
 
Lecture18 ExactnessKprej

1 Additivefunctors

2 Exactness
Refs AM Sees 2.62.9

BONUS Additive abelian categories

1 Additivefunctors
P A Definition Let A B be commutativerings so thatwecan
consider their categories of modules AMed BMed Homsets
in these categories are abeliangroups

Definition a functor F AMed BMod is additive if A
Amodules M N themapHem MNI Hom FCM FNl

y to Fly is a grouphomomorphism

Similarly we can talk aboutadditivefunctors AMo2 BMod

1 2 Examples
d Let q A B be a homomorphism ofcommutativerings
Thepullbackfunctory't BMod AMod is additive

4
In thesetting of 0 let L be a Bmodule Thefunctor



Log AMed B Med isadditive byexercise in Sec4.1of
Lec 16 themap y to idey Hom MM Hemp LoamLoxM is

additive In particular thx to Proposition in Sec 1.1of
Lec PF the localization functor s Alston so s

is additive

2 For an Amodule M thefunctorHom M AMed AMed
is additive see a of Prob6 of HWI
Moregenerally let q A B be a ring homomorphism andL

be a Bmodule Then Hem11,7 AMed BMedisadditive

20M For an Amodule N thefunctorHemalN AModern AModis
additive

3 Functor 02 A Med AMadMO MGM yo yoy is
not additive exercise

Side remark There are more examples
i Tor a Ext functors thatgeneralize tensorproduct Hom

functors

ii The homology a cohomology functors Hello H Xi
TLMod TMedwhere X is a topologicalspace These are
studied in Algebraic topology
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2 Exactness

This is themainproperty ofadditivefunctorswe care aboutin Comm

algebra It describeshow a functorbehaves onexactsequences

2 1 Exact sequences Let M F M Mk be sequence
ofAmodules theirhomomorphismsgieHomaMiMin i o K l

Definition this sequence is exact if imYi pKeryo t it K l

Ashort exactsequence SES is an exactsequenceoftheform
O M MM o

ie g is injective img Kerga ya is surjective

Example of SES if NCM is an A submodule then have SES
e N M M N e where the 1stmap is the
inclusion andthe 2ndmap is theprojection

In away every SES looks like in thisexample gidentifiesM W submodule ofMz g identifies M w Me imy

2 2 Definition ofexactnessoffunctors
Let A B be commutative rings F AMod BModbe an
additivefunctor

T



Definition of left rightexact functors
lil If H SES e M I n M to

the sequence e o FMi FlMi FMs isexact
thensay F is left exact

ii If t SES es in i thesequence
FMi FMa FMs O is exact then say F is
rightexact

Rem can define left right exactfunctors F AModernBMod

e.g in i require that
e Fm Fme FMi

is exact

Def For F AMod BMod or AModOPP BMod
exact left rightexact i.e sends SES to SES

2 3 Examples
O For a ring homomorphism

q A B thepullbackfunctor

y't BMod AMed ismanifestly exact

1 The tensorproduct functor Mog I OxM AMod AMod is

rightexact by Step 2 of theproofof Thm in Section P I of

feature
17 for a SES e K M M so Mgmis



thequotient ofMgm by the image of KOpM equivalently
the sequence KAM MigM MDM so is exact
The same is true for Lon AMed BMed thesame as

Lg AMod AMad on the level ofabeliangroups

1 The localizationfunctor S is exact by Proposition in
Section 1.3 ofLec to the localizationfunctorsendskernels
to kernels images to images

2 Let Nbe an Amodule Then HoytN AMedMAMod is
left exact this fellowsfrom 6 24 of Problem F in HWI

Exercise Check thatHemalm AMod AModis leftexact

Remarks 1 Exactnesspropertiesgivesomeways to computewhat
functorsde te objects compare to Probs 628 inHW1 Exactfunctor
are bestfor computations

2 Exactnessproperties are important forAlgebraictopologyRave
studied in Homological Algebra

24 Consequences ofdefinition
Lemma Let F AMod BMedbe left exactadditive

functor
Then



a Fsends injections to injections
6 F sends every exact sequence O M I M M to

an exact sequence e FIMl FMe FMs
e F is exact Fsends surjections to surjections

Proof a Nd M can be includedinto SES
o N IM a M se M M imy

F
e Fln Ft Fm FMi exact Fly is injective

b Mj imy cMs ya
s

y viewedas a map to itsimage
L MjCsM inclusion so yes legs
O M I M I'M se isexact

e FMil FMe Xs FMs x
isexactFurther C is injective by Ca Fli is injective
F is afunctor Fly Fly Fly So KerFly kerFly
Bythisand x O FMi FMi FMs isexact

c is exercise I

Rem There are direct analogs of this lemmaforallotted
typesof onesided exactness E.g left exact functor
F A MoLOPP BMod sends A exact sequence
M T M T M so to exact sequence

go
FMs FMa FMi exercise



BONUS
1 Additive categories
In our definition of additive functors we needto consider

categories AMod A ModOPPseparately This is awkward
The concept of en additive category includes these examples
much more Andwe can talk about additivefunctors
between additive categories

