
 
Lecture Pl Localization I

1 Localization of modulescont'd
2 Local rings

Ref AM Sections 3 3.1
1e Reminder

Let SCA be a multiplicative subset in a commutative

ring so that we can form the localization ALS Let M
be an A module We form the ACS module

MLSD Ms meM se 5
whereMs is the equivalenceclass for the relation on MxS
m s not Fue SI ut mush
It comes w an A linearmap Cm M MCS Matt
Thepair MIS m

has the following universalproperty
for an ACS module N A linearmap 3 M N 3 A 57
linear 5 MLS N w J 3ohm it'sgivenby3 71 53m
In particular to ye them1MMel we can assign

415 eHamas M 5 M 53 w 415 Ms 417
See Sec 2 in Lec o for details

1 1 Localization ofsubmodules
In the next 3 sections we study the interaction of

localization and some operations w submodules

jet Mbe an Amodule M EM A submodule Notethat for



M neM S te S we have m s n.tl in Mix S Ims nt
in MS So M S canbe viewed as a subset in M S

in fact it's an Als submodule exercise

Notethat the localization of theregular A module A is
the regularALS3module ALSD So for an ideal ICA get an
ideal ILS D ALS
Exercise Show that for submodules MaM.CM we have

M Ma 5 M 5 t MIS hint commondenom r and

similarly for intersections AlsoM CM M S J M 5

1 2 Localizations vsdirect sum
Let I be a set and Mi ie I be Amodules so that we can

form the direct sum Mi

Lemme Thereis a natural isomorphism if M 53 EMills
Proof

Set M EMi Consider the map 3 M E Mils
mi p Mt it's A linear By the universalproperty it lifts
to the ACS linearmap5MLSD E Mi S'D Insta Bt

3 is injective 5 Mst o Bi e ti Let Is lilmite
This is a finite subset of I For ie Ie Bi o I aiest
Mimi O Take us ou so that um so tie I MIso

I



3 is surjective take BiIe M s need Mst e ing Let
I ie I Mst e finite set Eet s II si mi jetties mi
so that MI MI t ie I Set me for if I Then
Mist p ng showing the surjectivity 5

Example M A So MLS Als II the localization
of a freemodule isfree

Exercise Let's give an example of4157 The linearmaps
y A's Ad are given bymatrices YeMate A if we view
elements of A Atlas column vectors thenyou Yu Show
that pls Acs T ACSM isgivenby thematrix

13 Localization us kernels andimages
Ournexttask is to relate Keryes imyes tokeryimy
Proposition Let M Nbe A modules yeHom MN

i Ker y S D ker y S

ii im y153 imy s

Proof i First we check kercy s 3 c Kerry S

Kerly s 3 BEMIS yes F so Letn ofyes
Yd so I u est upm o um ekery s

47 7 s Kerry S J Now Kerry 5 Bl pom so

C Kerly s finishing i

ii im14153 4153 Ms 491 imy s s g
31



Corollary Let M be Amodule M CMbean Asubmodule
Then there's a natural Als module isomorphism

MIM S A MLS M S

Proof Apply Preposition to y M M M mom M
Then imCy S3 imy S MIMI S
Ker plsD kery S MESTMIST M EST MIMICS a

14 Submodules in MLS
Let Mbean Amodule A submodule NCMgives NISKM IS
an ALS submodule On theotherhandfor an ACS submodule

N c MES consider ca N M this is an A submodule 6k

In is A linear N is AsubmoduleofMIS details are exercise

Proposition Themaps NHNC53 N't E N are

mutually inverse bijections between

ACS submodules N CMC53
AsubmodulesNCMIMenferseS.me SME1y

Proof Stepp Showthat c N satisfies t
s me in N Gsm e N film eN f isinvertibleM

inALSD 4m le N me i N't
So we have twomaps betweenthetwosetsneedto show that

f hey
are mutually inverse



Step2 imNES3 N fer t A submodule N satisfying t
I Nls'D meMIimlmleNEST Y B forsome neN se S

I uest Usm une NE H me N N

Step3 KmtN 1 S N i N 7 s I Fen
It isinvertible BEN N a

Corollary Suppose M is a Noetherian respArtinian Amodule
ThenMLS is a Noetherian respArtinian ALS module In

particular if A is a Noetherian respArtinian ring then so is
A S
Proof of M is Noetherian so is MIS everythingelse is

exerciseLet NicNic Nic be an AC ofsubmodules in
MLS Set Ni L Ni Then N cNe isACofsub

modulesin M so I k s t Ni Ni ti k ByProposition
Ni Nils NINi So the AC in MLS terminates

hence MLS is Noetherian I

2 Localrings
Here's an important example of a multiplicative subset

Let PCA be a prime ideal The equivalent characterization
labels aep or bep means that Alf is multiplicative
Wewrite Apfor A Alp For an AmoduleM wewrite

gMp for MCAlp



Proposition Pp is theuniquemaximalidealofAp

Proof Pick an ideal I's Ap First weneedtoshow I'spp
Set I C I an ideal in A By Prepin in Sec 1.4

sa EI for S p I AEI O
Assume Idp SAI Pick Se SAI ait se

sa e I but af I This contradicts o showing Icp By
Prepin in Sec 1.4 I's Ip so I's Ipapp
Second we need to showpp Ap IndeedYep 3 aef
step set 4 5 Julep st us sua The th s is not inp
while the rh s is in f e contradiction I

Definition A commutative ring B is local if it has a
uniquemaximal ideal

Example Ap is local

Local rings are important because they have niceproperties
thatgeneral rings do not while some questions aboutgeneral
rings can be reduced to those oflocalrings bypassing from A
to Ap Niceproperties ofmodules over local rings will be studied
later in the course

It


