Lectave 23: (omnections 4o /4{7%}@5 jeom%‘/(y, I
1) flbets Nall stellon setz.
2) /f{?aémjc Skbsets & flw mm;ém} r'ﬂ/fzzjs_
Fafc/aw: [.El Sections 16 4.5/ [V] Sec 94
BONU/SES: 1) /1/4; Hilbert caves
2) Is s ideck radicad 7

’/) ftbots Nallstellonseitz.
é&f ﬁ /ﬁ an [n/;mfu /P/Zo(/ Z<4« /é ﬂ_[;g,.“x,,] Can be vieweo
a5 a fandbon [F " F £ f /s am'?aoé vecovered Som ’L%; ;{mﬂlmﬂ.
7; Yc ﬂ'—/;f,'*n] we &5518n V[V)! = {deF"/foPO, #/g W}
[sobutions 4 the SySfem Y o Pp%ﬂommj Epuattions) and Ly
“Spons 1Y) an ideed in FIy,. 5,1

LW s YY) YY)

11) Mady resitt
Q-’ For ()f, (@C”'_ﬁ(,,..)(,,] /m-’/ ﬂecesscc/g KW//’L& Cono/'n 74;’ V(%j): {/((/{)

@Caﬂ - 6’4 2. Commutative //”j, T A an /p/ed )
'}/fc [464/4'"61 fgr Some /ﬂ>a} —-lb/eaj n 4 Confw‘m:z} I

Zemma: V[SU>= V[/]Tg;_)
H’Oo}’-‘ Yc /fsu— =2 V(@)CV[W):X 75/)’0% =" fare /é}/j—;

——

1]



2]

M kwo/ 1[0 B%ow 7//)( =0: _me

( 7FM: /{ﬁ"'f z71/< 74’ 7{6 V. Since
£l,70 ¢ =0 >4 -0 J J

O

Thm ///aﬂsfamﬂsaiz) Lef [Fée 4{7 0/2130/) WCMQ,..X,,]] le
[]-—[)g,..)(,ll Jf%/s 0 m V/y)), “hen /C—ZV;T_%

lor: T [F i a,/cc} closed Lhen V[Sf)=f/[$€)<=>\/j;1_‘1/f(pz

Pemmcs: 7) The conclusion of Thm is ;é,/@e oy [R: Tere ¥- [/t’f/_f
>SWV)=¢ £ -1 Bd JT,-I,%1

2) Mellstellensete commects an ﬂ,%ygr'ajc oé'eﬂf, [Ty, and
2 jeomdr/c gé'ea‘, V(Y). As such i# /)’om/es 174 At comec-
flom gﬁf&/&n Fommwéa;flvc %&5}’0\ Mo/ /4{7&{1’@/(. (eon/wf/}/_

: Stfﬁosc F s ﬂ,{% &%Sc&( 5/0;1/ V[‘;V)=¢<%’ _Z;U =[F/)'g,_.)("1

1.27) [,7/007/ 0/ Well stellensatz
Lt X=U(W) T=Ty , A=Fly. 51/, a:=F+I <4 Qi job
is b Show et T n| 2"=0. The /w'oo/ i om 4 jfn;os_
1) We estridlsh o {/)'ea't‘/on X => Hom (AF) (w //om-‘w%mﬂ__%%)
Z) From feve we deduc r%mﬂ_-_ @ (Alz"]F) =&

3) /4/5 Aeduco ﬂ[a"J:/oj [wm; .Z;M/aa/fo (o ]g’plh Secl o//ec[f)
4) W deduce 0 {a"[n70% 74”/:/”?, e /)'00/.



1) dek s ey Fl,.x,1—IE fofe), o ey elomdE). Since

Le)=0 4 P T ev factkos throuch A — . Tl resullbine homomor-

) 5 é

/o/um i abo tensted zg ev,.
A

[owerse@ ) 5/1( 50 dﬂ: {c an ﬂv%&{m /Wha/uo?O//f/n. % ,f/;:c
wrIed. Set dy=(pli). plr)e F

: o/Pél( A d Heol/(, (,ﬂ HO((F e mwiuaﬂg pverse Maps
X = Hom //4,./7:)

Z) Hom [/f[a"],ﬂ:) <% [unwv. propert o localization] f;ue,%m[,@ﬂ‘)/;,@)
5 ivertbl < £05 <[ Step1] i(e)(/ﬂ# ey (2)= ey, ()= 1)f =¢f
bc fl=0.

