
 
Lecture19 Exactness projectivemodules II

A Projective flat modules
2 Projective us locallyfree

Refs E A3.2 6.1 6.3
BONUSES 1 S lemme

2 Injectivemodules

1 Projective a flat modules
11 Projective modules revisited

Let P be an A module We know that the functor
Hemp P AMod AMod is leftexact Sec 2.3 ofLec 18
A natural question is when fforwhichP it's exactequivalently
module the left exactness Sec 2.4 ofLec 18 when

Hom PM Hom PN A MAN surjiveAlinear

Recall Sec 0.2 ofLee5 that P isprojective if I Amodule
P sit Pep is free

Thm TFAE
o P is projective
2 A A linear surjection at M P F A linear

L P M St Jo L idp say IT splits
3 Hey Po is exact

A



Proof Let'sdoeasierparts first
3 2 Hom PM t Hom PP is surjective
I C eHom PM s t Stoc idp which is 2

2 y Pick L M P w Jol idp c is injective so Pe im L

Exercise Noeidp M Kerstein c hint m slimy4th
Weapply this to 14 M A P Cailie t E api forsome
generators pi ie I of P to get 1 W P kern

a 3 Let Pi ie I besome Amodules Weclaimthat
A Hemp GPi isexact Hey Pi is exact tie I

Recall Rem inSec1.2 ofLec 4 that we have a natural
isomorphism

2m them EPi M MeHema PiM T t ftp.lieI
These isomorphisms form a functor isomorphism inparticular for

p M N the following diagram is commutative
Hemp EPi M I DHema PiM

Iya flye lieI
Hom IEPi N I DHema PiN

It fellows that the left arrow is surjective iff the right is
a



surjective iff t i themap Hom PiM Hom PiN is surjective
A fellows

Now weget back to proving o 37 Recall Hema Ai I
ida.me inparticularexact Byusing of x w anyset I J

Pj At jet we see that Hey net is exact Now byusing
of1 7 w A's Pep 11121 we see that them P is exact I

12 Flat modules
Definition An Amodule F is flat if Fogo AMod
AMod is exact sends injections to injections since
ingeneral Fog is right exact
Examples

I A is flat ble A g g
ofLec42 If Nam then non mithis

followsfromSec2p
So At isflat

I If MAM is flat thenMaM are flat this is similar to
theanalogouspart in theproofoftheThm This2 I imply
that projectivemodules are flat

II Let SCA be a multiplicativesubset Since AlsDog I
S SecPPofLec47 si is exact Sec 2.3 of

LesD8 Alston is exact so Als is a flat Amodule

Rem In a nice class of Amodules all flat modules areprojec



five Namely recall that an Amodule M is finitelypresented
if F q A A forsome k l s t MsA'dimy Inparticular
finitely presented finitelygenerated If A isNoetherian then
holds if 9 AMM then kerst is finitelygenerated so
AE kerst forsomek For y take the composition A's kern A
Now we have the followingfact

Fact Anyfinitelypresented flat module isprojective

Aproof can befound in LE Cevellary6.6

2 Projective us locallyfree
Here A is a commutativering
Ourgoal for the rest of thetopic is to giveyet another

characterization offinitely presentedprojectivemodules Recall
that forprime inparticularmaximal idealPCA we write

p Alp Recallthe followingdefin fromHw3

Definition An Amodule M is locally free ifMa is a free
Ammodule t max ideal inCA

Thm Serre Let Pbe a finitelypresentedAmodule TFAE
a P is projective

121 P
is locally free



Unlike theprevious theorem whoseproof isquiteformalthis
one requires several new ideas Today we'll do 2 1 proving

Prop n If Pa isprojectiveAmmodule t max ideal inCA then P
is a projective Amodule

Theproof cruciallyuses the categorical characterization of
projectives Sec1.0 P is projective Hey P is exact the

original definition ofprojectives doesn'thelp

Proof Weneedto show A surjective yethem MN themap
9 Hemp PM Hom PN is surjective Theproofis in two steps
1 Prove Tum Hom PM a Hemp PN at max idealMCA
I Prove that if hiW are Amodules YeHom MN are

s t Fa issurjective t max idealMCA then it is surjective
Then we set A Hem PM N Hom PN take it asabovegetting that it is surjective P is projective

I Recall Pret2.2 inHW3 that forany finitelypresentedAmodule P multiplicative subset SCA have

Hemp PM S I Hempes PESMIS 54 E e It
KeHomCPMN Weapply this to S Alm
Thefollowing diagram is commutative exercise

