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1 Yoneda lemme us compositions inverses

1 e Reminder

Let FG e D befunctors By a functormorphism

2 F G we mean a collection ryeHomo Fk N Keable
s t H f eHome XY the following is commutative

F X t Fly

thx fry
GIN at y

WewriteHeman FG forthe collection of functor
morphismsF G

In Sec 2.2 of Lec12 we have constructedthefollowing
example For Xedible considertheHem functorFyHemelXi e
Sets Then forgetlame XI we have
y F Fyi29 Home X Y Home X 71 y y'tpeg

A



Thm Yonedalemma g428Home XX Heman FxFx

As we've seen in theproofthe inverse is givenby
Homan FxFx HomeNN f Fxlml yes2 4 7

Remark Moregenerally for arbitrary F e sets
them
fun Fx F FIX yes 2 111

The inversemap is givenby ex raw 29 theme X 7 F y

given by yrs Fly a Details are a premiumexercise

91 Yoneda lemme us compositions

A functor F C D havethe identitymorphism id F F
If D Sets A F Fx then itsy
Also we can take compositionsof functor morphisms
t G H 2 F Gu ter F tl toy story

Exercise check that toy isindeeda functormorphism
hint stasis the commutative diagrams

If F Fx G Fx tf Fy for XNXedible ageHomelxX
g eHemelX N then

1 2ge z g s y gog

equality of functormorphisms FFF Indeedfor yeHome XY

1 2 y 29ly gt lyg og'syogag 298 y



Remark If E is small 06e is a set then the collection

offunctormorphisms F G denoted Heman FG is a set

category offunctors fun E D objects are functors
morphisms morphismsoffunctors
We then can consider a functor COPP Fun e Set

X to Fx t XeOble getlomeopp XY Home YX 428 FyFy
The Yoneda lemma says that

Homeopp XY t Hem
fun esets Fx f

Funders that induce isomorphisms between the morphism sets
have a name fully faithful faithful refers to theinjectivity
and full to the surjectivity

12 Yoneda vs functor isomorphisms

Let e D be categories FC C D be functors

By defin y F C is e functor isomorphism if it has a two
sided inverse y G F w Yo2 side y p ide which as
usual is unique if it exists

Lemme M y is an isomorphism RyeHem F Y y is

an isomorphism for all Ye 06e
2 Let D Sets F Fx f Fx.geHome XX Theny't Fx Fx

is an isomorphism lef functors g is an isomorphism of objects
Proof a fromdefin

define y y p



Exercise check theaxiomof afunctormorphism
Then y is automatically inverse ofz
2 exercise fromYonedalemme k 28828.29 s

2 Objects representing functors
Definition Let F e Sets be a functor We say XEdb e
represents F if F is isomorphic to Fx

A representing objectmayfail to exist this isthecaseforthe
forgetful functorfromfinitegroupsto sets IsfHW4 If a

representingobject exists wesay that F is representable

Lemma An object X representing F is uniqueup to isem'm
if it exists
Proof
Let XX edble represent F F É FErFx as a

functor isomorphism y oz F Fx By 2 of Lemme in Sec
12 X X are isomorphic D

Example The forgetfulfunctor for E Groups Sets
is representedby K Indeed for anygroup Gwe have
a bijection ofsets Ra Hemcraps 744 G 44967
ra is e functormorphism what we needto check is that

gf group
homomorphism f C tl the diagram



Homer
ups

G Is Hema
raps TH

19491 byAyla
G H

iscommutative which is left as an exercise
Since y is bijective t G by 2 ofLemme in Sec1.2 is

a functor isomorphism implying our claim
Now let's use the Yoneda lemme to compute End Fou fFun

Hem
fun ferFer as a monoid w v t composition By Yonede

it'sEndgroup K withmultiplicationgg ggl Wehave
Endaraps 2 I ferta I to me I we assigngmt 7L xemx

We conclude that Endfun Fou is themonoid I w.atmultiplication
Exercise Let 2 m be the endomorphism For For corresponding

to me TL Show that y m is givenby2cm x xm t xeG

3 Products in categories
The concept of a representing object allows to carryconstructionsfrom the category ofsets to egeneralcategory Here we

consider a basic such constructionproducts
Recall that in our usual categories Sets GroupsRings

Amed we have thenotionof directproduct In all ofthem
this is characterized by universalproperty E.g if A A are rings
then AYA is a ring w ringhomomorphisms Ii ApA Ai s.t

