
 

Lecture11 Categories functors functormorphisms I
1 Categories

2 Functors

Ref R Sections D1 1.3
BONUS Homotopycategory of topologicalspace

1 Ourexposition ofCategory theory will start w exploringbasic
notions categories functors functormorphisms
Definitions below will have afamiliarstructurehave data
axioms E.g here's abasic algebraicstructure

Definition a monoid is

Data a set M equippedw a multiplinmap MxM M
axioms that is associative and hasunit P
For example agroup is exactly a monoidwhere all elements

are invertible Every ring is amonoid wV t multiplication

1 1 Definitionof a category
Definition A category E consistsof
Data a collection ofobjects 06 e

HX Ye06 e is aset ofmorphismsHome XY
H XYZ606 e amap ofsets calledcomposition

Home X4 Home YZ Home XZ fg toget

Io is often omitted



These satisfy
Axioms i composition is associative

fogoh f gah for fetleme WXgoHome XY heHome 7,7
in Units F Xe06e I Tye Home XX St

for f t fetleme XY
a ti g g tgetlame Z N

12 Examples
1 Category ofsets Sets objects sets morphisms mapsof
sets composition composition ofmaps Axioms classical
unit I id

2 Sets w additionalstrive objects sets w eddiestrive
morphisms maps compatible w thisstrive compositions
compn ofmaps This includes

a Categoryofgroups Groups objects aregroupsmorphisms
homomorphisms ofgroups
6 Categoryofrings Rings
c For aring A have categories of Amodules AMod

A algebras A Alg in the lattermorphisms A linear
homomorphisms of rings

Not all categories have theform in 2
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3a Let Tbe an orientedgraph w vertices V edges E

category C T thepass category of f
Objects V
Morphisms paths in thegraph

y p y
this includes emptypaths onefor everyvertex

Composition concatenation ofpaths
Axioms associativity is manifest I emptypath in X

36 Note AXe06 e Home XX is amonoidw v t
Conversely every

monoid Mgives a category w one object X

E Home XN o M

13 Remarks

1 Sometimes objects in a categoryform a set here wesay
our category is small Ingeneral theyform a class
a nationdefined in Set theory We'll ignore this issue

2 Ix is uniquely determined Moreover if FeHome XY
has a f sided inversegli e getlemeCYHI fog Tygof fthen
g is unique f

s

g In this case f is called an

isomorphism wesayX Y are isomorphic X 27 behave the

game
from thepointof view of e eg Z

E06 e



Home Z NT Home Z Y

Y a fly inverse is y of p

Notation X Y means fe Home X Y

14 Subcategories C is a category
Def n i By a subcategory e in e we mean

Data A subcollection Oble in Ob e
Y XYE06 e a subset Home XY Home XY s t

j

MEHome XX A Xe06 e
ii A subcategory e in E is called full if Home XY
Home XY H XYedible

Asubcategory e has a natural categorystrive

Examples
1 A monoid M category w one object
A nonempty subcategory M in M a submonoid
M is full M M

2 TLMod a.k.a categoryofabeliangroups is a full
subcategory in Groups



3 The category ofcommutative rings CommRings is a full
subcategory in Rings

1 S Constructions w categories
Definition For a category e its oppositecategory EPP
consists of
the sameobjects as e
Homeepp X Y Home YX

goerf fog fetlomeepp XY Home YX

getlomeepp YZ Home 2,711

Definition For categories G L theirproduct E xez is
definedby 0619 51 06 e x06 E

Home
xe
X tl 11.71 Home X Y xHome Kia

composition is componentwise

Rem for usual categories we care about GroupsRings
A Mod theopposite catty essentially has no independent
meaning except E CommRings where CPP is the category
ofaffine schemes which is of crucial importance forAlgebraic
geometry

2 Functors Motto a relation between a category and a

functor is analogous
to a relation between agroup and a



homomorphism

Let E D be categories

Definition A functor F E D is

Data an assignment Xp FIX 06e 06 D

HXYedible amap Home XY Hom F x 56

F ster

Axioms compatibility between compositions units

HfeHome XY getlonely2 Fgot g off
equality in Hom Fx 5 27

I ly hey D XeOb e

Example Let E D be categories w singleobject

correspondingto monoids M N Then a functor E D is the same
thing as a monoid homomorphism

Remarks Havethe identityfunctor Ide e e
Forfunctors F C D G D E can take the

composition Got e E GoF x G f x it's a functor
A functor F e D is the same thing as
a functor COPD Dopp
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Moreexamples
1 Let E be a subcategory in e Then have inclusion
functor e se sending objectsmorphisms in E to the
sameobjectsmorphisms now in E axioms are clear

2 Forgetfulfunctors forgetpart of astructure
2a For Groups Sets
Indejects For G G viewed as a set
On morphisms For f f viewedas amapofsets
Axioms clear

BONUS homotopy category of topologicalspaces
B1 Equivalence on morphisms

Let e be a category Suppose that HX edible theset
Home XY is endowed with an equivalence relation ns.t

1 If gg etheme YZ are equivalent FeHome XY then
got got
2 If f f eHome XY are equivalent andg

eHome YZ
thengot got

We write f for theequivalence class of f
Given such an equivalence relation we can form a new category
to be denoted by El as follows
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able able
Home XY Home XY N thesetofequivalence

classes

golf gof well definedpreciselybleof 1 2121
Wenote that there is a natural functor it e e

given by X est f e Lf

Example Let M be amonoid Note that theequivalence
classof 1EM is a submonoidsayMe Moreover A 6 imply
that mMeMom 4 meM Such submenoids are callednormal
fergroups we recover the usual condition And if ME i

is normal then A and 2 hold an exercise For a normal
submonoid M we can MIM with a natural monoidstructure
just as we do forgroups The category El corresponds
to thequotient monoid MIM andthefunctor it isjust the
naturalepimorphism M MMe

Rent El looks like a quotientcategory But in situations
where the term quotient is usedand that are closer to
quotients ofabeliangroups Servequotients ofabeliancategories
the construction is different andmoredifficult

B2 Homotopy categoryof topological spaces
Let's recall the usual category of topologicalspaces Let
a



I
Xbe a set One can define thenotion oftopologyon X we

declare some subsets ofX to beopen these are supposed
to satisfy certain axioms Aset w topology is calleda
topologicalspace A map f X Y of topologicalspaces
is called continuous if UCY isopen f u CX isopen
We define the category Top of topological spaces w
06Top topologicalspaces
Hom
top
XY continuous

maps X Y
Composition compositionofmaps
Oneissue this category is hardto understand hardtostudy
topologicalspaces up to homeomorphisms

Now we introduce our equivalence relation of Hemtop XY

Definition Continuous
maps fat X Y are calledhometopic

if I a continuous map F XxLoD Y set fG F x e

f x F xM

Informally fat are hometopic if one can continuouslydeform
f to f It turns out that being hometopic is an equivalence
relation satisfying a 2 from B1 The corresponding
category Top is known as the homotopy categoryoftopolil
spaces Note that in this category morphisms are at maps

Hereis why we care about the homotopy category Isomorphic
a



here means hemotopic X is homatopic to Y if I X Y
Y IX set Fg ishemetopic to TyAgfis hemetopicto 1
and this is easier tounderstandthenbeinghomeomorphic Secondthe
classical invariants such as homologyandhomotopygroups only
dependon homotopy type Amove educatedwayto state this
these invariants are functors from the homotopy categoryof
topological spaces to Groups true as statedfor homology for
homotopy it's more subtle this requiresfixing apoint in X
andhenceneed to work w an auxiliary category ofpointed
topological spaces upto homotopy
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