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1 Furtherdiscussion of tensorproducts
2 Tensor Hom adjunction

Ref AMI Section 2.7

1 Furtherdiscussion of tensorproducts
1 1 Tensorproducts of linearmaps functoriality
Let MeMi MaMi be Amodules giethem MiMil i 9,2

Goal define A linearmap Yogi M OMa MisaMi

Consider M XM MioMi mmil to g midYim

Exercise This map is A bilinear

So itgives rise to an A linearmap yay MGM MigMi
uniquely characterizedby 4,04 meme g lmieqam.ltmeMi

Propertiesof tensorproductsofmaps
idp idme idmean
Compositions M M M M Mi m

gig gig gigi lyoxy ble they coincide on

generators
Sec2.1ofLec 15 M AM of M O Ma



So we have the tensorproduct functor
AModx A Mod A Mod

Important exercise Prove that ya g 44,092
Hemp Me MiltHom MaMil Hom MigMi MiMi
is A bilinear hint check ongenerators ofMagma

1 2 Algebraproperties of tenserproducts
Theorem Let Ma Ma M be A modules Then
1 There is a unique isomorphism MGM OpM F
MOp MayMs St M Me M H M mems i.e tensor

product is associative
2 It Isom'm MAM MagM W M me toMima
3 3 isom'm MOp M Ms MO Ma MOpM w

M MaMs 4 M Me M Mz
4 I unique isom'm ADAM M s t aom team

Proof a

We want an A linearmap
MOMa AM MOpMagma Miami MsHM mems

i e want a bilinearmap f MOMIM M A MOMs
M MeM3 4 M Maxm3
Fix m n a linearmap Mz MEMs MatMems Define

Ifm MIAM MOp MOMs to be the tensorproduct



ofida m toMaxon so fm M Ma M Mims
Note thatpm depends linearly onMslegJam apm
A bilinearmap f MOMyMs MOp MOMs

f xMs 8m x Mj as needed
is an isom'm haveJ MOpMpMs MAM M

M Omoms to M me Ms It's inverseoffble flap id
pop'sid on generators Hensermonomials I of y
2 commutativity is an exerciseQ r unit fellowsfrom
our construction

Proofof 3 distributivity consider theprojection
Ii MetMs Mi I 2,3 inclusion Li Mi MAM
id ti MO Mams MOMi idm ti

idmfstz.idm.es M A Mams MOMamam idmpyidm.ec

idm.kz ihmglsly Yy
Exercise check that thesemaps are mutually inverse s

2 TensorHem adjunction
Thegoal of this section is to prove that tensorproduct

funders are left adjoint to them functors

2 1 Basicsetting
Let L be an Amodule We can considerthefollowingfunctors

A Med AMed

g Log that sends an Amodule M te LAM an A linearmap



y M M te idep LexM LetM also A linear

2 Hem K o defined exactly as Hem Li AMed sets but
viewed as a functor to A Modwhich makes sense bk for an
A linearmap y M M themap yo Hem LM Hom KM is

A linear Prof6 inHW1 Formally Hemall ForoHempel where

For istheforgetfulfunctor AMod Sets

Preliminary Thm tensorHomadjunction Logo is leftadjointto
Hodak as functors A Med AMod

22 Generalsetting
It turns out that the same methodgives left landright

adjoint functors topullback functorsy't BMed AMed see1.1
ofLecP2 for q A B a homomorphism of commutativerings These
adjoints are important so we needto explore a more general
setup
Let L be a Bmodule so also an Amodule1 M be

an Amodule Amodule LOAM

Lemma A There is a unique Bmodulestrive on LexM s t
6flam bl om t beB eel men

2 If y M M is an A linearmap then ikey is a B linear
gymap team Loam



Proof 1 Consider themap pg LxM 20am em p bl em
It's A bilinear exercise so I AlinearmapPileM team
St Pollomi e am t beB let meM Define a map

Bx Lgm team 16x toPola
Weclaim that it defines a Bmodule structure on LeaM This

is e boringcheck of axiomsusing that pg is A linear Spangteam

LexM Sec2.4 ofLee15 Forexample to checkassociativity
GG x b bi it's enough to assume that xseem Then 16,6 x
16,6e oms b Gallen bby
2 is left as an exercise D

This lemmegives us a functor Leg AMod BModOnthe
otherhand we have a functor y'tHemp L BMed AMed

Thm Tensor Hom adjunction ThefunctorLog AMod BMod
is left adjoint to y'tHeyBlt BMod AMod

Proof Let M be an Amodule N be a Bmodule Ourgoalis
to construct a natural bijection

2mw Hemp LO M N I Hom M HempK N
Take E eHom IgM N For meM defineye m L N let fam
Yem is B linear e.g CyelmDlbll LetinofE E bl m defin

ofBaction on team E b lam E is Blinear Gillem

g6 lyelmi
e Thisgives a mapM stlomp.CL N m a yesm



that is A linear exercise so YeeHemp MHemp LN Define

2mnby E Aye
Now weproduce an inverse Take y eHom MHemp LNConsiderthemap Ty LxM N by Ty em ly m e Then I

A linear Ey LoxM N We claim that Ep is actually B
linear Ey161 6Ey x t beB xeteam Since SpanClem LeaM

QEy is A linear it's enough to assume x lam Ey lbClem
Ey Allom Tybem ly m fl 6 lymale beyllm bigteam
So EyeHemp LoM N

Now we show that themaps E e ye y eEyare inverse
toeachother

Eye E e Ey team Elem t let mem Eyeslam tyellm
fyelml Il Ellen

yepy yeylm e yemi e feel men LyeImble
Eyteam stylem yall v

Let's check that the bijectionsYun's make one diagram in
thedefinition ofadjointfunctors Sec 2.1 of Lec tr commutative
theother is an exercise PickJeHemalMM We need to show
thefollowing Hom Lenin Ho HemalM tlempk.nlis commutative

f ites I
Hemp Lo M N Hem M HempK N

I



b its malls E likesteam Ellosemi

T Ealmalymin E gem I


