
 

Lecture 15 teaserproducts I
1 Definition oftenserproductsofmodules
2 Construction

Ref AM Section 2.7
BONUS Tensorproducts over noncommutative rings

A Definition of tensorproductsofmodules
1 O Bilinearmaps Let A be a comm'vering MaMa N

be A modules Recall Sec2.3 ofLee3 that p M M a N is

A bilinear ifplm M N is A linear t MoeM R pl mi
M W is A linear t meMr Considerthe set
Biling M Ma N A bilinearmapsMEM N

Digression why should we care aboutbilinearmaps
ble they are everywhere
1 Linear algebra for an F vectorspace V can talk about
bilinear forms sbilinearmaps VxV E fundamentally
important in Linear algebra beyond
2 if M is an Amodule multin map AxM M is A bilinear
3 the compositionmap Hom LM xHemp M N Homa L N
where L M N are Amodules is A bilinear Problem 6 in HWA
4 If B is an A algebra then theproductmap BxB B
is A bilinear

I



Observation Fmm Biling M Mr is actually afunctor
A Mod Sets to y e

Hom NN we assign

Fmmy Baling M Ma N Bling MaxMa N
1 Yep

Exercise Show yop is A bilinear Fgm is indeed a
functor AMod Sets

11 Definition of tensorproduct
Definition By the tensorproduct MD M we mean a

representing object for Biling M M i.e want afunctor
isomorphism Homa MOMz I Biling MMa

Similarly toproducts Sec 3 ofLec13 we can equivalently
define tensor products via a universalproperty this is an
A module MOpM w a bilinearmap M XM T M OMa
MaMa H M Ma W thefollowing universalproperty
H Amodule N A bilinearmap p MiMa N D

Alinearmap5 M OMa N s t J mama f m Ma
ie thefollowing is commutative MiMi

yyIma.my
MIM

MDM É N

In
terms of 2 thisuniversalbilinearmap is2mexam Imean



Thx to either ofthe equivalent definitions thetensorproduct is
unique if exists inthe following sense if MofM is another

tensorproduct w bilinearmapmm tome'm then 7 Amodule
isomorphism C MDM MO'sMel meme MO'm YMieMi

2 Construction

Themain goal of this section is to give a constructive

proofof
Theorem M0AM exists for all AmodulesMaMa

2P CaseP M is free
Lemma Forany set I At exam Me w

ai ie M aim ie t late AFMEM
Proof

Asfor A linearmapfromfreemodules peBling A
t
M N is

uniquelydeterminedby piethem M N pi m pleim via pltailm
I hip lml Note that the r hs is welldefined6k lie I late

is finite Thisgives a bijection Bilin A M N them M N

pts plein On the otherhand by Sec1.2 in Sect havebijection
Hom MNTI Hom MEN pi to mi ie o E filmitConsiderthe composition

yn Bilin Attn HomIMEN pts miles plei.mil
These bijections constitute a functor isomorphism exercise This
shows that M is indeed A exam take y y't Note that
I



pl ai m aim ie is in Balin ATM Mott satisfies y p
Pme exercise so indeed a arms aim I

2 2 Step 2 arbitrary M
Let Mi M be Amodule s t MgM exists Let KCM
be an A submodule 14 M K R 04 M Ma Inside
M OpM consider submodule K Spang kiMikekaMEM
projection K M OMa MieMilk

Claim M OMa k is thetensorproductMOpMz k
for M HM E M RMEM M Ma 54 M Mz

How this implies Thm M is aquotientof A forsome I if
mi ie are generators ofMy then ya A Mo ai t Eyaimi
is surjective A'IgM existsbyStep 1 Now in Claim take
Mi At to see that MO M exists

Proofof Claim Exercise meme is well defined independentof
choiceof my gives a bilinearmap M M MigMilk

Now we only need to check univ lproperty II A bilinear

S3 M XMa N 3 linear j MioMilk N s.t

S3MaMa f M Mz
T



Defineg MixMa N by f miMa f mi Ma so

g is bilinear n I J MioMa N s.t.gs m my

3 m Ma Note that f Kem p lymasfCeMa so
so g K so So I j MioMalK N s t

jest This isprecisely thecondinflm Mz7sf3Cmg.M I

2.31Examples
1 Tensorproduct offree modules A OxA Step 1

MHI A w basis ei ejliEI.j EJ

2 ELn 7 O 74m71 quotient of MgM 71074mV 74m72

by K Span next 072 xe m2 by Step2 Under

identificationfrom Step 1 2 xp Zx Kc74m72 becomes n Elma
Elm 7 n Elm 7 TL GCDnm 7L

3 As F xy F is field ideal Is xy wantto compute

IGI

Stepp wepresent I as aquotient of a freemodule
A I Ca6 to lax by
Compute the kernel K la6 I ax by Forthe same reason as
in Problem 8 of HWI Ki Spang ly x exercise

g
Step2 We now describe Io I as a quotient ofA'on I I



By Section 2.2 IGI A'ox I Span fly nah tfEAhe I
I yh xh he I

Exercise Use thepresentation of I as a quotient ofA to
present Igt as the quotient of A bythe submodule
Span ly Had laeg x ly e x o ley e x

24 Generators oftensorproduct
Notevery element of MGM hastheform mOm we'll
call such elements elementary tensors or tensormonomials

Exercise As I a field M F Mz
e
By Example P

MOM EIgaije.ee Kalmatrices
Show that under this identificationthe tensormonomials

correspondto net matrices

Lemma If Mk Span mil ie Ik K 1,2 then
MOMa Spang midmil ie I je Iz

Sketchofproof First handle the caseMEA't m see then use
the construction in Sec2.2 to handle thegeneral case details
are an exercise I

GT



BONUS Tensorproductsover noncommutative rings
Let A be a comm've ring R be an A algebra associative

butperhaps noncommutative Recall that it makes sense to
talk about left right Rmodules also about bimodules
Also compare to BonusofLee 3 for two left RmodulesMa
Ma the Hem set Hem MaMa is only an A module not an
Rmodule
Asfor tensorproducts we can tenser left Rmodules w right
R modules Namely let Mbe a left Rmodule N be a

right Rmodule For an A module L consider the set
BlindNoM L consisting of all A bilinear maps
g NxM L s t in addition g nr m q arm t re R
REN MEM

Definition NORME06 AMed represents thefunctor
Bilinp NxM AMod Sets

Importantexercise If R is commive then thisdefinition

gives the same as thedefinition in Lec45

To construct NORM we can use the same construction as
we did in the lecture Alternatively NORM is thequotient
of NOM by the A submodule

Span nrem norm neNMEM reR



Now suppose we have 2 more A algebras Sand T Let
N be an S R Gimodule M be an R TGimodule

Important exercise I S TGimodulestrive on NORM st
s nom Shem nom t nonut

A


