
 
Lecture 21

1 Integralclosurecont'd
mPr
f ofThm III in section1.3

2 Noether normalizationlemma 2 CohenMacaulayalgebras
AM Section5.3 E Sections 4.2 13.9 13.3 E Vinberg Acourse
in Algebra GSM56 Section 9.5
1 It is comm'veunital ring B is an A algebra RecallClea20
the integral closure A B beBl 6 is integral even A
A subalgebra in B
19 Normaldomains

Let It be a domain v fractionfieldFrac A A
Definition
i Thenormalization of A A Freek integralclosureof
A in Free A
ill It isnormat if A coincides w its normalization

Special cases
1 L is a field ACL is asubring Claim It is normal
Indeed It is integrclosed in L Frac AT CL
It closed in Frac AT
2 UFD normal let A be UFD f Efrac A w

coprime 96E A Need to show f isintegral over A
f CA i e 6 is invertible Let f x X tGoX t GXtc

IciCA be st flag o 0 641 7 a t g ai6k

qy
e b But GCD1g61 1 6 isinvertible 664,6



I
3 If A isnormal A x isnormal see HW5 Problem6
Exercise Let L be a field A c L normalsubrings lie I
Thenin Ai is also normal

12 Exampleof computation of integral closure
Want to compute theintegral closure of A 7L FreeA Q
in Q ft deTC is a squarefree number
Need to understandwhen EQ Td f a 165 la 6EQ
is integral ever 7L
Lemma TFA E
CilS3 is integral ever 7L
ii 2A ofbedc 7L

Proof ii i Half la 6221 0 Ex2 inLec20Sect1.1
it Cii e 652 if for fG CTLCx have fgs so
fCgs o So is also integral ever 7L

ftp 2a D 62LEQ are integral over TL Since
TL is UFD normal i.e all elements of Q integeover
are in 7L 2A d 62LETC
Exercise elementary Numberthy If d 2 or 3 meds
then Cii ebC TL

if d Amod4 thenCiii either a 6c TL or 966 7 12

Corollary i TL I isnormal D 2 er 3 modT
If D amed4 then thenormalin of TL 523 is
It



at6521 a be7L or a 66 13

ii 7L F5 is normal but not UFD

13 Finiteness of integralclosures
Let A be adomain K Free A K c L finitefieldextin
d Is It finite ever A
A It's complicated

Theorem Assume thatone ofthefollowing holds
I A is Neethin normal char K o
I A is afingendalgebra over a field or over 7L

Then A L is finite ever A
Preet under I will appear as a bonus

Example let A TL L is afiniteextensionof0h Thering
A t is called theringofalgebraicintegerj in L crucially
importantfor Aeg Numberthy Both I Q II apply
so Thm A is finite ever 7L i e is a fingendabelian
group Since It is domain 7L EAT It istorsion
free as abeliangroup So A

t
is a free abeliangrip of

rank dim L which isprovedusingthefollowing exercise
Exercise let A 6e an arbitrarydomain k free A
L is finitefieldextin of K Ah S Al 03 localizable

3T



subset AT s L Ginghomem'm Claim this is an
isomorphism

In our example rank of At dim Al s

2 Noether normalization lemma normalization herehas

nothing to do w normalizationfromSection 19
Reminder let KCL be fingeneratedfieldextension

Then 3 L between K L St
L is finite over L
L K x Xm fieldofrationalfunctions

Theorem Noether Let t be a field A a fingenerated
F algebra Then I inclusion fCx Xm A s t

A is finite ever FCx Xm forsome M o

We'll onlyprove it when F is infinite
where aproofis

easier For ageneralcase see ET Lemme 13.2 Theorem 13.3

Key lemma Assume F is infinite Fe FCx xD benonzero
The F F linear combinations y gn of variables Xn s t
f x xD F is finite over FEy yn.it
Proofoflemma
F fat fk f is homogeneousof deg i fate

Special case fde O 1 to Xiiappears in f W nonzero
coeffit Now new F E fEx Xn xn has leadingcoeff't
te ie invertible in FCx Xn class ofXn in FA xDKFI

1µs integral
over f x Xn By the theorem inSect1.27of



Lecture20 FCx X11CF is finiteover 5Cx xn Setgo.ieXi

General cese fate F isinfinite fk ar an to for
some hi C F Pick invertible cMatan F s t

