
 

Lecture 22 Finite integralextensions ofrings I
1 Integral closures cont'd
2 Noethernormalization lemme

Refs AM Sec5.3 E Sec4.2

1e Recap
A is comm've ring B is an A algebra Recall Sec2 ofLec20
the integral closure of A in B
AB beBI 6 is integral over A A subalgebra in B

11 Normaldomains
Let A be a domain

Definition
i The normalizationofA is A Freed integralclosureof
A in its fraction field Free A
ill A is normal if A coincides w its normalization

Special cases
1 L is a field ACL is a subring Claim It is normal
Indeed It is integrclosed in L Free At CL
It closed in Frac AT
In particular any ring ofalgebraic integers I

where Kis a

finite field
extensionofQ Sec 2 inLec20 is a normaldomain



Exercise Let K be a finite field extension of Free A
Prove that Free Ak K hint foranyalgebraic leverFractal
Lek Fae A ate s t ad is integral ever A

2 UFD normal let A be UFD GEfree A w

coprime abeA Need to show f isintegral over A
GEA i e 6 is invertible Let fix Xtc Y't t GXtc
CiEA best f f so 0 61719 a's gai6k

i

The sum isdivisibleby 6 So a b Since a 26 are coprime this
implies that 6 is invertible

12 Algebraic integers in 0152
Proposition Let d be a squarefreeintegerand K A 521
Then Ik a if 2 2 or 3meds

atGala bee or a be 171 if d dmed4

Proof Weneed to understandwhen f at 6560152
Cabe0h is integral ever I

Claim TFAE
i f is integral ever I
ii La AZ622ETL

Proofof Claim Set J a 652 Note that ftp 2a ppI



a 6deQ So xp xp x 2axt a b'dl hence ii i

Newassume i Notethat pep is a ring homomorphism
TL 28 TL 25 So for foe Tax wehave Ftp ftp.TSo
if Fcp o thenftp.t e Inparticular if p is integral over TL
then p is integral By Proposition t ofSection2 ofLectures

ftp.pp ed are integral over TL But TL is UFD hencenormal
So elements of A integral ever I are integers ii fellows I

Now weget back to theproofofProposition Thefollowing
claim is elementary Number theory

Exercise If 2 2 or 3 medo then in a be TL

if 2 1modsthen in either a be TL or gbe It

ClaimA exercise finishtheproofof Proposition S

Using Preposition and 1 fromSection 1.1 weget

Corollary i TL 52 isnormal 2 2 er 3 mod t
If 2 1mad4 then thenormalization of TL 52 is

at652la be E or a be It's

ii 7265 is normal but not UFD

I



2 Noether normalization lemma

Recallthat a finitelygeneratedfieldextension is a finiteextin
of apurely transcendental one Here's an analog for rings

Theorem Noether Let F be a field A a fingenerated
F algebra Then I inclusion FCx Xm Cs A sit
A is finite ever FEx km forsome m o

We'll onlyprove this when I is infinite where apreetis
easier For ageneralcase see ET Lemme 13.22Theorem 13.3

Key lemma Assume F is infinite FE FCx xn benonzero
The F F linear combinationsyo yn of

variables I kn s t
F x xD F is finite over Flye yn

Preetoflemma
F fat tfk f is homogeneousof Legs i fate
spendcaqii.fiiigggIfitiIiii.egstiltsof x'n in F
Replacing Fw a F can assume fr is manic as an element in

FCx xn.plxn Example 2 in Sec1.2 of Lec21 Fxp xn F1
is finite over FCx xn.isand we setyi Xi

General case fate F isinfinite flan an to for



Some hie F Pick invertible PEMatan F sit

E fan Consider F Fat as afunction F F
polynomial obtainedfrom Fby linearchangeofvariables
Then file e t flag an e So

FEx xD F is finite ever FCx xn.is hence

49 linear change of variables
FEx xD F is finite ever FLyn yn w

I til a

Preet of Thin Pick mind possible m s t F y fly Xm

A set A is finite over FCx km Thismakes senseble
A is finitelygenerated hence a quotient of FCx xn for semen
It remains to prove the following

Claim y is injective
Proofof claim
Assume the contrary I Fekery F e By KeyLemma
F x Xm F is finite over FCy you
A is finite ever FCx xD F 6k y factorsthrough
FEx Xm F By Lemmet in Section1.3 in Lecture21

gf is finite over Flyeryou
Contradiction w choiceofm I



Important corollary Let Abe a fingen'dF algebra If A is
a field then LimpA co

Proof By Thm FEx Xm GA s.t A isfinite over
FCx Xm Need to show me Assumethe contrary Since A
is a field the image of x is invertible so FCx Xm A
extends to 5 x Xml co F x 4 Xm Is A The

homomorphismt is injective life x if so then t f so Note that A is

Figgsgenegated
ever FEI xD FCx Am is Noetherian

is a finitelygenerated Cx Xm module

Butthis is not true the FCA Am submodule generated
by Xi

diFi ish l is contained in X dFCx Xm W D
Max di apropersubsetof F x X xD Contradiction w m o 5

Exercise Let I be algebraically closedProvethat Amax idealMc
Fxp xD I g ele 5 IM Xia Xian trial

Remark Important Corollary is an elegant statement but
its usefulness for us is that we'll use it toprove Hilbert's
Nullstellensatz in Lec 23 it's sometimes called weak Nall
stellensate

I


