
 
Lecture 12 Categories functorsA functor morphisms I

1 Functors cont'd
2 Functormorphisms

Ref R Sec 1.3 1.4

1 Functors

Let C D be categories Recall that a functor F e D
is a pair of an assignment F Obe 06107 for XYedible
a map F Home XY Hom Fk F Y preservingcompositionsF fog Fff Fig unit morphisms F Dx tea

1 1 Moreexamples offunctors
1 Moreforgetfulfunctors
14 Let Abe a commutativering Thenhavetheforgetful

functor For AAlg AMod forgetting the ring multiplication

16 Functor Rings Monoids forgetting the addition

Ic Let A B becommutative rings y A B be a ring
homem'm

Then can considerthepullback functor q BMed AMod It
sends Me06 BMod to M viewed as an Amodule yeHempMN
to y eHom MN Forgetspartoftheaction

T



2 Let e be a category For Xelble definetheHomfunctor

Fx f HomeIXall e sets
On objects Fx Y Home XY a set

On morphisms we'll use the notation X H todenote yeHomeXY
Y Iya map f Home XYI Home XY

Y to
Check axioms composition Fxgof Fxg a f for
Y F Y H Y For yeHome XY have

Fxg filly geteyeHome X s
FxIg Elf y 141g toy go fay
By associativity axiom formorphisms thetwo coincide
The unit axiom is left as exercise

20PM We can apply this construction to Copp a

FTP Y Homeapp XY Home YX
fetlomeopp YY s Home 2.41

IPP f Home Y X Home 7 X map ofsets

4 yet
We can view JYP as a functor e Setser
a traditional name contravariantfunctor e Sets

3 Algebra constructions asfunctors
3a The free functor Sets AMed
I



LetAbe a ring Want to define afunctorFreeSets AMad
I set a Free I A
f I 5 Free f A At the unique A linearmap
sending the basiselement e lie I to efc e A
Checking axioms offunctor exercise

36 Localization of modules is afunctor Sc Amultiplicative
15 A Mod ALS Med a functor that sends an

Amodule M to the ALS moduleMLS and an Amodule

homomorphism y M N to y 5 MCS J N S see

Sec 2 ofLee9 y S as 4yd Checkingthe axioms was
apart of the veryimportant exercise in Sec2 ofLec e

2 Functor morphisms

Motto A relation between functors functormorphisms is

like a relation between modules module homomorphisms

2.1 Definition Let E Dbecategories FG e D be functors

Det n A functormorphism 2 F G is

Functors FG send theobjects Xedible to FWGx e06D
We can relate F x Glx by taking a morphism between them
Data H Xe06 e amorphism 2 eHom F x Gx

1
Pickingmorphismswhich are totally unrelated ispointless We
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need to relate2xRyfor XYedble The relations we need
come from morphisms between XY f eHome XY
FlfleHom CFCx1F y G f e Hom G x G yl
axiom s t H XYEObe FeHome XY thefollowing diagram
is commutative

f y tf fly

thx fry
GIN at Cly

Remarks

1 In many but not all examples Rx is naturalmeaning
it's uniform Z independent ofadditionalchoices Hence the name
natural transformation fer a functormorphism that was used

in thepast
2 An analogy w module homomorphisms is as follows

Let A be a ring M N be A
modules For a cA we write

an an forthe operators of multiplicationby a in MN Then
a group

homemorphism

2 M N is an Amodule homomorphism iff the A the
following diagram is commutative

M M

be be
N I NH



Exercise Let M N be categories w one object a.k.a
monoids F M N be a functor a.k.a monoidhomomorphism
Then a functor endomorphism 2 F F is the samething
as an element ye N I 2Fcm Fluty t meM

2 2 Important example
Let XX edble functors

Fx Home X Fx Home X e Sets

Goal fromgeHome XX produce a functor morphism
29 Fx Fx Inetetheorder
ie foreach Ye 06 e we need to define a map
2g Home111,4 HomeNY X x y

Y peg essentially theonly natural

way to givesuch amap

Now we need to check the axiom commutativediagram
A f eHomelyY Elf fo F f fo f we have that

ye HemelXin p Home X a

fryl og fry sighs commutative

HomeNY HomeNY

JI



I y to yoga f yog

b y to foy 4
follyage

6k composition in a

category isassociative

We've checked 28 is a functormorphism

2 3 Yoneda lemma
It turns out that we have described all functor morphisms

between thesefunctors WewriteHeman FG forthe cellec
of functormorphisms F G

ThmMonedalemma gang is a bijectionHomely HemantFxFx
ProofofThm
Step 1 Construct amap Homan FxFx Home XX

E ji
2 map2x Home XX HomeXix

g
ie great'd

Step 2 New we check that guy 8 zag are mutually
inverse starting w 9252811 leg g

Step3 We showthat282 2 t Ye ble haveyay p
a
equalityof maps Home XYI HomeNY



Note that 1182 sends yeHome X Y to yo2 11 7
We'll use comm've diagramfrom the define offunctormorphism
thatgives an equality of compositions that we thenapply to 1

HeHome XN É Home M

Tx fry
HomeIN 4_Home NY

I yo2,107 1292 lyleHomeNY
T z ly ftp.ylyletlemelx 7

The equality 292 y 2 fellows finishingtheproof a


