
 
Lecture 20 Exactness projectivemodules III

e Recap readmap
1 Nakayamalemma

2 Projectivemodules over local rings
Ref AM Sec2.5
BONUS Why to care about Serre's Thmbriefly

e Recep readmap
In this lecture we completetheproofofthefollowing

Thm Serre Let Pbe a finitelypresentedAmodule TFAE
a P is projective
2 P is locally free ie Pa is free everAm t max idealinCA

Wehaveproved 2 1 last timeand will prove 1 2

today Here's how this isgoing to work
By the initial definition P isprojective Pop'sA for

some Amodule P Since Per as PatPh A Aa
this is true for the localization ingeneral Sec1.2 ofLec to
we see that Pa is projective ever Am Also since P is finitely
generated over A we see that Pa is finitelygeneratedever A
Also recall See 2 ofLee Il that Aa is local i e hasthe

uniquemaximal ideal whichequalsMal So theproofof is

preduced to



Proposition Every finitelygeneratedprojectivemoduleever a local

ring is free

We will prove thisproposition in Sec2 basedon Nakayama
lemma a very important

theorem about modules ever localrings

1 Nakayama lemma

Let A be a local ringwithmaximal ideal in Here is the
most fundamental resultaboutmodules over A

Thm Nakayama lemma Let M be a finitelygenerated
Amodule If anM M then M e

Remark Oneneeds A to be local for the theorem to be true
take a field F A 5 x F M M x e lief Then MM M

1 1 Cayley Hamiltontypelemma

Here's a lemma to beused in theproofofNakayamalemmek
on severalother occasions later in the course LetAbe a commivering

Lemma Let M be a finitelygenerated Amodule ICA
an ideal q M TM A linearmap s t y m CIM

Then

there is apolynomial fine AEx oftheform
f x X tax t tan with ake Ik f k

a



setfly o

Proof Note that M upgrades to an AG module w x actingby
9 Pickgenerators my MnEM Wehave elementsbij E I
i t ns.t

1 XMi jEaijMj
Form the matrix A XI Cai Then LetX EAG

Note that LetX is apolynomial fix as in condition

exercise hint use that LetX Jesusgun I Xian AxijesijxtI
Also note that Let x actsby fly on M So it's enoughto
show that LetX actsbye
Let F my Mn viewedas a column vectorThenXin5

by a Consider the adjoint matrix X'sNij w Nig

C1 JLet thematrixobtainedfromXbyremoving row i kcolumn j
sothat X X Let x Id ThenXin é Let x A XXat E

2 Let X mise ti
SinceMa Mnspanthe A landhence A x module M

2 flym Let X m e t meM Thisfinishes theproof I

12 Proofof Nakayama lemma
Proofof Thin WeapplyLemma to B A I hi g id
the condition M MM means q M CIM Weconclude
O fly at ht tan y Set a at tan EM Note that

T
t teeth ata 4m h istheuniquemax ideal ate A



Pta is invertible So na y o y o But y idm so
M a I

13 Corollary of Nakayamalemma
Let A be a local ring w maximal idealm tAlm is a field

Corollary Let M be a finitelygenerated Amodule m mic

EM Let Mi tk be theimages ofmanme in MMM If in a
span theAlm vectorspace MMMthenMa mespanAmodule M

Proof Set N Spangmo m Note that thecomposedmap
NG M M MM is surjective M NtMM t meM I

amGEMMa MiceMIm EamieN MMIN MIN TheAmodule
MIN isfinitelygenerated Applying theNakayamalemma weget
MIN LO M N A

Exercise Let MaM befinitelygenerated Amodules yeHomingMi
Then
y is surjective iff the inducedmap MMM Me MM is

surjective

2 Projectivemodules over localrings
We will use the Nakayama lemme toprovethepropositionfrom
Section 0

T



Prepn Everyfinitelygeneratedprojective module over a localring
A is free

Proof Let McA denote themaximal ideal so PIMP is a vector

space overthefieldAtm Since P is fingeneratedover A the
vector space PIMP isfindimensional Let Mi mebe a basis
and let m Me bepreimages of these elements inPlunder
P PIMP By Corollary inSection 1.3 P Span ma Mel

equivalentlythe homomorphism

A P la he to E aimi
is surjective Wewant to show it's an isomorphism
Notethat A MA is naturally inparticularAlm linearly

identified w Alm The homomorphism Ala PIMPinducedbyK
sends the standardbasis ei tothebasiselementmi so is an iso
morphism

Since P isprojective Thm from Sec 3.1 of Lec21 and
itsproof shows that A's Pep W P kero It follows that
Alm AdinAtl Pepi m Pepi s PIMPtop up
But Alm PIMP are isomorphic dime vectorspaces over

Alm So PMP's 03 The Amodule P admits a surjective
homomorphism from A So it's finitelygenerated

Applying Nakayamalemma to P'sMP we see that P a

So It is an isomorphism D
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BONUS Why to care about Serre's Thmbriefly
Being projective is an important niceness propertyfrom thepoint

of category theory Hom from suchobject behaves well It turns
out that being locallyfree is important geometrically itsays
that this module corresponds to a vector bundle Below is

a short account on this a moredetailedaccount will follow in a
bonus Algebraic geometry lecture

A crucially importantclass ofcommutativerings is rings
often D or E algebras offunctions wsomeconditions C
holomorphic or which is closest to us algebraic on spaces which

can mean for example manifolds In factany commutativering
can be thought of as some kindofring of functions on its
spectrum

In various settings maximal ideals inthering offunctions are
in bijection w thepoints ofthespace to apoint we assign the
ideal of all functions vanishing at thatpoint compare to See
2.2 inLec2 In thealgebraicsetting the localization Ammeans
the functions defined in someneighborhoodofthepoint

correspondingto m which
agreeswith thename local

Vectorbundles on manifolds is one of themostfundamental
objects in Differentialgeometry examples later Theyenjoythe

property of being locally trivial In thealgebraic setting this
is formalized vie being locallyfree
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