
 
Lecture23

1 Primeideals irreducibility 1Bonus Isthisideal
2 Geometric interpretation ofalgahomem's radical
Refs ETSection16 Vinberg Acourse inAlgebra53.6CAMIChh Ft
1 Reminder onprimeideals A is commivering ICA ideal

Say I isprime Lec3Sect1 if one of equiv'tconditionshold
1 A II is domain
2 G.az EI 7qaz EI
3 if I IzCA are ideals I ICI I or I CI

Inparticular prime radical
Let Fbealgclosedfield In Section 2ofLec2 we'reestablished
radical ideals in tax xd algsubsetsof F

U u

prime ideals Is y
i e what's ageometriccharactin of VIII'sforprime I

11 Irreducible algebraicsubsets
Definition an alg subset X in SF is called

irreducible if X XUh whereXi tf isalga then
X Xi for some i

X
ve le else

ii Iii
y
Propin TFAE al X is irreducible



lb ING feta xDfly o isprime
c FIX f FEx xD ICN is a domain

Proof 6 c is standard

a 6 i assume that I X isn'tprime i e 3 fiefCx NIH
s t ff C IN Xi LEXIfi 2 e i 42 Then Xi 4X
property 6k fi IH i e fileto is an alga subset
XUX LEXIH d e ffaC IN X Contradiction
w X being irreducible

6 a assume X isreducible X XUX w Xi f Xalga
subset define Ii I Xi BI X again6gCorollary inSeet
2.2ofLecture 22 Claim I I CI x I h Iac IH

by that corollary VII h Iz s X ByLemme in Sect2.2
in Lecture22 VII A Id V IMU V Idf XUXpX
Thisprovestheclaim leadingto contradiction a
Examples A F is irreducible 6k Ft Is fCx xn is domain

2 Consider XUx x left'tXget Note that FCx xd Can i
d Flex's is domain So theideal x Xii isprime X is irreducible

3 Y lyg c F ly y 3 Canshowy y is an irreducible

polynomial so ly y isprime So it's radical IG isprime
Hence Y is irreducible

12 Irreducible components

gytheorem
Let Xbealga subset Then

I



a 3 irreducible alga subsets X Xu s t X Xi
b For X Xx we can take maximal wv t inclusion1 irreducible

alg subsets contained inX
Note that 6 recovers X Xkuniquely

Defin These X X from61 are called irreduciblecomponentsofX
Example X L x411XX o Irreducible comp's are xso 12 03

Proof a Assumethe contrary I k t finite unionofirreducible
the set S4of all such X s is of nonempty set

IN HEH Since FCx xD is Noetherian everynonempty
set ofideals hasMaxie wr t c element Pick XESTs t
IlX't is maximal in ICHHEH X isminimal in A wr t
C But X is reducible 6k X'EH X X vX w X isX

X ismine in A Xi4H Xi UjXj finiteunionsof
irreducibly X UXj U UXj contradicts X est
b X Xi where assume that noneofXi's iscontainedinanother
Need to show if Yc Xmake irreducible Y Xi Houautom

Unique i Toprove this weobserve
Y YnXi since Y is irreducible Y YAXifor

some i Y CXi by since Y is maximal Y Xi D

Corollary algaformulationofThm Let Ic fCx xDberadical
ideal Then I

i Ii where Ii isprime andwe can recover

gyI.is uniquely if we assume they
are minimal w r t S w Ia Ii



Remark thesame statement is true if FG xD w arbitrary
Neethin ring premiumexercise

Cangeneralize corollary to

arbitrary ideals primarydecompin see e.g CAM chapters84 It

2 Geometric meaning of algebrahomomorphisms
A algaesubset in f n ICH a EIN fEx xd IG elements

of FEXT are polynomial functions X F
FEx xD FEXT F Fly Ii Xil generate FCx

29 Polynomial maps
Definition XCF Yet algae subsets Amap y X Y
Iofsets is calledpolynomial if I f fmC FIX s t

y f fm
Notice polynomialmap X F polynomialfunctiononX

Point polynomialmap X Ygives algebrahomomim FLY FIX
Constrin

g cFEY is function Y f u X by 8 F

g Ig goy

Lemma a y g E FEN
2 g fly FIX is alg homom'm

3 On thegenerators yjf yjlyl.ee lgj7 fj
Proof
1 GEELY means g Gly w GcFly you sogag

I
CH tn cFIX



2 Check
g lggal y g gCgi

For all a cX wehave

q lggilt gig CyH g tying.lyH ycgikl.qkg.lkThis establishes the requiredequality
3 y lg.pk yjlyCH f.CH y lgp fj D

Examples A Inclusionmep L X est is polynomial
L fCx xD FIN F Fly
Moregenerally if XCYC F alga subsets then inclusion

L X Y ispolynomial FAI FENgogh
2 X F Y Elyg c F lyEy g X Y x 13 7
is apolynomial m let's compute 4
By Example 3 in Sect t.tl FEY Flygl lyfyil
By 3 of Lemma y tyi x3 y Cyi7 x

22 Main result
Theorem

yay
defines a bijectionbetween

polynomialmaps y X 73
algebra homomorphisms FG FED

Proof Recall thatgiven g Cf fm y is theuniquealg
homomim FEY Flex s t g lyjl fj

Nowgiven alg homom c FCY FIX define

go
X Fm by godolgi ocgmD



Needto check imyea Y Glimyd of a c Ily
G Tty Ilysm o whichfollowsfrom Glyi gml o

T is an algebra homomorphism Csopreservespolynomialrelations

By constrin y y c y are inverse toeachother
details are an exercise A

BONUS Is this ideal radical
We've talkedabout variousproperties of ideals being

radicalprime andrings being a normaldomain Wework w
the ring FG xD where tf is a field its ideals quotients
Usually the ideals are specifiedby theirgenerators So we
can ask thefollowingquestions
I Given Fa FeCFIX xD istheideal can we determine

whether F Fa is radical orprime
I Assume E E isprime Can we

determine whether

FIX xD Fa Fk is normal

Asusual the answer isboth Yes No
Yes forgiven n K QF E there are algorithms oftenimplementedin Computer Algebra softwarethatallow to answer these
and relatedquestions The main approach is via Grabner
bases For more onthem see E3 Chapter 15
No if we care about the situation where we have afamily
of ideals with varying n k

q
Heres a famous example Considerthespaceofpairsofsquare



matrices Matn ET F We have aquadraticpolynomials
in these 2n variables the entries ofthematrix commutator
AB AB BA Forexample for A 2 we have

I YjYj KyaYuki xnyntxnyuynxn y.in
HuYuHayaYumiYuki Yuki XuYu

In fact as thisexample indicates the Npolynomials weget are
linearly dependent trCAB o In any case let Ibetheideal

generatedby thesepolynomials sothat
VCI AB E MatnCETIAB BA a.k.a the commutingvariety
Openproblem t is I radical

One canshow VCI is irreducible but thereis
Openproblem 2 Is Q VID normal
Afun fact the normalizationof El VII is CohenMacauley
see Bonus 2 to Lee 21 This is a resultof Victor Ginzburg
from some 11yearsago but techniques ofproofgoway beyond
commutative algebra Noteelse that thesequestions are
related to Bonusfor Lecture F


