
 

Lecture2 Rings ideals modules II
a Quotient rings cont'd
1 Operationswithideals
2 Maximal ideals
3 1Why to careabout ideals connection togeometry
Ref's AM ChapterPSections 3and6 E3 Sec 1.6

BONUS Noncommutative counterparts 2

e Recall Preposition Exercise 1 from Sec3.2 ofLee 1

Examples ofquotient rings
1 A 7L I n En72 A I Tank residuesmedn

2 As TLEx LeTL not a completesquare I x2 d CA
Then A I is naturally identified with thesubring
TL a a1652 96 71 of Q
Check

homomorphism
q Tax 721523 f x f a

p x d o I c Kerg g TLE I 7152

y atbx at 652 so y is surjective Exert q is surjive
f f e Lex I a be TL geneTLE FA at bx tg x x d
exercise Ker p I Exert y is injective

q
so q TLE I TL 52 an isomorphism



Exercise 1 to beusedbelow
Here we compare sets ofideals in A K in A I Namely

show that the followingmaps are mutually inverse
bijections

I II e ideals JcAl J I J

I
e ideals I A I J III

This exercise is oftenusefulwhen we study inclusions
ofideals ICJ CA We couldtry to replacethis triple w

a CJ ICA I assume thesmaller ideal is zero

Exercise2 Let F EACH In yEY
where Y is a set

Then there's a bijectionbetween

i Ringhomomorphisms Alex x FylyeY B and
in y b bn

where
q A B is a ring homomorphism a

bEB are s t Fy6 bn so tyet Here EeBlg xn is
obtained from FyeAG xi by applying y to the coefficients

ThisgeneralizesExample 2 fromSection2

1 Operationswith ideals
Setting A is commutative ring pick ideals I J cA

I



Det The sum It J atblae I beJ CA
Theproduct Is EEabit iceke a EI bi et
Theratio I D a eAl at I
The radical TI as A F ne k w a et

Proposition In J I J IJ I J If are ideals

Preetfor TI theotherparts are exercises
Need to check

e 1520 I It isabeliansubgroupp eeA be 8 abe g heretake as P
2 a be IF at best

bleA iscommutative
e IS I

a be SI In w 6 EI lab a b e I abe ft
2 abe If I n w an6 EI

at6 M E Y ai62 EI abet

againusethatAis commive
I id

Fifi TeI if isn

Example generators I f tn J lg gm Then

It J ftptng gm ee I J figje Itt
fa fn.ge gm c It J It Jaffa f g gm is manifest

Exercise Show that IJ fig list h j P m

I



Rem For In J I J SI generatorsmaybetricky

Example A 71 I a Want to compute IT
apitpitpiprimesLiEko
best by a forsome n 6p p Fat p pic

divisibleby

Exercise For general A I show IN SI

2 Maximal ideals
2 1 Definition
Def An ideal MCA is maximal if

M A
If M anotherideal st Msm A then M'sm

i e maximal maximal writ inclusionamong ideals A

Lemma equivalent characterization TFAE
1 An ismaximal
2 A M is a field

Proof Weclaim that both 1 212 are equivalent to
3 The only two ideals in A M are o A M

F



1 3 ble of bijection ideals in A containing a E
ideals in Alm Exercise 1 in Sec l

3 2 Remark exercise in theendofSection 3.1
of Lecture 1 I

2 2 Examples ofmaximal ideals
1 A TL so every ideal is of the form a all for aek
a ismaximal a isprime Indeed the inclusion a s b

is equivalent to 6 a

2 As F x F isfield f ismaximal f isirreducible for
the same reason as inthepreviousexample Forexamplefor
F A leranyalg closed field themaximalideals are exactly
x 2 for Lef

3 A FExe Xn
2 da 2 GF Mj f e FCx all fk so is an ideal
exercise We claim it's maximal ideal I AM contains 1
I fe I w fate Write f as polynomial in Yoda Xin leMa
f f a tg w geMac I foe I TEI

Infact thisway weget all max ideals in ACg xD if F is
algebraically closed This is a specialcase of the result known
the weak Nallstellensatz to beproved later inthe class



2 3 Existence

Proposition Everynonzero commutative ringhas at leastone
maximal ideal

We will provethis later for Noetherian rings all ideals
are finitelygenerated a justification is that essentially every
ring we encounter in this course is Noetherian

Thegeneralproof is basedon Zorn's lemmefrom Set
theory axiomofchoice

Definitions Let X be a set
Apartialorder s on X is a binary relation s t

xsyzysx x yjags Igt's
YEX is linearly ordered under s if f xye Yhave

x y or y ex
poset s a set equippedwithpartialorder

Example A ideals ICA I I A s S

Zornlemma Let be aposet Suppose that
G A linearly orderedsubset Ys X F an upperboundinX

I



i e xex sit y ex fye Y
Then I amaximal element ZeX i.e xeXKESx Z x

Note that both the condition the conclusion are

essentiallyvacuous forfinite sets

ProofofProposition X s are as in Example Wanttoshow t
let Y be linearly orderedsubset of X being linearlyordered
in our case means H I JEYhave Is J or J SI Set
I Hey I Weclaim this is an ideal A note unlike the
intersection the union ofidealsmay fail to be an ideal
Needto show

i I is an ideal abe I as long as s bet
Check a be I Ye I I I J EY se ee I 66J
Canassume Is J t a b et at6ET SI Thisshows i

ii I A 7 A I
I is anideal

But 14 I for every Ie Y I Y I 1

ApplyZorn's lemma to finish theproofofProposition I



3 Why to careabout ideals connection togeometry
Let I be an infinite fieldand A FCx xD We can view

elements of A as polynomial functions F F since F
is infinite differentpolynomialsgive different functions
exercise using induction on n ofcourse not every function
F F is polynomial
Let Xc E be a subset

Important exercise IN fealflee is an ideal compare
to Ex 3 in Sec 2.2 Further IN ITN

By a polynomialsubset in F we mean the set ofsolutionsof some system ofpolynomialequations
Thefollowing is one of the basic results in Commutative

algebra Hebeprovedmuch later
Thm Hilbert'sNallstellensatz Suppose F is

algebraicallyclosed Themap Xp Ik is a bijection between

polynomial subsets of F
ideals ICA sit I IS

Polynomial subsets of F a.k.a affinealgebraic varieties
are basic spaces studied in Algebraicgeometry Null
stellensatz is just the first connection betweenAlgebraicgeometry and Commutativealgebra that inparticular

gtells us that
ideals havegeometric significance



BONUS Non commutative counterpartspart 2

BM Propergeneralizations or what we discussedin thislecture
will be for twosidedideals For twosuchideals I J itstill
makessense to talk about In J It J IT I J those are still
2sided ideals For SI thesituation ismore interesting the
definition wegavedoesn'tproduce anideal look at Is 03in
Matz E Undersome additilassumptions still candefinea
2 sidedideal We'll explain thisfor I o for thegeneral
casejust take thepreimageof FosCALIunderA A I

Definition Atwosidedideal ICA iscallednilpotentif
I ne72yd In e3

Exercise The sum of twonilpotentideals is anilpotent
ideal

Under additional assumption A is Noetherian for L sided
ideals there's an automatically unique maximal nilpotent
ideal Wetake this idealfor O

B2 Now we discussmaximalideals

Definition A ring A is calledsimply if it hasonly 2
twosided ideals Les A
A



Exercise Math A issimpleforanyfield 5

Premiumexercise Weyl Day xy yx i issimple if
charE O not simple if char5 so

Atwosided ideal me A ismaximal if Alm issimple

I


