Lecture 1§ Exactness & f;f(a/'wfm modnles, T
1/ ) Additve Functors

2) Exactness.
Befs: [MM] Secs 26129

BONUS : Adoitive £ abelicn C’cu‘?ar/ei

’/) Ao/aé‘fnfc 7{”7%[”5
1.7) Defimtion Lot A be commutative yings Se Hat we can
CO”S/D/CI Z‘/&{? Ca/‘éejar/ej 0/ /Wo/w/a 4‘/1'/00( g /%9( /%m Idlf

Zi 'Ll/esc awfejor/cs are M%M j}/pg{/d S

Definition:  a fimctor Fo A-too —» E-tMool is adilitwe f
A-modtes MV e m //amA () ’9/7/0/746, f/[//’/Z /%f//),
W > F(llu ) 15 & gloup Zﬂﬂmd////fm

g/m/[bf?, we Qu Lale aboid dp/o,//zzlve 74/”%01’5’ 4‘/%0/%:—:*5‘/%/.

71.2) Exm/ofes.
) Let - A—=B b a /omamw/’o/:m of commutatie rms
The /ufl back functor 50* B-Mood — A-Mool is addstuve.
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Z%-: A-Mood — B- Moo 15 2dditive /§: exevcse i Sec 11 of
Lec 16 He map @ - /'a/é@;b: //amA (M M) —>//omg /Z%/V, Zé% M) s
addibve). In /pau/flcu,lw; Ay 4o /Drc;aosiﬁ/an in Sec 11 of
Lec 17 4o locolization funcbr +[S'15 A58, 50 «[S™]
[s Qo[oZ/ZZ)VC.

2) tor an A-midike M e Ancbor Hom (H,-): A-Pood — A- e
/s additie see a) of Pl § of HWT

Move je/w/a,%, A ?ﬂ A=8 4 2 r//g /o/wﬂm/w//fm and £
gf /8 g‘/wa/wé_ 7707 //on{‘1 [[}’)3A‘/1/oo(——* g’Mo./,{/ s Aa/o(/-zlwe.

27) For an Amodille N e finctor Hom, (W) A/ 77— A-Mod i
pddityve.

3) functor -®% A-Mod — A-Mod, M %M@M, 0 ooy is
’ 27 PeY
//o?f ﬂo/y((‘zZ/Vc( )

Sio/c remey: ﬁere ave  more //Xam/a&&'
&) Tor & Ext /unwfors thot jeﬂemﬁfze Fensor /}’oa./uif £ Hom
Sunctors.
() Tk %MJO%L A COéomz/OjJ Amitps H, /)C ) & H"/X,]
Mok —s Z-1Mod, where X is 2 ‘fo/oofojica/f space. These ave
studied ¢ /4/9&/}’@& ’f%a%:jj
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2) Exactness
Ths s f/t M EiN /V/aerfj o/ 2oty 74/;%!0»: we care eloit jn Lomm
j%m_ TL fescrbes Jow 4 76#&2‘0/ fedaves o ceact Sequence .

2.4)Exact Sequencss: Led /‘/ /L/ %, . P /’4 {e Sequonce
/4~M0M g'f/ar Aa}uama;ﬂ/um;jo e/%m A, M), (=0 k-1

Dednition: Yhs Sequence 13 exact if Zm‘ﬁﬁc;ﬁkequ. ¥i=1. k1

- A shot exact Seiwa (SES) (s an exact sepuene of the jérm-'
a — M = M =2 M, —0

Le. 517,, (5 /f(walm, U’Mﬁ ,Kfl’jqz K _% /5 .S'u(}]Z(Z!/V&.

Emm/o& Gf SES) f Ve s an A- supmodibs , lon have SES
0 PN M —— MW —sp, where Hhe /yz‘/m% 15 YUY
inlusion, end e Znd Mep s the p/g/’ec/{/on.

In a Wey, eyer SES /éots g/:e m f//S emm/aé:jo, /a/enzf-
/;Cf ﬂl/ A Su!/hoo/u/& 0//{/ 502 /'sz?ey /’/{, w. /Lé/“'”j’/-

2.2) Detmiton of eractess of Sunctors
lﬁf A lg {c cwlfmafzz'f/l/e //ﬂjs /r /4 //00/ /g //oo/ A: an
40/04 4 ve 7{/”%0/

3]



Defniion (of Lt & hjh‘ exat /unv‘foks):
() I} ¥SES o—M T n 2pM —0
e Seguence g~ F[/V, ) Fg), F/ﬂ/l )M Fﬂ% ) s exact,

Hon sty F s G exat

(i) If % SES a5 in (i), He sequeace
FIM) — Fir) — FIM, ) —>0 (s evad Lo Sag_ F s
}’(/jﬁ exact.

