
 
Lecture 26

Projectivemodules vs locallyfreemodules ONUSWhatisnext

A Main result A is a Nothin ring
Theorem For a fingenid AmoduleM TFAE

al 14 isprojective
b t Max ideal Mc A the localin Mn is freeAnmodule
c 3 f fEA s t If I A QMf is freeAfimodule

Vsie t K
Defn Modules satisfying 161 Ccl are called locallyfree
Example A 74553 I 2,11 55 In Prob2 ofHW3
have seen that the Azmodule Is Asmodule I arefree
2,37 A example of a Ccl

Rem Raf algic subsetwhere F is alg closedfield1
A FLN H f Af this empty
similar to Exer in Lec22 I

X Xf Afi ElXp

In Lec25 we've argued that Mpi shouldbethoughtof as
the restriction of 14 to Xf So Cd says that M is lec y
free in Zariskitopology ie M is algebraicvectorbundle
Vectorbundles are objectsofprimary interest in Geometry
Topology
It



Proofof a 161 M is fingen.dkprojective F n o
Amodule M s t M M's A Localize at fu

HapMin Ain Man isfingendprej've Ammodule The
ringAmislocal By Thm in Sect 1.2 ofLec 25 Man isfree a

2 Technical lemma to beusedforboth 161 Cc Cc call
Lemma Let me A Gemex ideal M is a fingenidAmodule
TFAE

a Mom 63
2 I f cAhn s t Mf e equivalently I n est

f 14 63
Proof Let 5 CA besome localizablesubset

Ms o F f AmeM te's AmeM 3 s sanies
St Sm o
Proofof G1 2 let me mkeM begenerators Then
I s SKEAlton s t Simi 0 Take f S Sk Sincehe is
Maxie prime f k fmi o Sincemo Megenerate Amodule
M fJU e5 Discussionabove in theproof Mf 03
Proofs of 2 t equiv in 21 are exercise a

3 Proofof161 Cc If Mq isfree Hm J f feeA s t
Hg fat A QMf isfree Afimodule fi
Lemma Let Mbefingend Amodule heCA be Max e

ideal If Man is free Aq
module then 3 f eAlm s t



Mf is freeAfmodule

Proofof 6 Cclmodule the lemma ByLemma Amadmax
ideal I f en cAhn s t Mfg isfree Afca module Need
toprove canpick finmany of flat's thatgenerate A as
anideal these will be our fate
Let ICA bethe idealgeneratedby all font's I isn't
contained inanymax ideal I A So I C I is a finite
A linear combination of fan is We'vedone D

ProofofLemme Letme m begenerators of Amodule M
MT MTCMen aregenerators ofAnmoduleMa ByThm in Sect1.2
ofLec25 canpick basis ofMn among MT Mf say it is
Mf Mf Consider g A M Ca an gm t anMn
Know ya Afi Mm Wellshow 3 f cAhn s t

Yf is isomorphismAft Mf
K Kery

cAin C Cokerq f Mlimy fingendmodules
Claim k Cm do use that q is an exact functor so
Kerg m Ker Ym 63 Cookeryg Coker yal to3

6kqq.isIsom'm

Applying t CD of Techn Lemma Sect2 see I feAlm
s.t K C f Lo
Reversing the argumentproving Claim see Yf Aft Mf D
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4 Proof c Ca 3 f f cA s t Cf f IsA QMf Isfree
Afi module ti M isprojective
Recall Section3.1 ofLeche TFAE
M isprojective
V surj.ve Alinearmap N N

Homa MN't HemaCMN'I

Recall Problems inHW3 Alocalizable SCA have
natural isomorphism Homa MMs HamasMsNs
for M fingenid A Noethin Apply to Ss fi
Get comm've diagram

Homa MN't HemaCMN'la

Is Is
Homa MfiNI Hema MqNI

SinceMf is free bottom arrow issurjective so thetoparrow
is surjective Let C be Cokerof Homa M N Hom1MN'I
Need to show C to3 Byabove Cfo 63 By Techn lemme
from Sect 2 I nee FiniC e

Note ft funk J f fk for n nine Me

A

q
since finic 63 Hi fmyc

k t A



Endofproof of Thm D

5 Constantdimensions offibers projective

X beeffinevariety A FIX M e fingend Amodule
LEX Mach mex ideal fiber Mk MIHM avector

space over FGAkmal
Thm If all dim Mal have the same dimension then

M isprojective
Proof a bitsketchy Weill check M is locallyfree Pick d EX
let vn be a basis in Mke Fix lifts me mnEM be lifts
of vn Let m be the unique Max ideal in Ama Take
14 44mi Consider N m JUYanM F vectorspace
Similarly to Sect 2.2 in Lee 25 N h 146.1
Inparticular the images ofMf mygenerate 144hm
corollary of Nakayama lemma MT Mfgenerate 14 sMama
Equiv the correspmap Afia Mma is surjive
We can argue similarly to proof of 6 CclofpreuThin

tosee If ma s t Aj Mf Want to show its isomorphism
Assume contrary 3 0 1 g gnleker ofthismap

functions onXf
3 LEX I lg ki gnKD to Aj Mf Aflat Mfk
has CgCal gnKD inthekernel So

dim14g lakh dim14141
Lee25 Sect22 X

dim Mk
Conclude dimMk dim14141



By assumption dim14kt dim146.1 Contradiction a

BONUSWhet'snext in studyingCommutative Algebra
A short answer a whole lot see Eisenbud's book

we've discussedfiniteringextensions a bit There's more to
it likegoing up goingdown

theorems These are bestunderstood

geometrically
we've briefly touchedupon completions Theresmore to it

incl the Artin Rees lemma Hensellemma etc
we haven't discussed the dimension theory at all but

it's very important
Neither we talked about regular

rings algebraic counterparts of smooth la K a nonsingular
affine varieties

various homologicalalgebra considerations startingwith
Hibbert's Syzygy Theorem
and so on
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