Fan
Consider Fa Fo as afunction F F

polynE obtainedfrom f by linearchangeofvariables
Then fFlo 49 fide an to So

fEx 1h31 FP is finite over fCx Xn hence

g CF is finite over fCy yn.is w

htt fit a

Proof of Thm Let X ne 74.13 F algebra homemim
FEx xn A s t A isfinite over FA KiB X to
6k A es finitelygeneratedQ se FA xp A for
some N

Set m minX y fEx Xm A s t A is
finite over FCx Xm

Claim y is injective
Assume contrary 3 FEKerg f to ByKeyLemma
Ex xm3 F is finite overFly you



A is finite over FCx xm3 F 16k y factorsthrough
fEx xD Fl By Corollary 3 ofSection 1.2 in Lecture20
A is finite over Flye ym.is Contradiction w choiceofm D

canberemoved

Important corollary Let F be an infinitefield let Abe a
fingend F algebra If A is a field then dim A
Proof By Thm FCx Xm A s t A isfinite over
FCx Xm Need to show me Assumethe contrary Since A
is a field FCx Xm A extends to F x Xm A
inparticular extends to FExit K Xm A
FEx and FExitK Xm A
A is fingen'd over F x Xm FCx Xm isNothin
FExt X xD is fingend over FCx Xm Butthis is not true
the Flex Xm modulegeneratedby XIdiFi i t l is
contained in Xid fEx Xm w D Max Li Contradiction

w M O D

Bomist Proofof Theorem in Section 1.3 underassumption I
Proof Let dime ten Every element LELgivestheK linear
operator say Ma en L via multiplication So for LEL it
makes sense to speak about that tr ma Ek

Steph Weclaimthat for de A we have tune A
Let fat cAEx be a monicpolynomial w fCake Choose an
algebraic extension of L whereAxldecomposesinto linear



factors All eigenvalues of M are roots of fG hence are

integral over A Therefore try the sum ofeigenvalues is
integral over A But track andsince A is normal we see
trial EA
Step2 For xpEL defineGp trap This is a symmetric

K bilinearform LxL K Weclaim that since char k o
this 61linearform is nondegenerate Moreprecisely for a c 463
I mao s t Cuum l strum to Let u u u un betheeigenvalues
ofmu counted w multiplicities Then train aim If the
rh s s are 0 for all in then thx to char I dark d we

get Up un o which is impossible since Ute

Step3 Thx to the exercise in Section A3 we can find
a Kbasis l en of L w lie At Let et e bethedual
basis w r t C i e tr lies Sig it exists 6k is

nondegenerate let M Span KI en Note that for
LEAT we have D Egla ede Wehave gli trCali EA
Hc deiGA So LEM AtCM But A is Noetherian
an M ismanifestlyfinitelygenerated A module Hence
A t is afinitelygenerated Amodule and we are done a

Corollary Theorem is also trueunderassumption E if
A is a finitelygenerated F algebra char F e
Sketchofproof Thanks to the Noethernormalizationlemme

ghee
can replace A w FCK Xm for some M thisdoesn't



change At exercise Now we are inthe situation of I
of the theorem 5

For a proofof II w e finitelygeneratedalgebra over
an arbitrary field see E Section 13.3

Bonus 2 CohenMacaulay algebras
The Noether normalization lemmeNNL tells us that for a
finitelygenerated F algebra A there's an embedding
FEx xm A s t A is afinitelygeneratedFG Xm

module This invites thefollowing
Question Can we choose X Xm se that the FEx xDmodule
A is nice eg free Orprojective
Fact If A is aprojective FExa Xm moduleforsomechoice
of an embedding as in NNL then it'sprojectiveforevery such
embedding

Definition A iscalled CohenMacaulayKMiftheconditionfromFactholds
for A
BeingChl is avery nicepropertyperpendicular tobeingnormal whichis

anotherveryniceproperty
Example fCx xm3 isAM thereis an obviousembeddingmaking it
into a projective FK xpmodule
Toproduce a moregeneralfamily of examples we need a

definition

µ
Definition regularsequence A sequenceofelements G eye in



a comm've ring A is called regulars if
theideal Iq eye A and
Hi p K l the classofg inAlley ai is not a zero

divisor
This definition establishessome interestingproperties Forexample
the order of hi's is not importantforbeingregular
Fact Let hec fCx Xm form aregular sequence Then

fCx xDHt fk is CM