Eem: Con p/wl;u G /;'/Jé t eqal Awmctors F: Aol 7= B-/Mod
ee. m (i) Fequire Yhat

g 0— Fiu,) z@%)@ﬁ/ﬂ,)

(s 2xact.

Defe For F A-ttod = B-Mood, o A-/od 7 — B-/oo!

7 )

exact = bt 1?{/741‘ exadt ie. sends SES 4y SES

2.2) Exomples:
0) For a yng /oma/»ox;d/um 50-'/4 ) Ho /uﬂﬂack SanHor
?*1 B-HMod —> A~ Mo js /ﬂem’;érlzg exact.

1) The tensor product funcbor MG+ (<> @ K): A-tool = A-tod i
/(///z‘ exalkt, éf Ste, 1 of e /j)’ao/ of Thn in Section 11 of

_[ea‘fﬁra 17: fr 4 SES d—->t—9/£/,v /) —0, HG M
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Fhe yuoz‘/en‘f of /'/{v g M é the /}mjc of K & M, (fl//l/ﬂ,/ngzg/
e Seguence 5@1/14——9 //({V%/‘/ '—9/16@1//—90 /s Cxalt.

7ZL Some s Tue /ér 18;1 2 A-Mod — B- Moo /1[4 Some. as
Z@l A-Mood —> A-Mod on e tored of ﬂ//&éﬂﬂjl/ﬂtf.?)

*//) ﬂf_ locelization f{mﬂfﬂr (ST /s exat % /L;’O/OOS/ZZ/M /n
Section 713 of Lec 7, e tocelization fouctor Sends vermels
‘o erneds f {34142(765 o £7Majes.

2) let N be an A-modid. Then Hom, (, N ): A-Modd 75 A-Hod is
é/{ €Xkr/f/ ’LZ/IS /ﬂ%h/s 75’0/14 {)XQ) 0/ ﬁ’o/ém Zm W7

- Uece Yot szg%//!) A-Mod — 4-tyd is Lt exact

@’EM'IQ}’]CSI ’/) &av{ﬂess /orolowf/cs jn/e Some weys Zo ca/p}ouz‘c h/n/qj
fanctors do 1o awas, compare To [Fobs € & & in W 1. Lxact flnctos
we best A computations.

2) Lxactntess /}’a/pcyf/fg are c'm/aorfanf for /Jéz%/a{c {Mj Y £ ave
jfaa//co/ w /L/O/m/o(s/ce/ 4505/&.

24) fonse?uenw; o 0/674'/7/'1(/0;7_
Zﬁmma Ze/i( /F 4—//0/ —%g’/i/oo/ o{: Z/LZ lxat aa/oé‘{/yc

%nafoy. 774,’”
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(@) ['_SCM/S /}y{emf/an: Zo //y'cwl/m;

(8) F sencls even, erat sepuentt a-M i/’g —905?/'4), 4
an  exact Sequenee 0 = FlH) — Ff/{z) — FI/,)

(¢) Fis exact <= F sends Su/{y'en‘/w % fuyz;ﬁ(m

/?’Oo)p-’ (2) /ch-'?M can $e nckuced mte  SES
0 >N Lot — N =0, /’/(‘=/’4A'mjﬂj.
SF

o Flu) £ M) — Fh) ~exact = Hy ) o5 myec fve.

[K) //%/ =Z-”/7ﬂz < /43 702/-' 2?’1 V/éa/c/ 25 & /u?a Zé/lzf//}/v’&
(- /t'{? Ca/qs—— /h%qsa'of?/ So ?pz = Cojpz/.

0 =M LM 'ﬁﬁ%’ﬁo isexad =

o — FIn) =8 Fim) =B ) )

is gxact. /[c_«rﬂr/, A mjem‘/vc = [ 57 )] F) sz/'eyz‘z':/a
Foosahmbor = Flo)=F()e Fly). So ker F/%%ker F/;ﬂz’).
By ths ad (#), 0= F(/) —> FIM) — F) s eralt

(c) 1s ‘ a

Rew: There wre olrect am/o(j; of Hy limne for all 7
fj/geg a/ 0/7{-5/'0/60( Cyactness, A—J M exat %/hyﬁ/»
/:-' A'/%o(ofp —> g'/”/oa/ _5'5/40/! ’léze/(a,«}f J'e/vwa
/{—ﬁﬂﬂ"’/’{? —0 o exat J’Efuucc
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Eowets:
’/) A dilitive (q,z‘fjwf/es.