3) Sypose M {03 Mte tht M) i Fugend ly K L)
Let ﬁzCA[Q"J be o mex. lo/cnj ﬂen /4/—0.’_7/% /s %ﬂ.j@li’t/ﬂ::&%f/{/&
Yot Js abso a peld K Im/no/faﬂf [Ol/o/g(a/y, wm Sec Z of Lec 17
,4/;1"]/%4 /s /gmi/e ,ge/j extension a/ F Swme [F i 4[3 c/a:eo{

Ale 1/t = [ Wb ove jo{ an ZF@%@!}’« ﬁom/m//’on//fm A — A2/ hy
= ﬁ-— ﬂ)hizl’aoé‘&f/oh w St e Ve

4) fecmﬁ) Exer. in Sec Z of Lec g Hat for ScA /ﬂ&ﬁif&mfﬂ/e
subset, ALS™'T=105<=0€eS. /4//ot§ ths © S = 1271705 50 thet
ALS7]=Ala"] ww/jwf aé[lz”f/w 1A s What e /weo/fo/)'oz/e_ O

3]



KOVOKZM}Z [F s &ég. &/oseo{ /4-'=J‘—ﬁ<,,..xh]/l'y;) X=U) The £Lls-
Wing sets ave n @'eﬂ‘ (on.

() X
lic) Hom ., (AF)
(ict) [ﬂmj /j'gewfs mcA%

P/’oolc’

/f‘/jctiflons (0) <= (ii) ave construted in Step 1.

(i) = (iii): > eryy — maximed e /f/cey;y élmjoz[ﬁa 5 an
F ~Mju§ra AomoMOl}DAISm]':ﬂ:; < Pely

(iii) = (i) : As in 51(90 3 Am~IF [F-ng&f/’a /50, unique b/c =Y)
We send h £o A — Ally = [F

- Pove (i) 22(iii) are cnverse to o afn/ek ad

: _Z—/ /4 /s & 741/’1[66 ﬁenewfm/ F ”a/ggyﬁm, '{4,,
Wot' = () of 2l max idecty v A

2) /f@aémjc Subsets & o iy f/czms/m} ideals.
2.1) Detini tions.
Bebows [F denstes an A{j thysed Zeld LA A be a commutatsve 715

_ﬂe//n/fioﬂ . % /'4/@5 7 C,4 /5 /Mé‘czz/ z‘/ 7 =E

A subset K< ss Mjogm'c 5/ X=V(V) for soue
__SJUCFﬂ,N.XJ.
4



« For X a,/g&értu'c, consider it l/ams//ng jdleed I(X):f/e
ﬂ—[X, ..... X,,]If/x-‘oj X fle dj&ﬁ)’q 0//00%;40/%/4] /unwflom
FlxJ: = [flx,,.x, 1/ I(K]

Eemancs : 1) /5;1 Lemme in Sec 11, A= [/(@)/ fI—L/J s a //'m"feg
enennted idead (¥e 1]'—/;(4 x,J s ﬂ/omqemw). I {7{ are jMemews,
thn K=V ). Dr putids, in He sty of algebraic subsets

4 SUJ, itrs enoush 2o assume ¥ is finite.
.2) I[)() is o radical /'0/612,[( ). Lloments of FIXT can be viewed!
as functions on X: for deX & /eﬂ——[;gﬂ.._,xn], o vale fi) w«?
dhpends m F+I6) ~by defon of Ix). Horee € name fou FL1]

2. Z) Basic /m;aen‘/es.

@Vaﬂajy ﬂ;zf Wl ctellensatz ) e /@05’ L= (T) £
X > T(x) we mclasion —/e{/e//f/}y }4 /ma‘aw% mverse
{y‘ewi%m beHween :

{ edicad ideaty in /;7-_[;_,)(,,3}
{ /b%&g}’ajc subsets m F ”,?(’