I



Hemp PMan Hema PaMa

Hematin tamarin

If y is surjective so is ya Sec 1.3 in Leche SincePa is
projective the right arrow is surjective So is the left arrow
Thisgives I

II Let K N imy Since im ga implan we see Kai lost
Max ideals inCA Pick Kek wewant to show ko Theequality
Kasegives A film m s t fan ice Let I AnnCh a eAl
also f m EI Have k to 14 I I is containedin a max

ideal sayM But flameIlm contradiction thatgives ke and
finishes theproofof II and of Proposition D

T



BONUS4 S lemma

This important result sometimesallows to checkwhether
a module homomorphism is an isomorphism

Theorem Suppose wehave a commutativediagram of Amodules
theirhomomorphisms

M F M F M Mr Ms

ti ti I Ii
Mi Mi my Mi M's

Assume both rows are exact ya yr are isomorphisms y issurjectiveandgs is injective Then y is an isomorphism

ProofLet'sprove y is surjective Theproofis by diagramchase
Pick MjeMj Wewant to showMs e im43

Set ma ti m Mr p mi Ms t mo Note that
since the bottom row isexact I mi ta les ms o Since

the rightmostsquare is commutative GsMs 4s tamo Egly mall
Tj mi O Since y is injective Ms0 So my e Ker tr int
PickMzeM W T ms Mr Since the2ndsquarefromtheright
is commutative mfg Ct m3 Ts ly mi So tf my y mi e
Ms y malekertz'sim ti TakeMieMi w Tilmi myyIms

Set me qi mi Since the 2ndsquarefromthe left is
commutative weget yColma oilyme tr mi Ms y ms
A



So Ms'sq tilmaltyCm E im43
Theproof that y is injective issimilarandis left as an
exercise I

Let'sprovide an application of the 5lemmeandget an alter
nativeproofof 57 A 5 oxy see Sec 1.1 of Lec47 Let
Mbe an Amodule Apply theuniversalproperty of localization
to M ALS JOM Mrs ram Weget an Als linearmap
2 MIS ALS JOM W Ms a tem Note that for A M
under the identification Als Jex A Als 6 exam68 y
becomesthe identity So y is an isomorphism Similarly Ypot
is an isomorphism as bothfunctors senddirectsums to directsums
details are an exercise
Note that the maps 2m constitute a functormorphism

another exercise Now to see that you is an isomorphism we
include M into an exact sequence of the form A AIM so

this can be done because every module admits a surjection from a

free module Beth functor J 5 G AlsDog are

rightexact so weget exact sequences
F AT F AI I m e and

G at G at Gm e

Since y is a functormorphism these sequences fit into a
a commutativediagram

A



FLAT I At FIM o o

knots knot In f f
G AT G at Gm e e

We can view this as the commutative diagram in the 5 lemme

byaddinganother o Now we use the 5 lemma to concludethat

2m is an isomorphism

BONUS2 injective modules

Let Abe a commutativering

Definition An A module I is injective if Hemal I
AModoPP A Med is exact equivalently for an
inclusion NUM the induced homomorphism

Hom I M Homa I N is surjective

The definition looks verysimilar to that ofprojective
modules however theproperties of injective projective
modules are very different Projectivemodules especially
finitely generated ones are nice but injectivemodules
are quiteugly they are almost neverfinitelygenerated
The simplest ring is 7L Let's see what beinginjective

means for TL
I



Definition An abeliangroup M isdivisible if t meM a 72

I m EM s t am em

Example The abeliangroup Oh is
divisible So is A TL

Propositiont For an abeliangroup M TFAE
a M is injective
6 M is divisible

Sketch ofproof a b apply
NUM Hom CI Mo Hom CI N A

to M T N all
6 a is more subtle Thefirst step is to show

that if xx holds for NCM then itholdsfor Nt TmcM
H meM So t holds for all fingenidsubmodules NCM
Then a clever use of transfinite inductionyields t for all
submodules ofM 5

We canget examples of injective modulesformoregeneral
rings as fellows Note that for an abeliangroupM the

group Home AM is an A module Theproofof thefollowing
is based on HemalA beingrightadjoint to theforgetful
functor AMod T2Mod With this thepreetofthefollowing
is a premium exercise

I



Proposition 2 If M is injective as an abeliangroup then
Hom AM is an injective A module

Finally using thisproposition one can show that every Amodule
embeds into an injective one thecorresponding statementfor
projectives that everymodule admits a surjectionfrom a

projective module is easy 6k everyfreemodule isprojective
Thisclaim is importantforHomologicalalgebra

I


