
 
Lecture25

1 Modules ever localrings4 Nakayamahmm onus graded
2 Geometric meaning of modules Nakayama lemma

Refs AMISect 2 S

11 Nakayama lemme Let A6e localring ie hasunique
Max ideal m The next result is very important
Theorem Nakayama lemmal If 14 is fingen.LAmodule
MM M then M do
Proof let 0 V EM be Amodulegenerators MsNM
3 a
y
Ehr i j t Kl Vi Ij aiVj t ist K
identitymatrix coquinnvectorL K

Y I taijij eMatic A 8 14 UTEM

47 8 e 14
k For adj t matrix 4 have 4 Y Let 4 I

48 8 Y 48 8 Let1470 8 i.e Let thy o ti
Formulafor Let Let 4 c him Since A is local
Attn are invertible in A Thx to this Let 4 y so vise

Hi Since M Spangly K M 63 a

Notation 14 m M1m14 is an Atmmodule Atm is a

field M Ml is a vectorspace
For re 14 write itfor its image in 141m14

I



Corollary Let o v EM If I vieMar span14km1
then H Uk span A module 14
Proof Consider Amodule N M Spangly vii WantNsto
14th Spanganti Spangly at MM M

mN N By Nakayama lemma N 63 D

12 Projective modules over local rings
Theorem Let A 6e localring and Pa fingendprojective
Amodule Then P is free Moreover from a finitegenerating
set of P we can select a basis
Proof Let u he P I P Spantoo on
P m Spann CT VI Canpick a basis in PCMamong
5 Oi say I On Cn dimaa Plan By corollary insect M
P Span to Un Want to show of on formbasis in P

A n p
Since P isprojective
H splits A P P forsome Amodule P

H

Afm I PIN P h isomof vet space Atm
dim n dim n

dimP'Carl o By Nakayamalemma P lol so
JT is an isomorphism D

2 Geometric
meaningofmodules

It



I
F is alg closedfield X is an alga subset in tf ie

an affinealgic variety A FIX
Q How to thinkabout A modulesgeometrically

24 Fibers X Imaxideals in A
Y MY EfeAlfonso Alby F

Definition For an Amodule M its fiber at 2 is
Mla M lm M an F vector space

Rem if M is fingend dim Mkt c KL
So from 14 we get a collection ofvectorspaces indexedbyptsofX
Examples a M A h Mk t

2 M ALI where I CA is an ideal
Mk ALI Ma ALI All It End
If MPI It by try M al f

LEVCI common zeros of I in X
If map I IthasA MIN de

Warning In general we cannot recoverMjust by knowing
the dimensions of thefibers Forexample in 2 above we
can only recover VCI If from knowing dimensions of
fibers not I itself

Premiumexample F Q P x c Cx is a cubicpolynomial

give
repeatedroots y Pk c ICExy is irreducible exercise



A ay c lol y P x so elliptic curve
Pick d EX u max ideal MacA Efx QQ.gllyrPCxD

Exercise show hy.CL I F for all a cX fer x 14 this
is easy but for bdo need to use that Phasno repeated
roots

Fact fromAlggeometry there areamountmany
pairwise nonisomorphic Amodules among Mae's AGgeom can
tell you when 2 suchmodules are isomorphic

22 Localization of modules vsfibers
XCF alg subset A FIX f c Allo
localization Af Alf is thealgebra FlXp where

X HENfca to section 2.1 ofLecture24
New let M be Amodule localizationMp module Af
LEX M d MfCalvectorspacesover F
Proposition A de Xp have natural isomorphism Mkt Mgk
Proof View F as an Apalgebra via gettyOgKl EF
Recall Section 2 in Lecture 19

AfAM Mf
Mf a MfthyMf Prob6HWA ftphd0AfMf
So

Mfk F µ Ap M

Now we view F es an A algebra via composition



A Af f that equals g cA g'CHEF
Then M a f AM
Nowi need a natural isomorphism between F µ ApAM
RF AM D
Lemma Let A be aring 13be an Aalgebra Cbe a
B algebra hence C is also an A algebra Then thefunctors

go C B B p AMod CMod are isomorphic
apply to B Af C F

Proof Recall that F Bgo AMod B Mod is left
adjoint to forgetfulfunctor G BMod AMod sect 12 in
Lect.tt Similarly Fa C B BMed CMod is leftadjit
to forgetful Gz CMod B Mod
GoGi CMed AMod is forgetful so its left

adjit is C AMed C Mod By Prob3 in Hwi
EoFj AMod C Mod is left adj't to GgGz
By uniqueness ofadj'tfunctors Section 1.3 in Lecture N
Fi F 3 C D

Rem A way to thinkabout the claim ofproposition onthe

level offibers localizationjustrestricts themodule to
theZariskiopensubsetXp

2.3 1 Fibers ofprojectivemodules
A Ferwhich fingenid A modules M all fibers MK have

51



the same dimension
Theorem If all fibershave thesame dimensionthenthemodule

isprejive The converse is true if X is connected inZariski
topology lie cannotbe represented as X X DX for X X
Zariskiclosed

Remlexampte
J

XIHx.glxy o3

y J J

reducible but connected

A fx.gl xEx is disconnected

Rem If M is afingend A FIX module then

LEXIdimMk d is Zariskiclosed H d o
funproblem on the stuff in the next lecture andtheNakayama
lemma

BONUS GradedNakayamalemma

Let A Ai be agradedring
Definition agrading on an Amodule M is a decomposition

M zMj into a direct sum ofabeliangroups such that

6T
AiMj Maj ti j



I
Forexample for a homogeneous ideal ICA both I and ALI
aregradedmodules
Now we aregoing to discuss an analog of the Nakayama

lemmaforgradedmodules Let M be afinitelygeneratedgraded
module

Exer M isgenerated byfinitelymany homogeneouselements
Proposition graded Nakayama lemma Let u ok cM be
homogeneous elements If MsA 14 then 14 63
Proof exercise

Here's ageometric reason to care aboutgradedmodules From

agraded F algebra A we can construct aprojectivealga
variety And from agradedAmodule 14 we can construct
aquasicoherent sheafonthat variety Quasi coherent sheaves
is a centralobject ofstudy in Algebraicgeometry