IDVOOJ!-‘ B, [ +=>V(T) 5 X 1) rverse inclusions (Sec 7 for
Lo Former & Ay Y ldter TE remuins 4o chece Hht

&) I=I(V(I)> I/'MI)F{///ZS 0 on Wf)}
= [ stellensatz] - (T = [T is mdicel 1= I

5]



Zi) # ﬂ,{f%ﬂuc ya(g.yf /{/lehﬁ X= V(I(X)J : b, /e/wm 6;7 Sec
11 X=V(3I) for 2 maical ideed T Flonee V[Z_/I/[J))=[é
o) I(W(9)=T]= V(T). Ths Huishes te proof 0

Mow we discuss e bopowiar of e fjeckions i 2 (om//ard\,,
é/ho/cr ntersectons (of ideats £of 4,(;745/62,4}; Su o/:pz‘s)

mear /fyf /{//ygﬁ"’é ﬁéegmlc ya/gpjfs_
(z) XUY /s Mﬁdmc w.  TXUY)=T(x)NT(y)
(6) XNY 15 abgebraic with — I(XY) =V T(x)+T(y)

E)(am/nﬁ: n=2 *’ V[ ), y: Vg—xz); I/)()‘[}), I(V)’(TXL)( ),
/\/ny=[/0,o)’§() I(X%TI(Y) -’{7XZ,J> = /J(,ZO»/) ~nit edical

7215 ex@m[% c'noé'cdes z[/a.?é /70/7-/&04'(4/ /b/fa/s Aa//c geomyf/’/c
Slﬁniflcana too: in hs exampte, ‘LZ/? reflect Lt mtersections of
a/jf,gi’aj ¢ Subsets is nt dansversed,

Pl’wf 0/ Lemma.
(2) 1= I(X)} T=1(7) ~vedical jplect) . Ksesve Lhot-
« INT 15 ndial [ ).

’_I' 7@}, L /7'{'7{)’ js{//“'jﬁ) ﬁyuy’[aéﬂ-_%,-/j/-[a)-—o #4{/}
6



Since /4{7‘)-/[:7,.-. /gc/'=z.-.,f)=_217 = YUY=V(TJ)
(I0I) e TT <TINT, so JT7-INT & V(I7)=V(IN]).

(6) 1y=vet, /£ j,,.jg) £ [75,..-7{,(7,,-%)=I+J. S
INy=V(T+3) = T[(XNY)=711+T’ 0

i KNV =g, on FLX U= FlxIxFLYT

Bovys 1 - /1//7 Hhert coved”

7]:5 (s a continyation a/ 2 bonus %om /eyfwei ﬂaﬂrff/f{w
el wrS aum MX/&‘ag st  m 2, ,an//ﬁoﬁ/ ? Hhet o
.Z;zm//anz‘ Z‘Aeoy Mf how Mjoms L‘é main  Vesult fzwa- Zﬁf [

be 0 mee” j}’byy ﬂpﬁg on 2 vecor JORce Y é Gear Lanstrmtios.

_Z;M/o(wfan‘f {Q\WM/{ : L/ /s f4 J77aa o/ ﬂ/o/m; EnOnS aéj}/ee, A
/O%MOM/&Z: m vanakles X 01 (5o et ohw V= 1) ). lor ( we
take 54 [C), . S o 12 ety w A/Vfc// ot
acts on ¥V é Cneer chances of G vernbb

7]5 4/je///’g, a/ //71/4/’/63«2[1 f[é{:]c /'rj}’Qo/:o./_fz; r//a.r

Jﬁfr/ ” /0”40}8%6000' jwmforx o every mnimal
[O»Z/ :/élllpn E,%/ jWa;folfS' ﬂétf 7% SRuet /ﬂ//fiéf/ 0; &émmfi é{emfe)

A}mpé: 74} n=2, V= [axiZ/,{’ +( z}. M can rpreseqt an
7] /" 7



rm/auznfﬂ/ﬂw a meArix ;Z)/f@jéjé(f) cwﬁ%,
(7(;5):}[?{)37— 7ZL ﬁzéﬁ/é)’tc o/ (nvewiants /fdefo/é 2
S/”J/é ﬂ/f’jf& Z/Oﬁ’gnommj QCfézfﬁ deteempait -ov egmf/«,% e

AZI st thDll‘é.