It rings
B w homomorphisms yo B Ai 3 q B AxD w



Yi Ti y
Now let e be a categoryandFaFa e Sets be functors

Definetheirproduct FoxFa by
Sending Xelble to F lx x f lx
Sending yeHomeXY to fly xfly F x x F x y x y

FoxFz is a functor to check theaxioms is an exercise

Now take X he06e and let F s fitbe theHemfunctor
Homeopp X f HomefoN ear Sets

Definition If Xe06e represents FiFi then we say that
X is theproduct xoxXo

Thx to Lemma in Sec2 Axl is unique upto ise if it exists
thatmay fail to be the case
Here's an alternative characterization ofproducts

Lemma A There are 4 eHome XXi s t
G A YE06e gieHome YXi i0,2 3 yeHome YAl pi og

2 Conversely let IX I a satisfy x Then X XyX

Note that x is theusual universalproperty ofdirectproducts
In particular in our usualcategories Sets GroupsRingsAMed

products arejustdirectproducts andthey exist H Xkz6



ProofofLemma 1 Let y Ff Is ftp.xFirmfor Ye06 e
Ry Home YX Home 7,47Home YM Wedefine it e E
Home X4 Home XX as 2 11 1 As in Step3 of theproofof
Yoneda lemme in Lec12 t yeHomelyN we have commive diagram

Home XN Heme YN

2x Is sky
HomeylittlemeltN É HomelyXixHomely4

which we apply to 1 getting Yyq geystay fellows

bleYy is a bijection t y 4 7 Y W Kyly YoY

2 We essentially reverse the argument Define

Ky Heme YN Heme Y4 Home YM 441ste4 op
ByGt 2 is e bijection To check that y constitute a functor
morphism is an exercise So y yy is a functor isomorphism I

Rem Note that we use the Yonedalemmewhen we talk about

representing objects inclproducts itguarantees lure its consequence
in Sec9.2 that representingobjects are uniquelydetermined if
they exist

A



BONUS Categoryequivalences
Ourquestion here when are two categories the same

Turns out functor isomorphismsplay an importantrole in
answering this question
Before we address this we should discuss an easierquestion
when are two sets the same Well they are literallythe
same if they consist of the same elements Butthisdefinition
is quite useless sets arisingfromdifferent constructions
won't be the same in this sense Of course we use isomorphic
insteadof beingliterally the same
Nowback to categories Again beingthe same is useless

Howabout being isomorphic Turnsout this is not useful
Let's seewhy Let E D be categories Wesaythat either
C D are isomorphic if there are functors F e D
G D E such that FG Ido GF Ide The issue is
twofunctorsobtainedbydifferent constructions are never
the same compare to sets Thesolution replaceequal W
isomorphic as functors

Definition o functors F e D G D e arequasiinverse
if FG Id GF Ide isomorphic

Wesay CD are equivalent ifthere are quasiinverse
functors called equivalences F e D G D e

81



Now we aregoing to state ageneralresult Forthis we
needanotherdefinition

Definitions Afunctor F E D is called
fullyfaithful if A XXedble

f to Fff is a bijection Home XM Hom FWFA
essentiallysurjective if A Ye06 D F Xedble

such that FX is isomorphic to Y

Thm Afunctor F e D is an equivalence
F is fullyfaithful essentially surjective

We won'tprove this but we willgive an example that
illustrates how thepreet works ingeneral

Example Consider the category D E Verte offiniteLimene
vector spaces over a field I and its full subcategory E w

objects F me We claim that the inclusionfunctor
F CGD is an equivalence It's fullyfaithfulbydefin
andthe claim that it's essentiallysurjective

Now we produce a quasiinversefunctor G In each Ve06D
we fix a basis which leads to an isomorphismYu V A
Wedefine G v as I For a linearmap f U V w

A



JimUsm dimV n we set Ccf zitof azu
Exercise Check Gis a functor

Now we aregoing to simplify our life e bit assume that

Yen F E is the identity

Exercise GF L E is the identityfunctor notjust
isomorphic to it

Now weproduce afunctor isomorphism q Id FG
So we need to have zu V I m

and this is the isomorphism
from above

Exerciseprove that 2 is indeed a functormorphism

Then
y is an isomorphism offunctors So F is indeeda

category equivalence

Another exercise prove thattheduality functor at is an
equivalence I Vert F Vet

I


