo

6T



we need to impose inorder tobe able to talk aboutexact
sequences It turns out that no additionalstructures are
neededbut we needto impose additional conditions
Exact sequences are about kernels imagesandtheir coincidence

One can define them easily when we talk aboutmodules but in
thegeneralityofadditive categoriesobjects are notsets morphismsare

notmaps so weneedtoexplainwhat wemeanbykernels

As usual a recipe to define thekernels andcokernelsquotients
by images are to look at their universalproperties inthe
usual setting ofabeliangroups
Let NM be abeliangroups g N1 Nbe a homomorphism
Let Kbe the kernel ofy and c KUNIGethe inclusion

Then

we have thefollowing
f LE lbCTLMed y L NI a homemm s t yaysoI y L K making the following diagram comm've

L y

m

Definition ofkernel in an additivecategory Let e Ge an additive
category MNCQb e y cHomeCMN1 Bythekernelsof
ofy we mean apair K c w keQble LeHemelKM s t

e

yeL O

K h has a universalproperty that is a directgenerali



Zation of
Definition of cokernel in anadditive category The eekernelin
E thekernel in e P Ie inthenotation ofthepreviousdefinition
weget apair Gst w C c06 e I cHome N G s t

To y D
andtheuniversalproperty Hy cHomeINL s t

yay o 3 y cHemelCL s t
N

c
is Comm've

Exercise In the categoryofabeliangroupsthe cokernelof y M N
is Ntimy w theprojection OT N Ninny

Definition Wesay that y cHome MN is a monomorphism if
fo is its kernel and is an epimerphism is lee is its cokernel
Forexample in AMod Monamorphism injectivekepimorphisms
surjective Note that amonomorphism in E epimerphism inEMP
Exercise Thefollowing 2conditions are equivalent

a y M N is amonomorphism

6 go HemaCLMl HemaCLN1 isinj.veHLEQue
Similarly g is an epimorphism y Homa NL HemaCML

k LE ble
Inparticular foranykernel K c wehave that c is a monomer

gpyhism forany cokernel Gst H isanepimorphism



Definition We
say that an additive category e isabelian if

thefollowing conditions held
k everymorphism in E has a kernel
C every morphism in e has a cokernel
M forevery monomorphism LeHomeckMI I N ye

Home M N s t K c is thekernelofy
E forevery epimorphism HeHamelnc J M y c

Home MN s t Gst is the cokernelofy

Example A Mod AModemare abeliancategories
Nonexample The category offree A modules isnotabelian
if Ais not a field This is because every not necessarilyfree
A module is the cokernelGnthe usual sense of a linearmap
between free modules
Example A full subcategory of AMod whereA is an associative

ring that isclosedunder taking sub Rquotientmodules is
abelian Addedon 91 6 inparticular for ANoetherianthe
category of fingenerated Amodules is abelian
In an abelian category itmakes sense to speak aboutsub

objectsof M apair of ke ble amenemorphism CeHemelkMY

quotient objects etc Axioms M k E ensure that these
objects behave in a way we expect

them to Inparticular
it does make sense to talk about exact sequences
Premium exer in abeliancategory isomorphism monomorphismkepimorphism
I