&QMV{L* ; /or Nz3 we st heve a Slnj& j%t/k]folr ~elsy Hle odiserimmant.

/4/19/ , RS A J/ows, '{A Srtuntion f ecomey sore Mﬂ/ nore Cﬂﬁ/wg’ctiﬂ‘eo/
L JW@Z , Ve CLAL 15 Known abot /omcyeneoa; jWa;éorf.
Wjok 15 Known, Aﬁaf %%af} (s Hhtir st o/ Comhon 2t . 7Z /D’%h//?
Heovem 15 o consegutnch of & muh oore gouwel vesull due %

A{%ff /M/Lle Zz‘éf ﬂa7 /GZ/ aé(wu/jo_;:ef as 24/0)@94// o/ﬁ gnetz/
Jackors

Ueaiem: /C;y 7/6 U /14; Ject / Ao de Vi micl) i X )
- Jpac o e, V7, ‘
. of- 457 po 3

. / bey i 2le common st of 2epoes of /moﬁg@ﬂeo«: jenu/ufors
of Clul?
f hos 2 tinear frctor of Mw%i/ﬁm} 72'—7.

Nide that for 123 we Fever L zere toous of G diserimment.

[l juw’wﬁ reskt of Hithort wes wey thesd of frs . ﬁ/ermfﬁ'ﬁmj,

a 6t 4l fyst peson Whe /fa/féi y//ea‘u‘eo/ Hy res bt of

4 lhet wes Davo MMM}éro/ Ao wexl 2 similar construtions
5



% pa/emfiffrlée X/Zj(’/é"ﬂic curves Mo/ 02%/ 4/'}0{1/0 J(M/‘/{.
Ojéafs tntly 60is "‘14///74 /mq(jéiz hm @ Fredols meded.

BONUS Z: Ts 4hs ideald raclical?

}‘/8"’5 Z(Q/Z/ceo/ afout  varioys //ggerlz/fj J/ /ee s / D/tmat
radical /fr/m&) endl 11y /0/6"’70{ 2 normed. dbmain). W wore w Yl
/md{ /L_/:g,._ﬂr,,j, whwe [E 15 o %ofo)/ s idexts & /vaaz‘/mé(

Uiall, b idety are yﬁa%eo/ D;z Hleir jWMfom So e
Gn asy T follpum ques Zlons

) Lwes k. /fL € [l 1.3 tan we oetermme Wieher
[E,,L;) is aolicel or prme?

Als wmd/f& wrwer 1 64 s & Mb

Xes: ;é“j/ym S (& 56:) Eoe are @%wrf//nf /ﬂ//{fﬂ ln}bémm
tod /oufaz‘az léw/{m fware) Yot ellow £o answer Hyse
and rleted /weﬂ‘/bm 77a Moun W/oaa/ (s Vir fro"o/}m
ékges, For more on ‘LZ_/m, et [5,7) ﬂa/olzﬁr 75.

Nb: Z/ we Cave about Zzé S1tuattion A//{Wc we /Ma a/a;«/é,
of itonks wtf varng M L.

Herers 4 Fampns éxw/yé. zfdm/o/a/ 4, P of pairs of Squaste
Matvices /L/a/l‘” ( C)Zﬁ c” We fgwe #? fwaé/mf/c /agﬁha/f//t?/ff
by Hlese Int vanddly ~Hh entnes  of B metix commitator

[4/g]:ﬂg‘gﬂ, for €Xam/v'£/ 7& N=1 we hase
9]



[0 ) (31 (e o)

10

Ij/l H(zzj—u:%, x,,”jzz Ky J% A X1z ]

In /ap’t( 25 2hs zf,mm/ﬁ //mdcufer 4 /pgfzamm,(: we jr/z/ ave
Ontarty dipuolt ~ 21 [48T =0 T any cose, 6t T4 Al ideed
eravated / Hese pelgnominds - so Het

Z[I) [Mg)é M, (C) *| 4R= BAT are He Commuting sty

f/@n /))’0/ lw - ts T radical?



