Lecture 21 Finte £ /'/lfejnz,/ extension of ymss., L.
1) Finite and thz,‘fjm,( Mcﬁ//gms_
2) Inte jrd chosure.
Ref: [AM] Section SA

7) Finite and zhffjm[ Mﬁ//gms.

In whit fllows A is a commutetive s £ B s a commatotive
/4 ‘4[50// .

[k con copts of Huite &ml‘szfaf ﬂ-a[édmg (and releted resitis)
jmmzﬁec e eoﬂa/ﬂfs of Puite & Mjoérm'c Ll extensions (end reloteo!
results). 7]7 e z}u/oorz‘m‘ for /4(/7.yﬁm4t NMumber f/eor} - th yhgs o f
a/%f/grajc /hz[cgers wise as Zuffzjz/a[ (ead fmite) Z—aé&{ms , Yese mtl
be o/w/meo/ /ajffr (w. Some /ho?f/l/af/on).

11) Main a/&//nn[laﬂs,
Fecoll (Sec? of Lec 6) thet B is ﬁn/'zleg jeﬂﬂu‘co/ (25 2n A-
ﬂ/j@éyﬁ{) f 34.4¢eB Cje/)e/a.;fors) st. #éeB 3 Fedlx,. x|
b= FL..6,).

@C/Zﬂnz/o;v: /'/e J 'zf/:f 5 /5 %ﬂrfe 0V04 // // AR}
75}7/1[&? jmmwfﬁ A-modul.

In /Dayf/u«jai, Dnite @;5)71’1‘{? jenwufeo/ bt 1ot vice verse. :

_’_/Ji[x] is ﬂni{e%, 96/48/27560/ as an A—qu&a bt 15 not Ponrte.
y



Detnition: Let B b a commutative 4—4/;%&

. /65 (s //nzéjfal ovtr / c'/ —HM /zic (?zza/m//
el = 1) 7264[;(_7/ £U) =0

- Bis M'ffil?i/ ver A if ¥ bel s /mff(jm/ (over A)

! _[/ B is Zméedzzmj over Al £ Cis a/aa%/&mz‘ of B
Hew C s [ﬂz‘ejm,ﬁ over A

bem: T Acs B we con vew A as a Suéfmj, of B W cald B
an foCMS/on 0/ /4 Mo( ’éa/ZK ﬂjwf ygn/f&/éﬂ‘éejl’ﬂz 6)('66/1810715.

12) EXQM/)/CS

1) Lot A=K B:=/ b pelols. Here any /omwno//'o/zw From A is
/?/'edf)vc), so [ is a 75&// extension 0/ K. "Lis 74#1/‘6: over K" is Hhe
usual ution Fom e study, of feld extensions. And [ is /m‘ejm[
wer K iff [ is Mj&érajc over K- if el z(;ﬁk&] e S.T.
3(€)=0 (ie. L is ca[jf/émjc over £) & 9- 4,X"+8 X't 8, w. &, #0
How et f- an":;) its mone and setisties HC)=0 So Cis /nfejrd.

Z) /07,1 /ﬂ(}éﬁ&] be a monic /aéﬂamm/. % )7:—’)(1-(7[))6
E: =/4/;<J/(/) (s (hffg?re,(//]. Abso note it B is %/zzc over A

[jmmvfeo/ 57 15 %" 4 J-:aéj £)

—_—

BLelow well see ﬂa?é g w Z) ) /métc’jml over ,4
2|



7 S) Fonte us Z}?ffj/’@{.
/aﬂ,mmo/af: For /?&Za/ Lxtensions . %m{c <=>[ﬂ/j«’/gmx’cf %h/’?fw,?/
jeﬂf/ﬂifﬁa( (a5 a feld extension)],

IS 54:'/76/’(2/&%5 to ’L‘Ae /Mj, s&ﬁmj,

Thw: Le# B b an 4*&{?%/@. TFAE
(tL) B [s mﬁ?jmj Moz 7{/7/1&0? jfﬂ&'fdco/ /—@%Jm.
(6) B s fnte ave A.

7Ze /p)’oo/ 0/ /2) = /[ { ) és ézseo/ on f/c }%Wlly lemma. Wﬁ
Yt i A s an ﬁ'%&/ﬁ £ A 15 M4~Mja&&/ Elon
A'Z i elso an ﬂ-aéfm{m: e %Wo/noy//m A —d s HHe
ca/;;/da.s/z‘ian A — /4, - /fz

Zemma 7. _gcyy/aase ,4/ /5 74/1/1[1: arer /4 £ 4 /s f{}ﬂﬁ orer 4
Ten A, is Ate over A

Poof- Fave 4,..4.€A4, X{w{fed‘z s 4 4:5/’0% (..4,) 4:
= 5}% (6,..,4,)

Ay Spany (56 1-1.,¢ -1 k) 1
Notation: For on 4-&/(7‘%/@ K g 4. boeB we wite Alg, 4]

%
E_JJ‘%;/ e A -su/zz/ozyoﬂm of K jgﬂem/{eo/ péf é 4.



P}’ooy[ 07[ /a) =(6): sa/} 5 s je/mfwfco/ é, Some &/C/M-Mfs é b,
25 an A'Q,th’/éyﬁ. We imduck ont.

