
 

Lecture 25 Connections to AlgebraicNumbertheory
1 Dedekind domains

2 Uniquefactorizationfor ideals

Refs V3 Section 9.3 N Sec 1.3

1 Dedekind domains

11 Definitionandmain example
Let A be a Noetherian domain

Definition Wesay A is a
Dedekinddomain if

it's normal Sectof Lea22 i e I frail A

every nonteroprime ideal is maximal

Example PID Dedekind Indeedevery PID is tautologically
Noetherian is a UFD hencenormal Sec 1.1ofdec22 As we
have remarked in Sect of Lect everynontero prime ideal in a

PID ismaximal

The following is themain result of this section a reason
why Dedekind domains are important forNumbertheory

Theorem Everyring ofalgebraic integers integral closure of
in a finite extension L of Q See2 ofdec21 isDedekind



Side remark Dedekinddomains are also important in Algebraic
geometry algebras offunctions on smoothaffine curves are
DedekindMore on this in a bonus later

12 Finiteness of integralclosures
Themainpart of theproofof Them is to show that It is
finite over a.k.a finitelygeneratedabeliangroup

We will
consider a moregeneral situation

Let A be adomain K Frac A KCL finitefieldextension

Proposition Suppose A is Noetherianandnormal charK 0
Then It is a finite A algebra

Applyingthis to A.TL soK Q get

Corollary It is finite over TC andhenceNoetherian

Side remark Proposition is true in the cases when A is adomain
that is a finitelygeneratedalgebra over I or over a field LE
Thm4.94 or when A is a Dedekinddomain a specialcaseof
E Thm 11.73 but not truejust underthe Noetherian
assumption
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Proofof Proposition
Let Link n Every element LELgives a K linear

operatormy L L L4921 So for LEL it makes senseto speak
about tr x tr ma Ek

Step1 Weclaimthat for A we have true A
Let fateA x be a monicpolynomial w f 27 0 Choose an

algebraic extension of L wherefandecomposesinto linear
factors All eigenvalues of M are roots of f x hence are

integral over A Therefore trk the sum ofeigenvalues is
integral over A But track and since A is normal we see
true Δ
Step2 For BEL defineGp trap This is a symmetric K

bilinearform L K Weclaim that is nondegenerate
uel u'eL train 0 In factfor he 2 a mae s t
aum1 toCam to Indeed let 4 4 um u bethepairwise
distinct eigenvalues ofmy elements ofsomefiniteextension of

w multiplicities ftpinYi.Eie them as theConsider equations Ʃ

system of linearequations on d dk wmatrix ai im We

claimthat Let x to Wehave Let X ai If laiup 0

By our convention ui uj for i j so the2ndfactor isnenters
Also ate mu is invertible uito i so Éluito We

concludethat 2 die in which is impossible α 74



char 1 0 This contradiction shows trlum o forsomem hence

G is nondegenerate

Step 3 Pick an orthonormal basis G In Weclaim a at
A sit E ailieAt if fek x fk EfbX is sit flei o
then ai s t Flx bia x Alx flaili o Set éi
aili sothat l é Sij Let M Spanglé En

Claim ACM

This will finish thisstep 6k A is Noetherian M is

finitelygenerated over A

Toprove theclaim note that since li is an orthonormalbasis
LEL α É Keilli E KE E Weneedto showthat
KliteA for αeÑ But lie a alieat keil triali
EA bystep 1

13 Proofof Theorem
It remains to show that everynontereprime idealpcA ismaxie
thedomainAlp is a field Since A is integral I Prob4 in

HWG shows pA It 03 BesidesPATL isprime ideal in 7L spec
case of 6 in Prob4 ofHWY so primeps.t.phTL p So
theaction of TL on Alp factors through74pA henceAlp is a vec
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for spaceover TUPILNext D Spangly a forsome ai Cor in
Sea 12 Alp Spanxp aitpl is 1_k dim

yup Alps
AHoo Every finite domain is a field exercise hint an

injectivemapfrom a finite set to itself is a bijection

2 Uniquefactorizationfor ideals
Ournextgoal is to prove the followingtheoremgoingbackto
Dedekind
Theorem Let A be a Dedekinddomain I A a nonzeroideal

Then prime idealsp peuniqueuptopermutation st I f pie

In otherwords the uniquefactorizationwhichmay fail onthe
level of elements alwaysholds onthe levelof ideals
Today we do somepreparationfor theproofHere's a weaker

version of the theorem

Lemma Let AbeNoetherian ICAbe a nontero idealThen
nonzeroprimeidealsp pncA st I f Pn
Proof

Let Xbethe set of all I forwhichtheclaim fails If X
then maxiewent inclusion IEX 6k A isNoetherian Then I isn't
prime I I II w I ICI Then I eXleading tocontradictionexercise
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Intheproofwe will needthe inverses ofideals
Let A be a Dedevinddomain K Frac A Forideals I JCA

w I J 0 define

J EK ICA I EaibilaieI.GE J

Exercise J I J are A submedules ofK J AT

Thefollowing proposition is themain ingredient forthetheorem

Proposition We have I Ip forevery primeβ

Proof Since Acp we have Ic Ip Weneedto show I Ip
Case 1 I A we need to find an element in β A Take
a cf a By Lemma prime idealsp A w FoPncCal
we can assume that Ifpi a j 1 n otherwisejustremove
Gj Since aep we have p Pn c tal cp Since f isprimepick
forsome i w l eg assume i n Buteverynonteroprimeideel is
maximal incl Pn prep Take bep ph a a be KIA
But Gpcp Pn p p Pnc a a 6pct a bep Wesee
that f A

Case 2 general Assume Ip I Take yep lA Then
I Ip I so we have an A linear endomorphism q I I



a ya Since I is a fingenidAmodule theCayley Hamilton
lemme see Sec 1.1ofLec20 Lemma 2 in Sec 1.3 ofLec20
shows monic feA x w fly 0 But fly I I isgivenby
a fly a Take a to fly 0 Since A is integrallyclosed in K

yeA Contradiction