In our A/b//mil/w; of cololiEive 4nyfoh’ we hoeo! to Considy
[Mfejo)«/es A "/L/aa{ A- Mood 7 5?)&‘/4/115? Ths 5 aweword
e Cohc71‘ of en adiitive M/ffjo;%/’ mckisdles Blese &M/é
K much move. Mno we can tile abowt additive Amctors

Letuween addifive avf;zozf/e&

.j)q/m/{/on; An additive Ca;f{;o? E s
@a?f&) 4 Ca}ffjo?_
. ijWf/{a/ W Z/egznjm«/y sOudure on /4/0/44( //é//")
¥ Xyedde)
7Zuc a/d& ﬂ/m/e Zlo Swflfﬁ ‘L{Zz_ /oZ/anﬁ AXlomS :

- peyE) w %méﬂ,/o):z%mﬁ/ﬂ/)()‘[cif

- ¥ ,{jyé JiE) 3 a /rooémf VxyeE)

e conposttion mep Homy (£))*lom, (52) = Hom (4 Z)
ic G-additive (e k- Z—éﬁhmr), "9//{,/},’2605/5).

Gocell 4t i Z-Mod, H. /aVaoéwa‘ of Hwo 0%%?
2 /a.f/‘f 0/ M? %}7/7!& Ca/(/eﬂ‘ioh) Corncicdes . {'é/w Cg&/’aﬂé«aﬁ
7 hs /)w/en‘ cates over fo aLbitrar aa/oé'-//w caleqonies.
t 7 7
71 (Co)/a}'ooZaMf XXY s mzmjé callood 4o diyect Sdu
and 15 odnsted yfv @y
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g’Y M/’@ ﬂ’/ ﬂa/aé‘z/m co/’fzjorxcr):

7) A-Mood /74/ 2 /’/f;} ﬂ) A ﬂecfﬂw//g [’DMM’VE}_

b4 ) A- Mool Vi

3) A /IA/ZZ S‘Mp/fa;écjo?t M- o4 do/ozzi//v{ Cﬂ/feja?, /5
adod tive i s closed quobe z‘&u:mdeL %h/fe divet sums
/L;r Cxwfﬁj (n /4 - /%0/ e Can (’oﬂf/oéy 2‘4 /uﬂ J’z,/ cazf?or/ef
oysisting  of %/ea (o0 of pyojectie ) obyects. ae closed
aﬁa/\wja@cwf Sums /{wcc/ﬁé/a//f{u/e. J 72?

4 *),Zh Verious erts o/ &0/171’/{ / Teopolo o) 4 C'O/f)'/a/ﬂk
Cde}ones of “Sheaves” e (u‘gor/e: /Wejéo/oé'zé/o ve.

5%) Vavious constouckions //om%;/cd /J‘gf/{m_
/0)’00[«% more cwgaﬁ‘c@v‘e/ Qo/oé‘zz/l/e cal‘ﬁor/ef ﬁ’om /4/%/
/o/qoz%.z Ca/f(efjorlw of co/ﬁ/&xeg dopied ml‘fjom; exe.

Z/ 4Kbélm ca/fe orses.
Additve %/ﬂﬂfors it sense bebw'een aduitive Ca/‘fgor/e_f, Our
next 7L/e stion - w/d m/oé‘mzmd _)’Z,z}’b(ﬂ‘o(ftj / Caﬂod‘f/om a/o We mw/
4o (hpose 1 o+ ker 4o be bl 1o fale about eract Séfubhcq?
,Z‘Z z/u/'m' ot —{,,/R;é /70 40/04’7!/0/;9/{ stucties are wo&/ but
we e 4 m/ao:c 2dolitioned  condiCpns
[}(awf Sequtncy are 2bout L’mw/f, /Maje; and Lheir Co/'/m‘oéfce.
/u, Can a/q/;m -{,é,,, fﬁmﬁ h//é» we tele Mm’é /mM bu 1y
'L% (je«em&% of adlitive cd?ones, Of/’wfx we nt sefs /mr/éum v

d
not maps, 5o we need 4o explain whet We mean é kerneds

g



/45 umd/ 4 rw%:}m % o/r/%/m e rernsls /ﬂm/ Co/fwwzfsyaoz‘/az‘s
cé, MR jes) ae b ot ot Hev wversal /m’%aﬂ‘/er e
usual ﬂyffm; of abebier 70,

LA 4///4 be abelicn /rm/w 4 j/flf — M b a /wa;ﬂa;pﬂ/m
Led Kéc e Eepnd a/f ool ¢ kC?/Mo/t e mclusion Theo
we have tle /o%awmj:

) ¥ LeB(Z-1d) £ pid =M Somomm 5 £ oy =0
Al pis —k ascng. b Sollowans digrem comn v

