
 

Lecture 20
1 Integral extensionsof rings
2 Integral closure
Ref AM Section S t
a Intro recap We've seen a bunchof constrins ofrings

direct sums

ringsofpolynomials
quotientrings
completions HWA
localizations

tensorproducts

symmetricalgebras Hwi
Today another construction taking integral extensionsKlosures
motivatedby algic numbertheory generalizes algebraic extensions
closures forfields see MATH37e

1 Integral extensions of rings
Reminder if KCL are two fields thenone canspeakabout
L beingfinitelygenerated as afield even k

e L being algebraic ever k
L beingfinite over K

Now suppose that A is a commove unital ring let Bbe
a comm've unital A algebra We've already defined

gywhat it meansfor B to be fingenerated as algebra overAi
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da Definition examples

Definition Say B isfinite overA if B is afinitelygend
Amodule

Say beB is integral ever A if I mendCie leading
caff 1 f cAEx31 f167 0
B is integral over A if t beB is integralCoverA

Examples A A Kc B L extension offields Then the
notions of beingfinite are equivalent Andintegral
algebraic But L is finger L as an algebra over K
fingenid as afield over K but not vice versa

2 Let de7L not a complete square A 7L B TL A
B isfinite over A rk 2free Amodule w basis 9 Sd
Claim B is integral over A
EB equals at652 la 65K u conjugate a 65

5355 2a g3 d 64 f x xp xg I X Lax 1
N Gd CACN fcp o SoP is integral even A
B is integral over A

12 Properties
Reminder forfieldextensions finite algebraic fingener'd
It



Thin Let 13be an A algebra Considerthefollowingconditions
a B is fingen'd integral over A
6 B is finite over A

Then a 16 and if A isNoetherian then 6 Cal
Addedon 1116 Can removeNoethin assumpn seeRemarkonpage 6
Proof b a when A is Noetherian

finite fingenid 6k if 6 6kgenerate B as Amodule
they generate B as Aalgebra
finite integral gasc B want 3 meme fG EACH fg3 o
For Kao M Spang t c B is an Asubmodule
Mi's form an ascendingchainof submodules which has to
terminate bc A is Noetherian B is fingenid Neethint
Amodule So F K a s t M Mk EMµ Mk i.e

hugs t ak.gs t the set fix XK a X one V

a 61 Letgo.pk begenerators ofAalgebra B knew
all ofthem are inte over A Want toshow B isfingend
Amodule for i D Krs Bi Alys pi subalgebragenid
by these elements Bo A BK B
Weillshowby indin that Bi is afingend Amodule

Induction steps Bi BiEpi fi isintegral over A hence
over Bi f x CBiEx s t fCpi 1 0 f x Xm CmXm't Co
gcBi Bill Bin X0pm factors through BiCx HKD
Since fix ismonic BiLx fat isgeneratedby 1 Xm

gag
a Bi module inpart'r its fingend Bi is a



fingend Bi module
WeknowBi Span16 Gn Bi SpanBich he

B Spanos 6ihj list n j P l Finishes inductionstep
and theproof A

corollary1 Suppose A is Nuthin ring If a 167holds
then B is aNuthin ring
6k B is a Nuthin Amodule Nothin Bmodule

corollary2 If A is Nuthin fCHEACx ismenu then

A131CfcxD is integral over A
This is6k AKI HN isfinite over A seetheproof Herewe
can also remove Noethin assumption see Rmk onpage6

Corollary 3 transitivity Let 13bean Aalgebra C be a B
algebra Then

a B fingenid overA CfingenideverB C fingenLeverA
b finite finite i i finite
c integral integral i i i

integral
if A is Nathn this assumption canbe removed
ProofofCcl Ve C integral ever 13ns I Go 6k EB s t
8k 6 8 6 o V is integralover A Go 6k Since

6 6k are integral over A A 6 6 3 is finite ever A

j
Albo 6k 83 is finite overACG God By 161Albo Gail



is finite over A hence integral 8is integral a

2 Integral closure
Preposition1 let 13be an A algebra Suppose A isNoethin
If df3EB are integral ever A then so are Ltpdfs Ad
HaeA Again can removetheNoethin assumption Rmconpage6
Proof Consider subalgebra AED cAldg CB AKI is
integral over A AEggs is integral over ACD over A as
well Since 253 253 as EACapI they are integral over A a

corollary definition The subset A
B of all integralover A

elements in B form an A subalgebra This subalgebra is
called the integrase of A in B
Note that this is a directgeneralization ofalgebraic

closures of fields

Prep2 If A isNeethin thenthe integralclosureof A
B
in B is A

Proof LetgoCB be integral ever A
BNeedto show13is integral

over A C AB Let fG x 6 X t 16 w fgaso
Then Go 6k are integral over A A Go 6k isfiniteover
A ACK 6k p is finite over A Hence is integraloverA

Onceagain can remove the Neethin assumption

I



Remark added1116 we can removethe assumption that A is
Noetherian throughout This isn'tparticularly important asmost
ofrings we encounter are Noetherian
It's enough to do this in TheoremfromSection 1.2

the assumption that A is Noetherianpropagatesfromthere

So let 13 befinite overA Weneedto showHpcB is
integral over A Thisturnsout to be a consequence of the
Cayley Hamilton theorem

We can replace A w its image in Bandassume A is a
subring of B Themultiplication by is an A linear

operatoron B denote this operatorby X Let 6 G begenerators
of the Amodule B Then xtoils j aij6j for someaijEA Let 4 ay c Mat A So x sendsthecollection

Ifly 6,1 viewed as a column vector to 47
Now view B as an AQImodule Thematrix Tu x I YE
Mat AW sends I'to 0 We know that for
F consisting of Ck i x k i minors of 4 sometimes calledthe
adjoint matrix of F althoughthis terminology is notthe
best we have F F Let F I It follows that the
element Let F Let XI 4 c AKI acts on B by d
Set f x LetCxI Y this is a menupolynomialRecallthat
acts on B as multiplication by fg37 o in B Sog

is integral over A

It


