
 

Lecture 21 Finite integralextensionofrings I
1 Finiteandintegralalgebras
2 Integral closure
Ref AMISection S P

1 Finiteandintegralalgebras
In what fellows A is a commutativering B is a commutative

Aalgebra
The concepts of finite kintegral A algebrasandrelatedresults

generalize theconceptsof finite algebraicfieldextensions andrelated
results They are importantfor Algebraic Numbertheory theringsof
algebraic integers arise as integrallandfinite TLalgebras thesewill
be defined later w somemotivation

1.11Maindefinitions
Recall Sect ofLec 6 that B is finitelygenerated as an A

algebra if I 6 bnEB lgenerators s t AGeB F FeAla xD I
b Flo bn

Definition Wesay that B is finite over A if it is a
finitelygenerated Amodule

Inparticular finite finitelygeneratedbutnot vice versa
x is finitely generated as an Aalgebra but is not finite



Definition Let B be a commutative Aalgebra
beB is integral over A if I mend i.e leading

coett 1 fEALx I f167 0
B is integral over A if t beB is integralloverA

Exercise If B is integralover A C is aquotient of B
then C is integral over A

Rem If Aa B we can view A as a subringof B We call B
an extension of A and talk about finite integralextensions

12 Examples

1 Let A K B L befields Here any homomorphismfrom A is
injective so L is a fieldextensionof K L isfinite ever K is the
usual notionfrom the studyof fieldextensions AndL isintegral
ever K iff is algebraic ever K if le LAgekex are s t

get o i.e l is algebraic over K g anx tan x t the w ante
then set f aig it'smanicand

satisfies field So l is integral

2 Let fkleAEx be amanicpolynomial Then I Xxlf e
B A x f is integral A Alsonote that B isfinite overA
generated by 1 I It for d degf

Below we'll seethat B in 2 is integral ever A
I



1 3 Finite us integral
Reminder Forfieldextensions finite algebraic finitely
generated as a fieldextension
Thisgeneralizes to theringsetting

Thin Let B be an A algebra TFAE
a B is integralandfinitelygeneratedAalgebra
6 B is finite over A

Theproof of a b is basedon thefollowing lemme Note
that if A is an A algebra Aa is an A algebra then

Az is also an Aalgebra the homomorphism A Aa isthe
composition A A Az

Lemme 1 Suppose A is finite over A Az isfiniteoverA
Then Az is finite ever A

Proof Have an areA k b GeeAz s t A SpanCas aid AE
Spans lb be

Exercise A Spang ajbi list l j t k s

Notation For an A algebra B b beeB we write Alb bid

forthe A subalgebra of Bgeneratedby b be



Proofof la 161 say B
isgeneratedbysomeelementsto be

as an Aalgebra We induct onk
Base K l B isgeneratedby6as Aalgebra 6 isintegral ever
A let f e Aex bemonic s t f b o Then the unique
A algebra homomorphism AEx B W xest factors as
AEx ACx f B Since bgenerates B have ACA B

AEx f B By Example2 above ACN f is fingen'dAmodule
B is fingen'd A module

Step B isgenerated by bi b k oedits over A All
By inductive assumption B is finite over A Now weapplyLemma
1 to A A A B tofinishtheproof 5

Toprove 6 a we will needa lemme a specialcase
of the lemma in Sec 1.1 in Lec20 w I A there

Lemma2 Let M be an finitelygenerated Amodule

q MTM A linearmap Then I monic fineAG s t fly o

Proofof 161 a Let B be afinite A algebra It's fingen'd
as an Aalgebrable modulegenerators are algebragenerators
Weneed to showthat f beB is integraloverA In Lemme 2
we takeM B q M M me 6m We conclude I monic

polynomial f eAG s t fly o o fly t f16 6 is integral
over A S
T



Exercise Underthe assumptions ofThm if A is Noetherian
then B is Noetherian

13 Consequencesof Thm
Corollary1 it If fateAG ismanic then A x fed is

integral ever A
ii If B is an Aalgebra Le B isintegraleverA then

ACD is integral overA
Proof exercise

Corollary2 transitivity of integralalgebras If B is an
A algebra integral over A and C is a B algebraintegral
over B then C is an integral A algebra

Notethat this corollarygeneralizes the transitivity ofalgebraicfield extensions Theproof is similar to that case

Proof Take Ve C it's integral over Bu I Go Gc EB s t
8 6,8kt be o Let Albo bi denote the A subalgebraof B
generatedbybe be So 8 is integral over A Go Gk CB But
Go Gia are integral ever A We use a 167 of Thm to show
that Albo be is finiteover A while Alba Gia DCC is

finite everAlba Gk
UsingLemma I we see thatAlbo be 8 is finite over A

51



By 6 a of Thm 8 is integral over A and we are done I

2 Integral closure
Preposition1 Let B be an A algebra If 2JEB are

integral ever A then so are 4343 ad HaeA

Proof Consider subalgebras ALL CALLACB ACA is
integral over A ACap is integral over Ala thx to Cort
ByCorollary2 Alap is integral over A Since43 Lf

axe ACap they are integral over A s

Corollary definition Theelements in B integral over A form
an A subalgebraofA called the integral closure of A in B
We'll denotethe integral closureby AB

Example If A K B L arefields then It is thealgebraic
closure of K in L

Preposition2 The integralclosureofABin B is A
Proof apply Corollary2 left as exercise

Definition Let K be a finite field extension ofQ The
integral closure of TL in k is calledthe ringofalgebraic

Integers in K



Remark The
rings of algebraic integers are themost important

integral closures Thereason is they are ofcrucial importancefor
Numbertheory as they appear in various classicalnumbertheoretic

questions e.g
the claimthat aprimep is the sum oftwosquares if

p t modt isprovedusing Gaussian integers 7457 inparticular
using that itis a UFO
integersolutions to a 26 I 1 are closely relatedtoinvertibleelements in the ringofalgebraic integers in 41527
Theuniquefactorizationproperty of thering ofalgebraic

integers in 0h18 implies the FermatLast theoremforLegp

F


