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1 Uniquefactorizationfor idealscont'd
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1 Uniquefactorizationfor idealscont'd
1e Reminder

Recall Sec1.1 ofLec 25 that a Dedekinddomain is a
normalNoetheriandomainwhereevery nentereprime ideal ismaximalOurgoal in thissection is toprove

Theorem Let A be a Dedekinddomain I A a nonzeroideal
Then prime idealsp _pic uniqueuptopermutation I f pic

Here is a tool from last time Set K Frac A Forideals

I JCA w I J e define

J EK ICA I EaibilaieI.be J
Then J I J are A submedules ofK J AT
Wehaveproved
Proposition We have I Ip forevery nonteroprimep

Corollary pp A forany ideal Icp we have IptCA hence
p is an ideal



Proof Ip cpp 6k Icp app CAby definitionofp ByPropositionp pp andsincep ismaximalpplA

1 1 Proof of Theorem
Existence assumethe contrary there's a nonzero ideal ICA
that is not a productofprimes Since A is Noetherian we can
choose I to bemaximal w thisproperty We can find a nonteroprime
fmaximal pw Icp
Take I Ip By Corollary I is an ideal by Proposition
I I Bythe choiceof I I p pe forsomeprimesp pe
I'p p pep Sothefollowingclaimyieldstheproofofexistence

Claim I I'p
Proofof Claim I'p Ip lp fajbjcjlajeI.bjep.gep
I ptp pp A by Corollary I

Uniqueness supposep pe of fr wherefor.peof aremaximal

ideals Since βPe of of isprime picof pi of forsome
i W.l.o.g.tl Then we havetopep _of.fi ideals in Aby
Corollary

We claim that ideal ICA we have Ipp I this is
proved as Claim is left as an exercise So weget

tope PoPepé 9 Efi _of
Nowwe canproceedby induction on l cancelling out factors
It



2 Classgroups
An important consequence of Thm in Sec1.0 is that itpaves

away to measure the failure ofbeing a UFD for a Dedekind
domain A via the so calledclassgroup Cl A

2 1 Fractional ideal
Definition By a fractional ideal forA we mean a finitelygene
rated submodule of FracA Wesay that a fractional ideal is
principal if it's generatedby one element

Forexample theideals are exactlythefractional ideals contained
in A

Lemma Every fractionalideal I is contained in aprincipalone
hence is isomorphic to an idealofA as an Amodule

Proof Let I Span w GeFreeA Then I CAp w
β 1 Themap α xp embeds I intoA identifying I w ideal

2 2 Group structure

Let FI A denotethe set ofnonzerofractional idealsforA
not the commonnotation Let PFI A denote the subsetof all
nonzeroprincipalfractional ideals

T



For I JE FI A we set
IJ dipilke74 die I pie J e Fractalα JCA

Lemma I J J are fractionalidealsprincipal if I4J are
Proof

We will prove that J c FI A everythingelse is an exercise
To show that J is an A submodule is also an exercise To
show J is finitelygeneratedpick αeThe Wehavepe J

BEA BeAx So J CAL and is finitelygeneratedas a
submodule in a finitelygenerated module

Theorem Theoperation I J IT turns FI A into an
abeliangroupwithunit A andinversegivenby IHI

Proof It is immediate to checkthat theproduct is associative
commutative has A as a unit exercise It remains to show II A
Note that αeFree A a we have LI L I so we can

assume ICA Note that II CA Thx to Them in Sec 1.0
we can write I p picformaximalideals β pi.CA Weprove
II A by induction on R Thebase K 1 is Corollary inSec1.0

In thegeneral case setp p J Ip ByClaim in
Section1.1 I Jp The uniquenesspart of Thm shows

ftppk_Therefore we can apply theinductive assumption to see



that JJ A Notethat I Jp JJ pp A J p CI
II IT p A Hence II A finishingtheproof

Note that PFI A CFI A is a subgroup

Definition TheclassgroupofA is FI A PFI A

Lemma TFAE
a A is UFD
16 A is PID
c A A 0

Proof a 161 ThxtoThm inSec1.0 it's enoughtoshow
maximal idealp isprincipal Pick aepanddecompose it intothe
product ofprimeelements e p pie Then itpiep Since pi is
a nonzeroprime pi is amaximalideal so f pi finishingthe
proof

6 c is an exercise use thatanyfractionalideal isisomorphicto an ideal es an AmoduleLemma inSec2.1 and 6 a

is standard

So CeA measureshow far A is frombeing UFD PID

I



2 3 Bonus Classgroups ofringsofalgebraic integers
Thefollowing is Theorem 6.3 in N Chapter I

Theorem Let L be a finiteextensionofA Then A E Ko

Toget a better understanding of Ce I is an important
problem in Numbertheory even for L Q A whichgoesback to
Gauss where even some basic things are not known For asurvey
ofrecent developments one can check
A Bhand MR Murty Classnumbersofquadraticfields
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24 Bonus Classgroups ofalgebras offunctions on smooth
affine curves
Another class ofDedekinddomains is thealgebras F x

where F is an algebraically closedfield CE is an irreducible

algebraic subset which is a smooth curve tobeelaboratedon in
a bonus lecture Theclassgroup of F x behavesverydifferentlyfrom the case ofalgebraic integers e.g if it's nonterethen
its not finitelygenerated We'll discuss more ofthis in the
remaining bonus lecture

2 5 Bonus Generalization Picardgroup

g
thequestion is how togeneralize Cl A fromthecasewhenA is



a Dedekinddomain to the case of moregeneralrings Thereare
twopossiblegeneralizations

The classgroup ClA thatmakessenseforgeneralnormal
Noetherian domain A that measures thefailure ofAtobe a UFD
and is a moredirectgeneralization
ThePicardgroup Pic A that makessense for ageneralring

andevengeneralizes to noncommutativerings that looksquite
differently but coincides with UCA for regulardomains ofwhich
Dedekind domains are a special case

ThegroupPicA nicely connects to our study of tensorproductsand to an extent to Categorytheory so we aregoing to
sketch necessary definitions Wesay that an A moduleM is
invertible an AmoduleM s t MAM A Let PicA bethe
set of isomorphism classes of invertible Amodules Thetensor
product operation makesPic A into an abeliangroup
Here's a categoricalsignificanceof Pic A Tensoringwithan
Amodulegives a functor AMod AMed Thisfunctor is a

category equivalence see Bonus to dec13 iff M is invertible
Moreover all category equivalences ofAModpreserving a suitable
structure the A linear structure a variant of theadditive
structure see Bonus to Lec18 come fromtensoring w aninvertiblemodule Oversimplifying a bit one can say that Pic A

If thegroup
of symmetries of the A linearcategory AMod


