Jecture L0: Exactness & /my’ecf/z/e /%oa/u/es, /N
0) Eecef X road map.

’/) ﬂ/mcajme. /K/mﬂa.

2) Pyg/'eafu/a mgo/u[cs over local V/Mjs.
Ref: [»4/’1}/ Sec 1.5,

50/1/6{5 WA} ‘o care about Sewe’s ﬂml é//e/é.

0) Eecef 4 /aao/ Hap
IM ‘IéAIS éofu}’f we COMWC ‘L%, /ﬁ)’ao/ 0/ Zzﬁ/c /aﬂ&h/lnj,

TZM (Sﬁi’)’t)-’ /Uf P e o /jm'{e%r FK':SenfeO/ A/Moa/wﬁ FAE
7) P is P}’?jeﬁfh/c

2) P s /oaj/j yg’ee, le. /2 /S /}’ee over /f,{, ¥ max. /'o/ee/ MCA_

We. have /01/01/50/ z2) = 1) hst time and wll prove 1) =2)
£ 00/3'3" Heve's hows s is gomg Zo wore.

1% fn/c mitied A/q”mf{/on-' /D ls /aro(/'eoz‘n/e < Pep /%A@I 74/'
some A-modile P* Simee (PoP’), = Por! g (A%), ~ (4, )™
(ths 15 tre o th tocalization m gonend, Sec 1.2 of Lec 70),
we see ot @) Is f};o/'edlvc over 451. Also since P is %ﬂffe%_
Jemmfeo/ over A we see that E is %m’fe% jeﬂc/a/feo/ over A.

Atso //eca/ZZ) Sec 2 of Lec 10, Yot /451 s /oae/[/ je. has the

mju moximad idead (wheh efws/s ). So, e //po/ of s
reou o/ b:
o eiuce



/[2’;70052%0}75 El/e)} 74#/1‘65 jﬂhemfeo/ //{0/@1‘/1/& Moo/wé over a ém/
//;g Is ﬂ’ee__

We wtl /0)’ol/e 1%5 //z}mf/‘zé/on m Sec? /aseo/ on %mjcwm
/emm& —R Ve/'; c'm/g O/LZM'é féeo;’m ﬂ/aaf /tfoa/u//cs over /om,/ f/ﬂjs.

1) //a/cazyawa Cemma.
Let A be a bocal rmg with mximed idedd . Heve 5 4,
most fom dlamentad resuld about mpoutes over A

Thm //f@:ajﬂmq lemmea). Let M be 2 %/mzeg jgﬁe/a/feo/
A-modte. I//&M =M bhen M= {0%

E?W'MLZ ﬂnc M.&UZS A ’éo :{e— /Ocazz 7";/ ‘leL f/eo}'em 7)) {c {YMZ-'
tae o fiedd [F X A:=lF~F b M =Llyo)[xeF§. Then wM=M.

14) [aj/e}-//am/&fon ‘éjlae lemma.
/Uerc’S a &MMQ to be wt:o/ 7 ’f[e, /ﬁ}’OO/ 0/ /%l/&/x?wa émmi
on several other occasians toder in the course. L A be o commve .

Lemna: Lt M & a %/f%jmerwfea/ A-modats, T< A
an idead - M =M A-Cnear map st fﬂ/M) cTM. /len
Heve s a fof,//omm,f Lere Alx] of He Lovm

(¥)  a)= X"+ ax" "k, wth a,eT* ¥r
zl



s£ 7//7)54

/’"?”00/.' Niote Zz/n/l( M Upjmo/es o an Alx]-module w. x 4,%‘/19; {;,
/Cﬂ. Hece jma/l‘om /@,_hm”eM Mo have cloments 4]’ €7,
(1.0 st

(1) Xm; = 2_1_ @M,
form Ho madrix N = CT~(ag). Tlw AH) € A]
Note Hat ddlX) (s a /ﬂoﬁﬂafﬁmﬂ #6) as o conditron (%)
( hint —use Hot A (X) = %ﬂth(()‘.{? X; o) X@é%-x+1).
Also note Het OM/X) Mjg /[7) on M Sp 6/70034/ %
Show Hak  dAX) ats é d
Lot /7://1_71 m,) viewed! as a column veto. Then Xid =7
é/y /4) Considler e ”jibmz"’/hu‘//x N = [ng) % ij =
[’/)H‘}‘ 0/€/f [ #e matrix obtaine 76’0m X /07 /fluaymj ow #i f column # J >
sothet XN =ded () T Thon V=7 = dd (X)X N7 =T =
(z) bt (X m =0 ¥
Sinee Wy My Spen He A- land Aence /4[,(]) Moduke M

/ﬂ) :?//f)/ﬂ:a[bf/)()/%—“ﬂ #WGM 72/5 ;5}7/:/6! 254/9/00/ []

12) 5’007[ of /Val:o?a,ma lomme.

