
 

Lecture 17 tenserproducts II
1 TensorHomadjunction cent'd

2 Tensorproducts ofalgebras

Refs AM Sees 28.2.10
BONUS Ca induction ofgroup representations

1 TensorHomadjunction cent'd

Recall thetheoremfromLee16 Let AB becommutativerings
q A B a homomorphism Let L be a Bmodule

Thm Tensor Hom adjunction ThefunctorLog AMod BMod
is left adjoint to qgtlemp.lt BMod AMod

pullback

11 Base change
Take L B Then Hory BN is naturally isomorphic to N forany
Bmodule N i.e Hey BY is isomorphic to the identityendo functor

of BMed We arrive at the following

Corollary ThefunctorBoy AMod BMod basechange orinductionfunctor is left adjoint to y't BMoh AMad

We encounter base changefirst when in Linearalgebra we replace

greaterspaces
over a field I w vector spaces over thealgebraic



closure I leg F R F e thisis technicallydoneby applying
Fog Here's another appearance of base change from this course

Proposition Let SCA be amultiplicative subset Thenthefunctor
ALS On AMed ALS Mod is isomorphic to the localization
functor S

Proof

ByExample 2 in Sec2.2 in Lec14 s is left adjoint to the
pullbackfunctor ALS Mod AMedBy Corollaryabove so is
ALSTex Now the uniqueness ofadjoint Sec2.3 of Lec tr
guarantees 5 I I ALSDono s

Rem 1 One can alsoprove theproposition wo the categorical

languagebut this is lengthier Oneshows that t AmoduleM
I ALS linearmap y A steam MIS w Gaimtoast
To construct an inverse one applies the universalproperty of
localization of modules Sec2.2 ofLece to M ALSO M
m e pom to show 7 y MLS A530AM w Mstotem
Details are an exercise Andto show this isomorphism ALSDexM I

MIS agrees w one in Proposition is a premium exercise

2 The modules are important in Algebraic Geometry so

is thebase change functor More on this should be expected as

ga
bonus to later lectures



12 Conduction

Now we briefly discuss theright adjoint ofy'tagain in a
moregeneral form of tensorHomadjunction
Let L be a Bmoduleand N be an Amodule ThenHemallN

becomes a Bmodule vie by e y bl t y eHomCLN let
exercise So weget a functor Horak AMod BMod to
check this rigorously is also an exercise

Thm Thefunctor y'tLop BMed AMod is left adjoint
to Imall AMed B Med

Theproof is morally similar to that of Them in Sec2.2 of
Lec 16 and is left as a premium exercise

Now consider L B Thenby Sec1.2 ofLee16 BoxM IM
16am am H BmoduleM So y'tBop y'tWe arrive at

Corollary Thefunctor Hem 1B AMod BMod is right
adjoint to q BMed AMad

2 Tensorproduct ofalgebras
2 1 Construction

Let Abe a commutative ring BC be A algebras AsoAmodules
Amodule BOAC
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Proposition Il A algebrastrive on Bgc sit
6,0C 620Cz 6,6209GtbbeB c ge C w unit 101

Proof Uniqueness will follow6k Bgc SpangledGEBcec
any

bilinearmap is uniquelydeterminedbyimagesofgenerators

Now we need to show existence Theproductmap BxB B is
A bilinear 3 A linear Ju BopB B W 6,06246bz

Similarly we have jc CO C C

Jojo BoaB edge Bgc
assoc commut ofex

FI Pgp 4444644406417I T
xg

E Bgc Bgc our multiplicationmap

So we've shown existence of A bilinearproductmap Associativity
unit axioms can bechecked on tensormonomials e.g here is a
partofunit axiom
text boxc no6Ox to c bae I

Rem BC are commutative so is BopC

2 2 Coproduct
Theorem Let BCbe commutative Then BOAC is the coproduct
T



of BAC in EA CommAlg catty of commutative Aalgebras
i e the following functors are isomorphic
HomeBgc Home B xHemel E sets

equivy I Aalgebrahememims LB B BoyC E C BAC
s t A alg Homem'sGB B D y C D where D is
a commutative Aalgebra I Aalg homem g BgC D

W GBg LB B D y got C D

Proof Constrin of B C CB67 601 Ccc to c Theconditionson y are q bei 4461 p to c p c bec bot day
A p bec 48167y c

Weneedto show 3 Aalgebrahomem'm p Bgc D satisf
A The map BxC D 16c to qB644 is A bilinearso
I Alineary satisfying
What remains to check is y respects ringmultiplin unit isclear
enough to dothis on tensormonomials

4 6,09 6204 416,6046 GB16,6 y g

446 qB6 gala y lez D is comm've 46,14491
q
B6 y a 416,09 p big s

Example B Aly xD ta f C Alyage ga ge
Then Boac Ala May.ge lttg qgige

denotethe

righthandsideby D

I



Will show isomorphismof functors FDIFpsFc where Isthemeld
E Sets FBFe are definedsimilarly thenwe are donebythe

uniqueness of representinggbject Sec 2 ofLec43
DefineanotherfunctorFB E Setssending a comm'veAalgebra

R te E rideR I fi rank so ist K andan Aalgebra

homomorphismg RR te Fby Ff R off R r tic flyer 4 ra
well defined mapbe peril gre satisfy the reinsofra re
ThenFB F

p yeHemppeg BR is sent to lyla 4 killer
here I imageofXi in B lyly glideFbR blefi yh gl ylfilgxrtte
themapRr y eslyexit y la is abijection bythedescription of

homomorphismsfrom algebras givenbygenerators relations Exercise2 inSec lof
Lec2 ToshowCarl constitute a functor isomorphism is an exercise

Similarly we have Fe FL F F's ThatFf Fix fi is
an exercise This completesthe example

Exercise Let gi betheimage of gieAtx xe in BG Xe Note
the Box C is a B algebra via CB Show that

BAC t BA tellg ge

GT



Bonus ee induction ofgroup representations
Thisbonus is aimed at students who tookMath 353 in

Spring2023 er know relevant representation theory It's also
based on Bonuses to Lees 3 and 15
Let AB begeneral associative unital rings y A Bbe

a homomorphism Then it still makes sense to considerfunctors

Bog AMod BMod Ham Bil AMed B Med
for an A module M the B module structureon Hemp BM
isgivenby 64316 q 61671 They are left right adjointof
µ
An interesting situation is as follows Let Hca be finite

groups Let F be a field Set A Ftl B FLand let y bethe
inclusion AGB It turns out that thefunctors Bog A
Hemp B o in this case are isomorphic both are referred to as
the induction ofgroup representations The claim that these
functors are adjoint to thepullback functor a.k.a the
restriction functor is known as the Frobenius reciprocity This
was discussed in Lectures 14215 of MATH353
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