
 

Lecture 18 Categories functors functormorphisms IV
P Ceproducts

2 Adjoint functors
BONUS Adjunction unit counit

Refs CRI Section4.1 HS Sections II 5 II F

1 Coproducts
Let e be a category

Definition Let Xp Kettle Theircepreduct that wedenote
by X X2 is theproduct is e I e

1 Fx x Fx Fx where for Xe06 e we write F for
the Hom functor Home X e Sets

I equivalently
t ye able y they

are morphisms Xi X Xz i 1,2 s.t
is0,2 3 q X Xp 71pi yet

The equivalence of1112111 follows from Lemme in Sec3of
Lee13 where we replace e w Earp

Examples 1 Let E Sets Then X Xy X UX and Li
is the natural inclusion I is manifest

A



2 Let e Amed Then Xp XyX X2 forany Amodule Y
have a natural isomorphism

Ry Hem IX Y Y to them 14,41 xHem 11,7
see Sec 1.2 ofLee4 Tocheck by is a functormorphism is

an exercise

Later on we will describe the cepreduct in thecategory
of commutative Aalgebras this will bethetensorproduct

2 Adjoint functors
Let E D be categories Beingadjoint is themost important

relationship that a functor e D can havewith a functor
D e

2 P Definition
Let F E D G D e befunctors

Definition F is leftadjoint to G land G is rightadjoint to
F if
HXe06 e Ye06 D I bijection2x Hom F x Y t

Home XG y s t
1 A XX edb e Ye06D X IX to Fla F x

thefollowing is commutative

I



Hom FINY Home X6141

b fly big
Homo FN Y É Home x yl

2 H YY e06 D Y Y Xe06 e the following is comm've
Hem FA Y Is Home X6171

ya flyto
He FlatY

2
Home X914ll

For us themain reason to consideradjoint functors is that
we can get interesting functors as adjoints to boringleg forget
full functors

2 2 Examples
Example P
Let A be a comm've ring Let G be For A Mod Sets

F Free Sets AMod see Sect ofLec12 Free I A

for f I J mapofsets Free f ei efin

Claim F is left adjoint to G

Below we writeMaps for Homsets HomaforHemamod



construct 2 I m HomAftM Maps I M

t 1 Little
check comm've diagram t Amapsg I J

te Hom AFM Maps J M

f freely fog
Hemp Att M 2

Maps I M

I t unique t A M s t tie elem
i Telegu

I t a je ele

Check 2 for yeHemp M N
thefollowing is commutative

te Hom latM 1 Mets

asmapofsetsfye Iyo
where new y is

Hom ATN E Maps IN
Both T R l send t to implicit

1
The adjunction is established



Example 2 Let A be a commutative ring SCAmultiplicative
subset n ALS w ringhomomorphism c A ALS So we

get functors F s AMed A 57Med and G it

ALS Mod AMed pullbacksforgetful functor Weclaim
that F is left adjoint to G
For ME06 AMod Ne06A 57Med wehave a bijection

2mn Hamas MLS N I Hom MN we emit it fromthe

Y You notation
where CmM M s may this is an equivalent way to state
the universalproperty of localization fromSec2.2 ofLec9

Now we need to show that diagrams o and al fromSec2.0
commute Let's check 19 for te Hom1MMelneedto show

Hamas Mals N Hom Ma N
commutes

I test yet
Hennessy MEstN Hom M N

t gives catand b gives effin for meM
haveLmgtm tht ILS cm m t 5 1 7 Ed So Cm t tEsteem
and the diagram indeed commutes

Diagram 2 becomes for yeHamas NyNz
Hamas.nlMIS N Ci Hom M N

Iso
Hemacsg MLSDN

E plenty44313
ble c isforgetful

It commutes
I



2 3 Uniqueness

Proposition If F F e D are leftadjoint to G D e then

F F
Proof Suppose wehave yin Hem F x Y HomeXG yl
that make 1 2 comm've

2xy 24 to21 them F x 7 Hem F x Y that
make the following analogs of o and 21 commutative exercise
r H X X
Hom F x Y Hem 1541Y

fatty f F ly
Hem F x Y É Hom F x Y

2 H Y y
Hom F'INY É Hom 541,4

Iyo Mo

Hom F x Y É them 1 41,4

Fix X look at 2 it tells us that 2 is afunctor
morphism and hence isomorphism ble each2xy is bijection
between Hom F x Hom F41 By Yonedalemma
have the unique isomorphism TyeHom FX F x s t

g 2x
Tx Plugthis into diagrams Racz



Wenow show that t is a functormorphism F f hence an

Isom'm bleeach t is an iso weneedtoshowthe diagram
FIX at FX
IFly ly
FM Is FIN

is commutative Indeed 1 is commutative so

yo F ly y F g et i t Ye06D yeHomo F x Y
Take Y F x 4 1fry get that G is commutative I

24 Remarks

1 Fix X consider composition offunctors
G et sets

If F is left adj't to G then FX represents this
compositionvia isomorphism 2x see Diagram 2 inSec2.0

2 We can view Home o as afunctor E.mxe Sets

Similarly for Drs compositions EPP xD Sets
Hom Fl Home o Gl

Diagrams 1 412 combine to show that F is leftadj't
to G thetwofunctors above are isomorphic via 2

3 Many categoricalnations includingadjunction haveparallels



in LinearAlgebra Let F be a field Thereis a distinguished
vector space F For a finitedimensionalvectorspace V we can
consider its dual V Have a vectorspacepairing a a VIV E
ChV L u Andfor a linearmap A V 5W we can consider

its adjoint theunique linearmap At W V't s t p Av

Ap v7
Here are analogs of thisfor categories Ananalogof F is

Sets Ananalogofpassingfrom V to V't ispassingfrom acategorye to the category EPP Ananalogof linearmaps U TV
is functors e D Ananalogofthepairing V xV F is

Hemet e're e sets Finally an analogof Atp u
CpAus is our definition ofadjoint functors
There are differences as well First a functor C D isthe

same thing as a functor een Den but thereis no waytoget
a linearmap U't W'tfrom V WAlsoadjunction offunctors
is very sensitive to the sides the leftadjoint of Gmaynotbe
isomorphic to the rightadjoint moreover exactly one of thesemay
fail to exist whilefor linearmaps this issue doesn'tarise

A



BONUS adjunction unit count
Let F e D be left adjoint to G D E Weclaim
that thisgives rise to functormorphisms theadjunctionunit
e Ide GF count 2 FG Ido
We construct E and leave y as an exercise
Consider X he06e Then we have the bijection

2x Fla Homo Fail Fail Home X GFAl

Notethat Fgives rise to amap Hemella4 Hem FailFail
Composing thismap w the bijection 2x F x weget
Exaxitheme 1 N Home X GFN

Now we can argue as in theproof ofProposition 7.3 to see that
I E Idea GF s t Ex y Exit

A natural question to ask is for two functors F E D
C D E functor morphisms E Ide GF R FG Id
when is F left adjoint to G Ez unit acount

Very PremiumExercise TFAE
e F is left adjoint to G w unite counity
6 The composedmorphisms F FGF F G GFG G

inducedby E2 of Problem8 inHW3 are theidentity
endomorphisms of F G

A
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