
 
Lecture24 Connections to Algebraicgeometry II

1 Primeideals irreducibility
2 Geometric significance of localization
Refs V3See0.6 E Intro to See 2 Sec3.8
Smallmodification to See2.2 on 12 7
1 Prime ideals irreducibility
Reminder onprimeideals A is commutative

ring ICA ideal

Say I isprime Lec3Sect1 if one of equiv'tconditionshold
1 A I is domain

2 9,9 I Ga I

3 if I IzCA are ideals I I CI I or I CI

Thx to 2 prime radical ane I a or a c I aeI
Let F be an algebraically closed field so that radical

ideals in F x tn algebraicsubsets of F Sec 2.2of
Lec 23
Question find ageometric characterization ofalgebraicsubsets
in F corresponding toprimeideals

11 Irreducible algebraicsubsets
Definition an alg subset in F is called

irreducible if X cannotbe representedas XUX where

if X isalgebraic
reducible else

I



Example Set V x x F It's reducible X XUX
where X V X2 Va

Proposition THE
a X is irreducible
6 I x feFCx.tn flx o isprime
c F X F x Xn ICM is a domain

Proof 6 c see thereminderabove
a b assume that I x isn'tprime i e fieF x x.tt x
s.t.f fzEIW Xi αEX f 27 0 i 12 Then Xi 9X
property bc f I x i e filxto is an algebraic subset

XUX LEX f f 2 0 f f IN 0X Contradiction
w being irreducible

6 a assume X isreducible X XUX w Xi9 algic
subset define Ii I Xi I X is 6 ofCor in Sec2.2
ofLec23 ByLemma there I x I AIa so I x I Iz Since
I X isprime say IX I bythesame Corollary
CVCI X Contradiction w X IX

Examples 1 F is irreducible bc FCF FE tn is domain

2 Let feflxm.tn 171Decompose f f fi wheref's are
irreducible Then V f E is irreducible K 1



1 2 Irreducible components
Theorem Let Xbe an algebraicsubset in 5 Then

a irreducible algebraic subsets Xx sit Xi
6 For X Xx we can take maximal w.at inclusion irreducible

algebraic subsets contained inX

Note that 6 recovers to Xx uniquely

Defin These X from6 are called irreducible componentsof

Example Irreducible components of Vx x are V6 Vx
Moregenerally for f f fi the irreducible components of V f
are Vlf UH

Proofof Theorem
a Assumethe contrary finite unionofirreducibles

the set St of all such is is nonempty set
I x Xest Since F x n is Noetherian everynonempty
set ofideals hasmaximal iv r t c elementPick cSt st
I x is maximal in IN Xest isminimal in w.it
C But is reducible 6c e UX w EX

X ismine inSt YXj finiteunionsofirreducibles X UX U UX contradicts est
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6 X Xi where assume that noneofXi's iscontainedinanother
Need to show Xiismaxieirreducible exercise if Y C X max l

irreducible7 Xi forautom unique i Toprove this weobserve
Y YAX since Y is irreducible Y YNXifor

some i YCXi by since Y is maximal Y Xi

Corollary algicformulationofThm Let ICFEx in beradical
ideal Then I Ii where Ii isprime andwe can recover
Ii's uniquely if we assume they are minimal went 5 w I Ii

Remark the same statement is true if F x xn warbitrary
Noetherianring exercise There's asuitablegeneralization to

arbitraryideals primarydecomposition AM Ch 427.1

2 Geometric significance of localization
2 1 Localizing one element

Let CE be an algebraicsubset fe F x Wewantto
find ageometric interpretation of the localization F f
Let f fm begenerators of I x Then Exercise2 in Sec12

ofLec 9 tells us that
F x f F t Hf1 F x xn.tt f fm.tf1

Exercise Show that if A is analgebra wo nonzeronilpotentelements

Then any localization ofAhasno nonzero nilpotentelements



It follows that the ideal f fm tf 1 is radicalThe

correspondingalgebraicsubset of F is

4 2n E F I fill a o ti o m 714 2nd I

Theprojection F F forgettingthe coordinateidentifiesthisalgebraic
subset w LEX f2 to DenotethissubsetbyXp Wenote that
it's not an algebraic subset of F in our terminology Thissubset

of X is called a principalopensubset

Here's an explanationoftheterminology

Definition a subset YCX iscalledZariskiclosed if it's an
algebraicsubset of F

Asubset UCX is Zariskiopen if XIU isZariskiclosed

Example XpCX is Zariskiopen

Exercise Any Zariskiopen subset of X is the union of infactfinitely
many principalopensubsets

Remark Zariskiopenclosedsubsets areopenclosedsubsets in
a topology calledZariskitopology Principalopensubsetsform a
baseof topology
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22 Localization at the complement of amaximalideal
Let CF bealgebraicsubset A FIX MCA a maximalidealRecall
that wewrite Amfor A Alm

NotethatAm is notfinitelygenerated ingeneral so isnotthe
algebra offunctions of an algebraicsubset It still has ageomic
meaning that we aregoing to discuss now
Forsimplicity assume X isirreducible A FIX isdomain

fractionfield Frac A fggto every localization ofA is
contained in Free A as a subring Corollary in Sec1.2 ofLead

By Corollary in Sec1.2ofdec23 themaximalidealsofA are in
bijection w X mad w M feAlf 2 a Then

Am Eglgal a gyu Alg gyu g
recallthatXg

is an algebraicsubset in F so itmakessense tospeakabout its
algebraoffunctions Section2.1 shows that this algebra is Alg

Conclusion

Everyelement ofArm is afunction on aZariskiopensubset
containing α but which subset we choose dependsonthiselement

Remark WhenX is reducible the conclusion still holds but

An YF Xg makes no sense bc IFXg Alg are notsubrings in
6



a fixedring ingeneral Tofix thisone replaces
theunion w the

direct limit

Remark on terminology Recall See2 ofLecto that a
commutativering B is called local if ithasuniquemaximalideal

For example Am is local The discussionabovegives a
geometricjustification to this terminology thisalgebracontrols
what happens locally inZariskitopology near LEX
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