Definition Anadditive category e is

Data a category
together w abeliangroupstructure on Home XY

H XYedible
These data have to satisfy the following axioms

o F oedble w Home Xo Homelex is
H XYedible I a productXxYeAble
the compositionmap Home111,71 Home 7,2 Home XZ

is biadditive a.k.a TL bilinear A XYZedible

Recall that in TLMed theproductof twoobjects
in fact ofany finite collection

coincides w their coproduct
Thisproperty carries over to arbitrary additive categories
The 6product NY is usually called thedirectsum
and is denotedby Key



Examples ofadditive categories
1 A Mod for a ring A notnecessarily comm've
2 A MoLepp
3 A full subcategory in an additive category is
additive iff it's closedundertakingfinitedirectsums
Forexample in A Med we can consider the full subcategories
consisting offree lot ofprojective objects They are closed
under directsums hence additive
8 In variousparts of Geometry Topologypeopleconsider

categories of sheaves These categories are additive

5 1 Various constructions in Homological Algebra
produce more complicatedadditive categoriesfrom AMod
homotopy categories of complexesderivedcategories etc

2 Abelian categories
Additive functors make sense betweenadditive categoriesOur

next question whatadditionalstructures conditionsdowe need
to impose inorder tobe able to talk aboutexact sequences

It turns out that no additionalstructures are neededbut
we needto impose additional conditions
Exact sequences are about kernels imagesandtheir coincidence

One can define them easily when we talk aboutmodules but in
thegeneralityofadditive categoriesobjects are notsets morphismsare

notmaps so weneedtoexplainwhat wemeanbykernels
T



As usual a recipe to define thekernels andcokernelsquotients
by images are to look at their universalproperties inthe
usual setting ofabeliangroups
Let NM be abeliangroups g M Nbe a homomorphism
Let Kbe the kernel ofy and c KesMbethe inclusion

Then

we have thefollowing

A H Le lb TLMed y L Ma homem'm s t goysoI y L K making the following diagram comm've

m

Definition ofkernel in an additivecategory let e be an additive
category MN EOb e ye Home M N Bythe kernelof
ofy we mean apair k c w Ke db e LeHome KM s t

YeL O

CKc has a universalproperty that is a directgeneralizationof A

Definition of cokernel in an additive category Thecokernelin
E thekernel in EP I e inthenotation ofthepreviousdefinition
weget apair C D w Ce06 e TeHome N C s t

To4 0A



andtheuniversalproperty AyeHome NL s.t

yayso I Y eHemelCL s t
N

they y is commutative

Exercise In the categoryofabeliangroupsthe cokernelof y M N
is Nimg w theprojection at N Nimy

Definition Wesay that yeHome MN is a monomorphism if
he is its kernel and is an epimorphism is Che is its cokernel

Forexample in AMad menamorphism injectivekepimorphisms
surjective Note that amenemorphism in E epimerphism in EP
Exercise Thefollowing 2conditions are equivalent

a g MAN is a menemorphism

6 go Hem LM HemCLN ising've f Le06e

Similarly y is an epimorphism y Hom N LIG HomaML
V LEObe
Inparticular foranykernel K c wehave that c is a monomer

phism forany cokernel Gt it isanepimorphism

Definition We
say that an additive category C isabelian if

thefollowing conditions held

g
k everymorphism in e has a kernel



I
C every morphism in e has a cokernel
M forevery monomorphism LeHome KM I N E ye

Home M N s t k c is thekernelofy
E forevery epimorphism MeHome N C I MRy E

Home MN s t C o is the cokernelofy

Example A Mod AMoLeppare abeliancategories

Nonexample The category offree A modules isnotabelian
if Ais not a field This is because every not necessarilyfree
A module is the cokernel in the usual sense of a linearmap
betweenfree modules

Example A full subcategory of AModwhereA is an associative

ring that isclosedunder taring sub quotientmodules is
abelian Inparticular for ANoetherianthe category of fin
generated Amodules is abelian

In an abelian category itmakes sense to speak aboutsub

objectsof M apair of Keable emenemorphismcetteme KMY

quotient objects etc Axioms M E ensure that these
objects behave in a way we expect

them to Inparticular
it does make sense to talk about exact sequences
Premium exer in abeliancategory isomorphism monomorphismkepimorphism
I


