
 

Lecture 3 Rings ideals modules III
1 Primeideals

2 Modules homomorphisms

References AM ChapterP Section4 Chapter2 Sections1,6

BONUS Noncommutative counterparts 3

1A Definition examples
A is comm've ring

Definitions ae A is a zero divisor if a of beA s t
6 to but also
A is domain if Ahas no zerodivisors
IdealpcA isprime ifp A Alp isdomain

Lemma TFA E thefollowing are equivalent
i p isprince
ii If a beA are set abep aep orGepnotethat is automatic
iii If I J c A are ideals I Jsp Is forJef

Proof A A Alf at atp
it ii atp stealtop abep Tca 6 so

in iii I J Ip Fae Ilp GeJlp safep IJ Ip
iii ii I a J 16 Then I 4p atp I Jsp abepD
M



Examples McA mail Alm isfieldsedomain hisprime
a A isprime A is domain
A TL Every ideal is n for net n isprime

In isprime or n o So everyprime ismaxie or e
Same conclusion for A FG if F isfield
A 5 xy x isprime but notmaximal

F xy x Fly domain but notfield
The ideal xy F xy is notprime

12 Why to care about ideals connections to Numbertheory
Let A be a domain

Def an element as A is called irreducible if it's
not invertible and a gaz one of ai is invertible

apeA is calledprime if p isprime i e af p
a p or b p

Exercise a b A invertible eeA sit 6 Ea

prime irreducible

TFAE A irreducible element isprime
A is a UFO uniquefactorization domain i e

Hae A F irreducible elements a hi w a an an unique

up to permutation multiplication by invertible edits

I



Examples of UFD T2x xn FCx xD F is field TCF
Non example TL Fs 2,3 1155 are irreducible with

2 3 1 5 7 Fs

An especially important case for Numbertheory is when
A is a ring ofalgebraicintegers He bedefined later in
the course Examples of such include
TL 52 2 2 or 3 med4 at6521a beta w a GET
H Pmeds where d is squarefree why 2 9med4requiresa modification will be explained later
A very important observation due to Dedekind is that

while the uniquefactorization in a ring of algebraic integers
andsomewhatmoregeneralrings now calledDedekinddomains

may fail on the level of elements it alwaysholds onthe
level of ideals everynonzero idealuniquely decomposes as
theproduct of nonzeroprime fortheseringsmaximal ideals
So thefailure of being UFD is the failure of ideals tobe
principal

2 1 Definitions ofmodules homomorphisms

A is a commutativering
Definitions
4 By an Amodule we mean abeliangroupM together

jqap
Ax M 9 M multiplication or actionmap sit the



followingaxioms held
Associativity ab m a bm e M

aDistibutivity at6 m amtbm f gbeA M m EM
almam same am

EMI
Unit Am M EM

2 Let MN be Amodules A homomorphism aka A linearmap
is abeliangroup homomorphism y M N s t

HaeA meM glam say m

22 Examples
O A TL Then AM M can berecoveredfrom t in M
thx to unita distributivity So 72module abeliangroup
And a TLmodule homomorphism is the same thing asgroup
homomorphism

1 If A is a field then A module vectorspaceover A
and homomorphismslinearmap

Forthe next examples also below we will need

Observation Let y A B be a ringhomomorphism

f If M is a B module then we can view M as A



module w A M Mgiven by a m to ycalm Every
B linear map M N is also A linear

I If y A B surjective then a Bmodule
Amodule where Kerryacts by 0 am so f meMaekery
Let MN be B modules y M N is Alinear y ly amy
play m tee AMem ylbmt.bym t beB meM B linear

2 Modules vs linearalgebra
is A F x E is field
By Observation I applied to A Flat every FG module

is Fmodule vector space Xm Xmfor an F linearoperator
X M TM fromX we can recover f x module strive

fam Lf X M MI f X m
So F x module F vector space w a linearoperator
An FEx module homomorphism q M N is thesamething
as a linearmap q MAN s t Away yoXm

where

Xp M M Xp N N are operators comingfrom x

in A F x xD An A module vectorspace w n

operators A Xn comingfromto k s t XiXjAjXi ti j
Iii A Fly an G Gic Gi EFla xD Useof

Observation I w F x tn EIA shows that Amodule
I



Fly Xn module where Kerk acts by e f vectorspace
w n commutingoperators X In St Gill Xn e as

operators M M ti P K

3 Anyring B is a module over itself via multiplication
B xB B This is often calledtheregularmodule

2 3 A algebras
Definition Let LMN be A modules AmapP Lt M N
is called A bilinear if it's A linear in both arguments
B letliml pllm pllml platm apiem t feel asAmeM
I similarly in the m argument

Let A be a commutative ring By an A algebrawe mean
an A module B w Abilinearmap BxB B that is a ring
multiplication inparticular B is a ring

Note that we have IEB q A B platalp is ring
homomorphism Conversely if B is commutativeRy A B
is a ring homomorphism

then Ex 3 Observation I B is
A module multin BxB B is Abilinear So B is an
A algebra Details are an exercise

Usually when B is obtainedfrom A using some construction



it becomes an A algebra Eg A I ACx An are Aalgebras

BONUS Noncommutative counterpartspart3
B1 Prime completelyprime ideals For acommivering A
an ideal f A we have two equivalent conditions

For step abep aep or bef
For ideals I J cA IJcp Icp or Jcp

For noncommutative A and a two sidedidealp
thesecondition

are no longer equivalent

Definition Let A be aringandpCAbe a twosidedideal
Wesayp isprime it for twosidedideals I J cp have

IJcp Icp or Jcp
Wesayp is completelyprime if for sbeA haveabet
aepbef
completelyprime primebut not vice versa

ExerciseA e CMat F isprime but not completelyprime
if n M

2 103CWeylG F xy lyxxy D
is completelyprime

B2 Modules ever noncommutative rings Here we have left
rightmodules also Gimodules Let Abe aring



Definition A left Amodule M is an abeliangroup
w multiplication map AtM M subject to the same axioms
as in the commutative case

A right Amodule is a similarthingbutwith
multiplication map MxA M subjectto associativity
Cma b m ab distributivity unit axioms

An A Gimodule is an abeliangroup M equipped
W left right Amodule structures s t wehaveanother
associativity axiom am be amb t gbeA

When A is commutative there's no difference between

left right modules andanysuchmodule is also a bimodule
Notealso thatfortwo aprioridifferent rings A B we can
talk about A B bimodules

Example 1 A is an A Gimodule
2 E thespaceofcolumns is a leftMatn f

module while its dual A thespaceof rows is a right
Matn F module None of these has a bimodulestructure

Exercise Construct a left Weylmodule structure onFCA
hinty arts as

A



Remark let MNbe left Amodules Ingeneral
Hemp MN is not an Amodule it'sjust an abeliangroup If
M is an A B bimodule then Hemp MN gets a natural left
Bmodulestructure exercise how Similarly if N is an A C
bimedule then Hom MN is a right Cmodule And if
M is an A B bimodule and N is an A C bimodule then
Hemp MN is a B C bimodule

I