Bese: k=1: B is qencrated by 6 as 4%%%/@ 6 15 /rzfejml over
/1, bt 7/6 /45(] be monic  S.T. //o/)=0. /en 754& Unigup
A-alockrn n/a/ﬂomof/'almm AI— B w xof /Zw/m as
Al —=AL1/(f) —B. Sme 6 generates B houe Ax]— 8 =
Alx )/ —B 19; Example 2 bwe, AI/(F) s fin jﬁn’/ A-modile
=B s 75}7.(5&4'0/ A- /MoM-

5{90: B i jcnc;’ufeo/ {} - b, (k-1 a/tfs) over AN 9/4[4]

/% mductive asSum/nfloﬂ, B s /jm'{e over ,va A/aw we af/og/ Lemma
1 (4 /T,=ZI: A,-B) % prish £, /a/oo/ g

Jo prove [£)=>(a) we wtll need a lemme, @ %oeak/ case
0/ He lowme in Sec 11 in Lec20 (w. L= A fAe/e).

Zﬁ/ﬂ”m ,Z-' Z&f M be anf/ﬂml[(/g enerarted 4-/%00//1/4/
P- MM  A-Cnear map. Then 3 mone HyeAld s# 7//7)—"4

froof of (6) = (2): Lt B G afnte A-ahyebn. s £ gonid
as an A w/lij e module jmwu‘orr are aé»&(m ereretors,
We neeld %o Show ot ¥4l is zhz‘(f}mﬁ over A In Lemme 2
we take /4:=£) 5/ MM me> bm. We condudy: 3 monic
/a%/m/m@( /é Ax] st 7//5p)=0:$ 0=7F($p)1=f/!) = b s /nfe(jm/
over A In

4]



. Under Hhe RSSuM/f/Ms of 7;%4, 4’/ A i /VW/Z{A/C//M,
Zhen B is NoeZhesian

74) (on sequency of Thm.
[ngZWd\,f: ¢) [/ f&)é4&] (5 ok, Eon 4&7/[]?5‘)) (s
Mz‘ejm/z over A
(@) It B is an /f—a/g%m £ Jdel & /nz‘ejm[ 0V6#4} Hen
AL s zhl%rd over A,
oot

fwfﬂwy 7 ff)’anm‘/mét of /nﬁymf a,{q‘o/gms): 17 £ i5 an
A-Mje/ﬁm 5)4;‘,?7)'4,6 owver A, and C is a gﬁcggc/fm (}rfejmf
over g, f/m C s an /nzﬂ?ml A-Mje/ém.

/%fc 7%«25 -éézs ca/oZZa/(y, 5?/1{3;%5/%65 f/w f/mf/ﬁwig, 0/ %%
raic Held extensions. The /roo/ is smiler %o Yat case.

Food : Tace ye C, it intepeld o Bw 3 4,4, €8 st
ye O Y Y R A AL, b ] dente 4l A- subebgetre of B
generated by b b, So F i /'m-‘?am/ aver A14,. 4, 1B But
ég,m gk_, are /nzlﬁhzl ver 4 We use (2a)=({) af Thm o Shon
“hak A[é b, is Fnite oy A whts /4[150 4., ¥1cC s
pnte opr Al4,.4. 1.

L M/}’f /Mma Z we Je¢ ‘tla/wf ,4[4, é_,,/j (S %mz‘e over /4
5]



z% (B)=(a) of Thm, ¥ s /m{(/ord ower A and we are done. []

< ) Zn%éjml cLosure.

/UY?odS/flon/' M g {e n Adﬂé&f/’a. _Z;/ oé/[fgg Ave
mz‘ejmﬁ wer 4/75444 So ave o(f/@, i//fj AL [#aeA).

Pi’oaf' /an;/oér Sa/a/fje/{ms 4[;(JCAQJ@]C5) A7 is
z'nﬁejmé over A Allgf;] s teered over Alw) thx o Cor 1
) |
é éya@/z, Algp] is i eqraf over A Since «f A1
20 € Alx /;7/ —f/;z are /}7{3%5 ower A O

&)Vaffzuy /o/w///m?/anf The elomants 1m B mtepred gver A Sorm

an A- Sz{o/a,%&{fa oA A celled 4o /nfedcmﬁ cosure o}[ Aum B
//eIfZ 0[9/704(& —L[ﬂ/d é"l'ffjm,é 0/0jw’c D/} [B

Emm/ué: TF A=K c B=L ave felots Hen EZ i 2 a{ie/mjc
o/oju/c 0/ K inl/

/DVD/)OS/'ZZMﬂ Z 77& /M'éﬁjm,z (,%Iw/a 0/ 4'_50’ Zg 2 ZE
/an/-’ @/9? &;/05&2? ,Z, é/{ AS

Detintion: let E be a %Mizle %Jo/ extension 0/ Q The

an‘ejm[ closure of 7 in K is called e z ik a/ﬁ»aﬁmt
c‘n%egers i K.
A



/@ma/zﬁ: 7ZL //}?5 0/ L/j%}’w'c thejel’s are ‘fL Mosf /}M/o/faw‘f
z'mfeﬂral closures. The reason is 1‘4?, are o/ cruciel /h?dorzlzwu For
WNoumber eoy} Qs appers in varions clRssical number z‘/eo}v/z{/c
7uf51‘/ons, e.q.

o e clrim Yt o prme P s 7% Sum o/ fwo Sguares /'/
p=1 mod ¢ i //oyeo/ usmyg Laussian /hl‘ecﬁm, LT, in partiealer
using thet its o UED

ﬁ, A

: Z;ﬁ‘eger So&,f/cws % Qz- o/g “ 1 ar OZDSC /&/o/‘fca/ o [hl/e}’lzl'-
b cloments in e g of absebic urtegers G A)

- The unipur ﬁyforizuf/an /079%4‘} 0/ e s of a/ﬁf/gmjc
Zm‘eﬁefs tn Q ( (/7 ) [mpﬂ'es ‘flc Fermart /Qﬂé ‘L%ea/em fof ﬂé; /0



