
 
Lecture 19

1 Properties of lettlrightexact
functors.yBenus

injectivemodules

2 Localizationvstensorproductfunctors
3 Projective flat modules
AM Sections2.9 intro to 3 E A 3.2 6 t 6.3
9 Lemma Let F AMod B Modbe leftexactadditive
functor Then
a Fsends injections to injections
6 F sends every exact sequence a M

E M M to
anexact sequence e FCM FMa FMs

e F is exact Fsends surjections to surjections
Proof a NIM can beincludedinto SES
o N M M o M is Mlimy

F
e FINI HI fm fMi exact Fly isinj ve

b Mj imq cMz yf y viewedas a map to itsimage
L Mj Ms incln so 4 Coy's
a M 4 Me M e isexact

a FIMI fMz
1FCM 1 1

isexact Further c ismy've byCam Flc isinjive
F is afunctor F ga FI Flyit KerFly KerFly

inj've 1 1 1

q
o FCM HMM fMs isexact



c is exercise D

Rem There are direct analogs of this lemmaferallotted
typesofpartial exactness Eg left exact functor
F A Modopp BMod sends t exact sequence
M Mz M 0 to exact sequence
o fMs fMd f M exercise

2 Localization functors vs tensorproducts
A Comm've unital ring SCA localizable subset
A algebra As localn functor s A Mod AsMed
Theorem The functors s As A AMed AsMedare
isomorphic

Proof Step 1 construct 2 Asg s

2M AsAM Ms consider Asim Hs
As module

themap AIM Ms Esm F cMs is A bilinear
A linearmap yn As M Ms 5 m FF

Exercise youare As linear constitute a functormorphism

Step2 prove ya As A
I 2 A 1

s tfset I
Recall

It



As A I Z_s A 1
s

t x
As I

Fromdefin of2 this diagram is commive for III P follows
directly from the constn in general all maps in this
diagram are componentwise

Step3 here from Step 2 exactness we deduce thatEm is
isomim t M Have exact sequenceI I

A A M o

Applyfunctors Asg s to this exact sequence toget a
diagram

Ago A
I

As AOTI A AM 0

a I 212am Ifm
Att s CA I

s Ms o

Thisdiagram is comm've 6k y is a functormorphism
Rows are exact 6k Asg s are right exact analogous
to Lemme in SectionM
Theclaim thatyou is isomim followsfromthenextlemma

Lemma Suppose we have a commive diagram w exact vows

3T



M M M o

je je
Yi 42

N N N o

Assume 42 is som m y issurjective Then4 is an

csom'm

Proofof lemma y issurjive left square is comin've

yz int I im
Rows are exact M I Ma l im I via Ea

Ns sNzlimy viaya
Rightsquare is commive y is identified w the som m

Mzlimt Nzlimy inducedbyya D
g of Thm

Remarks

1 Similarly to Lemma if we have Comm've diagram w

exact rows

0 Mz My Ms

µ µ lies

a N No Ns
If Yg is an isomm Ys is Mj've y is an Isom'm exercise

2 Lemme Rem t are special cases of the following
result known as the S lemma for commive diagram w

exact rows
TI



M M Ms Mr Ms

je ke ly te Ie
N N N Ng Ns

Then 4 is an Isom'm premium exercise basedon diagram
chase

3 Alternativeproof of Thm both As as AMod

AsMod are left edjit to For As Mod AMod
forAgg this followsfromthe 1st corollary inSection9.3of
Lecture 97 foras it ispart 3ofProb5 in HW3

3 1 Projectivemodules

Let P be an A module We know Hema1B is leftexact
see Example 3 in Section 2.3 of Lecture98
h Forwhich P is this functor exact KI ofLemma in Sett
Homa P sends surjections to surjections

Example P A I claim Hong AGe isexact

Homa A
I Is.xI

inparticular for y M N we have commove diagram
Homa A I M F Hom CA INI
Is Is
µ XI y

I

I µ XI

JI



Since y issurj've y issurjive

Reminder An Amodule P isprojedive if I Amodule P
S t P P is a free Amodule a A Ifor some set Il

Thm TFAE
a Homa P o is exact
2 H A linear surjection OT M P Z A linear

L P M s t To L idp
3 P isprojective

Proof

G z Homa PM Homa PP is surjective
I C Homa PM s t To L Idp which is 2

2 3 Pick L P M w Toc Idp c isinjure
Iselin toProf 8 c inHWI

µ KerDT IMI Sp
Weapply this to H M A I P weget G
w P Ker H

3 a

Lemma Let MM be A modules TFAE

y
a Homa M Homa M o are exact



6 Homa M Ni a isexact
ProofofLemmon MQM is the coproduct ofMM is AMod
so HomalMQM Homalma xHomaMfa Weapply
this to Amodule surjin g Nz Ns Get e comm've
diagram

HomalmotM N Hemal
M.qlxtloma.CM

Nt
1,49904 44.43191904219043

Homa MQM Ns Hemal Nz xHoma MNs

6 y yay issurj.ve right verticalmap issurj've
4294042 4344043 are surj've a

Know P P'sA I
Hema Pip is exact16gExampleabove

By 6 a ofLemma Hom CP o is exact

I ofThin

3 2 Flat modules
Definition An Amodule f is flat if FOXA AMod
AMod is exact sends injections to injections
Examples
I A is flat a completeanalogofExample in Sect 3.1

bc A I I

II Projective flat 16gcomplete analogofLemme in 3 tt



example Il
TI t localizable subset S As is a feat Amodule
6k AsA s Section21 s is exact example 1 in
Section 2.3 of Lecture 18

BONUS injective modules

Let Abe a commive unital ring
Definition An A module I isinjective if Hemal I
AMod P A Mod is exact equivalently for an
inclusion N M the induced homomorphism

Homa I m HemaCIN is surjective
The definition looks verysimilar to that ofprojective
modules however theproperties of injective projective
modules are very different Projectivemodules especially
finitely generated ones are nice but injectivemodules
are quiteugly they are almost neverfinitelygenerated
The simplest ring is 7L Let's see what beinginjective

means for 7L
Definition An abeliangroup M isdivisible if tfmeh aek
3 m EM s t am'sm
Example The abeliangroup0h is divisible So is Ql7L
Propositiont For an abeliangroup M TFAE

Cat M is injective

81
l M is divisible



Sketch ofproof a 161 apply
NUM HamalI M HemaCI N

to M TL N ah
b Ca is more subtle Thefirst step is to show

that if 1 1 holds for NCM then itholdsfor Nt 7dm cM
f meM So holds for all fingenidsubmodules NCM
Then a clever use of transfinite inductionyields for all
submodules ofM
We canget examples of injective modulesformoregeneral

rings as follows Note that for an abeliangroupM the

group
Hom AM is an A module

Proposition 2 If M is injective as an abeliangroup
then Hom CAM is an injective A module
This is approached similarly to Prof3 in HWS
Finally using thisproposition one can see that every Amodule
embeds into an injective one thecorresponding statementfor
projectives that everymodule admits a surjectionfrom a

projective module is easy 6k everyfreemodule isprej've

I