Poo? of Thm: Wt @0/? Lemma, o B-= A, 1=/, C/=C'az
e condition M=mM  means ?//14) cTM. We conclude
0=7F(§ﬂ)=['/+ ga'-.---ra,,)?. Set a=ge+8,=h Mte Lot

. 1+ &E M &> (1ra) ¢ b <= [h is B unipee. Max jdeel] (7+2) = A
3



& Tra is inthl. So (12)p-0 > G0 Eit ¢if,, 5
M= 703

o

13) KO/O%&/} 0/ /Vaka/ma Lewma.
LeA A be a lcal /M} w. meximed /&l/fﬁ// m [=?/4//h is 4)4&(/)

[a/o%&g: /M‘ M be a %ﬂ/lzeé Jefzemﬁfeo/ /4'4/00/404 X/l/,, Y,
é/v. LeAt 7%;,...,71?; be Ze Zmajcs ﬂ/lig,..,mk in MM .Z////I?,/ﬁi/;
Spen Be Afin- vecdor space MM, o Y. Py SR A-modits M

Boot: Set M- = pon, (w,.m. ). Nt Bt He composed wrsp
Nes M ——»M/ﬂ,/‘/{ (s 5uf/'ew‘n/e & M NrhM #Mé/q 4
&..a hm, mel| m—_ia;m,-gA/ & (M) = MM The A-mpdet,

N is fntely, genented Mplyin, S Notogama lonmn., we got
MN=1pF = M=) I}

c Lod /44,/142 le %p;f{f? jfﬁ”ﬂ/’f&o/ A—Moq/wles (7161%/%//’44,/’4,)

Then @ is 5u{}'wfivc it e inducedl map M [k M, —> M, [} M, is
su:/'caf;ve.

Z) @'e&‘f/yc Mpa/u/cs over A /’//gs

ll/e W/a use ZZ[( M[?MQ éﬂ//fm fo /aVoVa f[e /Vo/yosftzlow ]g’om
Section O:
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[D}’OP'VI-' L very %m‘féé jwez/a/ﬁo/ /ﬂ)?/'eoflz/c mdih over 2 tocal /7}7
A s /ff&

Foot: Let e A deaste Yhe maximal /'/%Z} so /P s 2 vVeclor
sfaa, over 1‘/( ;5&[/ /4/ . Swe FPis n. (jmmufu/ over //) ‘f/e
vector Space FI/P is fon. dmensional. Jet ¥, 7, be o baus,
wd O ", M, fe /0)’4/;11745 of Yese elewments in P [under
P—PF /ﬁ,P), 51 6/0/&2, o Sedbon 13, P= S/DMA /m,,...,mg), equiva-
lntl, 44 %momo;a/irm

» AT P (. 4) Hé@-/ﬂ[

s suriective. We went o SAa;/ it's an /SDMOI/’UAISM

Nide Yt A M/ﬁv/’ ” Js ﬂdum% (o /wwLZ/cha/, Al —ﬁnemﬁ)
/'a/ﬂn fi;[;co/ W, M/ﬁnﬁ/ 7Ze 40”40/!40#///)7" (/4/& )${—> P/ﬁyp /Méfa;o/ {7%’
Seh/s ‘L% S{ana/a/o/ basis & To f»{L 6515 &/B/uemé 714?,50 s an isp-
Mo};a/zsm.

Swee P is ral/'eyf/w, Thm Bom Sec. 31 of Lec 21 (ond
/ts /ﬁmo/ ) Shows Yt A O~ Pop’ , Ploterd TE follows Yt

)%= A N = (PoP’ )/ (PeP) = F/mP@P/inp.

Birt M/’n)@e& Plop  are /50»70}794/& dm U vector spaces aver
Ah So PraP’ =105 The d-modile P’ acimts a Suy‘ea‘/lxc
/owwmyi/w Dom A .M 50, s %mz/eg joum;fe o

45/&5/;9, %Mymg Sma. T P-mP’ we See Het P (0%

So T 5 ay z';omyflfm O
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gU/VUS-' WA} ) akbpect Senves 7Zm//§//'e/§,_.

Eemj /arf/'eoz‘/w: is an c'mloortanf nceness” /ﬂ)’ﬂ/oa@ Hom f/c /omf
of cdegora, eory, (Hom Hom  Such o 9%%‘ behaves well). ¢ tums
out thet szg /o(a,% Free s ém/non‘anf jeo/uyﬁr/c% -/t seys
Yot ths moduits 50/%65/90»70/5 to & Vector bundle” Below is
2 short accomt on —//157 o more detailed accoumt wll follow in o
bonus /Wéefmi c jeomyfrz locture.

A cmda% M/Oorfané pZzss a/ commutative /’Mj; /5 //;373
(often [P-or (C- a,@e//ms) of functions (. Some conolibions - C~
Ao/omwf//a or ~whid is Losest £o us - %J;’MC) on Spaces; wheh
con meen 761/ e)rm/oé , maﬂ//a/p/ 5. In 74(/1,‘, a;% commutative /Mj,
Can be %oujlf of as Sowe kmd o/ /’/iy 07/ Funtions on its
”.}&e&ﬁwn !

In vanous S&Z%}st, meximal /b/ezls n ’L‘L /’/ﬂ; o/ 74»1%‘/0/75 e
in brection w e /o/m,‘s of 4o space (% a port we assygp Hho
/'o/t’J o/ /4 fimdf lons VM/S%/H oA -L%zjﬁ Poc‘nf) Compare + Sec
2.7 in lec Z) In #L ajj(/gﬂuc setbm , 7.%, bocalization 4,{1 MEaNs
#, /%ndl/ons ’ o/r//)m/ /1 some ﬂaﬁ/ orhoool of 4o /00/;175 correspon-
O/M; 4o b —whed, egpets with Yo name "Coced”

Vecksr bundles” on manifolols is ore of e most fomdamental
0§€wfs m Ditfereatiad jeomdg ﬁ’xam/)/es ﬁfe/). TZ@ e(a/og He
//operfgf of bem 1 ”/oza/% bmal? Tn Hhe a,%&émjc Sm"fmoﬁ his
is Fomalized e Kemé ’”ﬁ)c% Her?

—_—
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