.Z‘ K
%
kK ———" M
j)%ﬂ/n/zllgﬂ /0/ rernd i an ol bve wajor) Lt be an additive
Mf'ﬁ’doo%, /%/l/é@/(f)} jﬁé ;%mc[/‘{/ﬂ//, % the terncd o/
o/cf We Mean a/mjr [K/c} w Eedyt), de//omc (EM) st
‘ 70% =0
- (K ¢) has & wnversel /ﬂ/{%&? Het 15 2 od'myfjemm[;_
Zat)on 07[ (X)

:Dq//mf/oﬂ [a/ coktentl 1n &n 40/0414;’@ cate og) 72. cokarnl in
E= e tand n €T Te. m2l pitotion of 2o /)’W/wr a/%m%/yl
Wej,uf A/Mr (C/—JI’) w. Ce@é[&f}/ Tézé/a/vc [/I/C) st

. 77’o7=0
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< and am:/%’d/m) = 6’%’”{ //f//l) st
}yo?ﬂso j/ }V/G/%MC[CZ/;J?'& }U
N
\¢
T
c---2L
&UGISEZ —7-;) ’LZZL cate otgL o/ zzxgygqndorou/psl ‘LZ4 corernil o/ }a/ﬁl—y}/
/s /V/sz W %A/J?/’wém T /V-—»/Vﬁhv;ﬂ.

(s commutative.

ﬁ{%m%/on: M SA’? ‘L[/&f 76%'”[3 [/{'///V) ‘s @ /hﬂﬂahﬂ%&//ﬂn //
/ﬂ, 0) is its remd  and 5 an ?//ﬂoyhm (5 /40) 15 1ts corernal

,Qy exa,mfé, 7 /4 /%o/, /770/40/170¢/ um :/‘/y'cm‘/yc X ?Z/MDW //IM z
s surjective.  NMite Hot amwoma//m//m in fcggzmor/g//w i C7
Lyerase: « Tl /o%wm; Z conditions ane efu/vdu%
[&) ff M —oN i a Moﬂo/hoyy//rm
(6) ﬁﬂo?f Aéw;] Zm) — /%% 4H) s 7’% ¥ [edyE)
* Simlarly, @15 en imophsm s Lo Homy (W2) > Homg L)
W /clye)
- 7 fa”{/w{”/ By dusy temel (K 0) we hate Ghat ¢ is o monomor-
/o/lsm Af gfgr a/? cokﬂr%// / g 7f) , 27)‘/ /S Ry ?b'moyn//ym

MM/ZZ/M: MS&Z/ 'fﬂ/«/’f N dﬂ/oé{éll/e (ﬂ/’lfgjog/ f s q,fp,zw [/
o /o%wiy conoé‘tzro}u folil:
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[C) Ol/ﬂg /74070//% o f /M A corernil

(/7) 7@»' Y7z /ﬁﬂﬁomw/’o[/rm lé//omﬁ[lqﬂ) = /f/;fjﬁé
/%ME //%/1/) st [K/c) [s 7.14 el o/jﬂ.

[E) }?JV &l/{,#y 50[”}070/19}1 I E A{Wém// C) = /(’/Lg?ﬂ E
//omg (/{/(/) ST, [Cm‘) s A coternl a/jq

EXMF&-' /4 ‘/1’/00/4{ ﬂ‘/’/{)/aﬂﬂw’e ﬂ/MQn Cmffjowq_

%h— EXW%: 7712 (njﬁa? 07/ /VC& 4‘/%0044,&) is not abelion,
Z/ A is nt o ﬁ&f/. Ths o fbecause &/e? (et /mcamw? Jg/ee)
A modeks s Yl corernd ln-le usual &eme) of 2 Enenv "5

between Sree modily

Exm/eﬁ: A LM sub Cdfjo'} of A-Mol [ihere Al 15 an aSsocitive
z ) that 15 losed cndor taem; sub-§ /AD’f/enZZ Modully s
abelian. Tn /aa//[cwéw/ 74 A Miﬂwwj -/4 C/i)féjo% 0/ 75}7\
jwdc/ /4-/%0044/54 /5 M&ﬂu

In au abelies cu‘?ay% i mares sease To speak 2bout sibob-
J‘eafs of M [a prir of £elit) £ o /%0/70/44070//”7 [ E/%/%//g/‘/})
/tfaf/em‘ aﬂ\wﬁs ee. /4xmms //14)1 (5) ensure. that Lese

0 /emfs bthave in ~ o Opect Lhemn to. I /g,g,z‘c'cw&u;

(2 does mare Sense o ol about exat Sequences.

Fremivm exer:  in abebian ca/’ffjolg,, /;0m0f4mn <& /ﬂoﬂarha»;a/:f/n £ 7Wa¢4vm
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