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1 Finitely generatedalgebras
Weproceed to ageneralization oftheHilbertbasisThm

Definition Let B be an Aalgebra Then B isfinitelygenerated
as an A algebra if I 6 GEB s t beB FEAlg xx
St b F be be

Hence P A x N B F to fly b issurjective So B
is fingen'd Aalgebra Fk BsavingquotientofAko xx

Corollary Let A beNoetherian Bbe a finitelygenerated
Aalgebra Then B is a Noetherianring

Proof Use Hilbert's Thm k times to see thatAG xD is
Noetherian Let I B be idealneedto show it'sfingerL
J P I C AEx N is ideal so J Fa Fe Butthen
90 J ECE 4 Fe is finitelygenerated a



Since fields 272 are Noetherian rings anyfinitelygenerated
algebra over these are Noetherian

In fact as we will see later many constructions e.g
localization produce Noetherianrings from Noetherian rings
This is whyNoetherianrings are so widespread

2 Furtherproperties of Noetherianmodules
Let A be a ring maynotbeNoetherian M be Amodule
Thefollowing result comparesthe property ofbeingNoetherian
for M its subs quotients

Proposition Let NeMbe a submodule TFAE
1 M is Noetherian

2 Both N MINare Noetherian
Proof a 2 M is Noetherian N isNeethin tautology
Check MIN is Noetherian by verifying that A AC ofsubmods
ofMIN terminates Let 14 M MIN me maN
Let Ng is be an ACofsubmodules in MIN No Di
Ii CDit Ni Nit so Ni is form an AC of submodules
ofM itmustterminate I k ol NjN Aj k But As
Ni so Nj Nj D Na Dk So Mi in terminates

2 A Hare Ni in is an AC ofsubmodules in M Want
to show it terminates Then NinN is is AC in N K
I



Ni is AC in MIN We know that bothterminate
I k e s t NjAN NAN NCNj D Na Aj K
Wanttocheck Nj Nic so Ni terminates
neNj T n ESTNj Na so I n'EN TCM n

n n so n n e N But n n eNj ble n e NiNj
n n eNj n n eNANj NAN n n't n n EN 6k
both summands are in Nk ThisshowsNj Nic D

We now proceed to characterizing Noetherianmodules over
Noetherian

rings Ingeneral Noetherian fingenidBut when A
isNoetherian we alsohave

Corollary Let Abe Noetherian Then A fin genidAmoduleM
is Noetherian

Proof

By Sec 3.1 ofLeck M is a quotientof A By 1 2

of Proposition it's enoughtoshow A is Noetherian Since A
is Noetherian it's enough to check that thedirect sum of
2 Noetherianmodules say MaMa is

Noetherian thenwe'llbe
doneby induction Note that wehave inclusion M GM Me
M HMe projection M Me Me mama tome whosekernel isthe

image ofM so MAM M Me We use 2 a of
Propositionto conclude MOM is Noetherian D

I



3 Artinian modules rings
3 1 DefinitionofArtinianmodules
Noetherian satisfiesAC condition

Definition Let M be A module A descendingchain DC
of submodules is Ni sit Ni Na f k o

Definition M is an Artinian Amodule if f DC of
submodules terminates DC condition

Example A 5 afield Claim Artinian finiteLimit
is clear ble dimensions decrease in DC's
let JimM 7 ein inLepvectors mi EM i e

Define Mj Span Mili j a DC ofsubspaces that doesn't
terminate

3 2 Basic properties
The first result togetherwith itsproof is analogous to

Proposition in Sect ofLec 5

Propositient For Amodule M TFAE
P M isArtinian
2 Anonempty set ofsubmodules ofMhas amin't d t w.r.t.cl

A



I
Preposition2 M is Amodule NCM is an Asubmodule
TFAE A M is Artinian

2 Both N M N are Artinian
Proofs repeatthose in Neethin case exercise

3.3 Artinian rings
Definition A ring A is Artinian if it'sArtinian as Amodule

Examples 1 Any field is Artinian
2 let I be a field A bean F algebraset

Lim A co Then A is Artinianring ble A
submodule is a

subspace

3 A 74h72 is Artinian bc it's afinite set so every
DC ofsubsets terminates

4 Every nonzero elite ofArtinianring is eitherinvertibleor zero divisor Indeed let ae Abe noninvertibleZhenzerodivisor
a 3 a2 2 as s a DC ofideals It terminates

ak aka I I beA st ak bak d ab ak o
a is zero divisor or t ab

Inparticular everyArtinian domain is a field

Thm Every Artinianring is
Noetherian

Forproof see AMI Prop8.1 Thm 8.5 commentsnilradical to
Mallprimeideals byPrep1.8 Jacobsonradical hall max ideals



34 Finite length modules
Thin motivates us to consider modules that are both
Noetherian AC condition Artinian DC condition sosatisfy
AC DC condition Theyadmit an equivalent characterization

Definition Let M be an Amodule
i Say that M is simple if a M are theonlytwo

submodules of M
ii Let Mbearbitrary By a filtration bysubmodules onM

we mean o M CM C M C CMgM finiteACof
submodules

iii A Jordan Holder JH filtrin is afiltrin
03 MGM 4M 4 4Ma M St MilMi issimple ti
so a JH filtrin is tightestpossible
in M has finite length it a JHfiltrinexists

Example 1 When A F is a field an Amodule M issimple
Jim M P

2 Let A TL considerthe Amodule M 72147L It is
JHfiltration is MeLe M274671 MEM

Proposition For an A module M TFAE
1 M is Artinian Noetherian

2 M hasfinite length



Proof 2 1 M hasfin length JH filtrin
e M GMGM 4 4M M Weprove by

inductionon i
that Mi is Artinian Noetherian
Base ist M is simple Artinian Noetherian

Step i i n i Mi is Artin Neethin so is MiMi
ble it's simple by Prep in Sect Mi is Noetherian by
Prep 2 in 2.1 Mi is Artinian
Usethisfor i k Mi M is Artinian Neethin So 2 1

1 92 M is Artinian Noetherian Want toproduce a JH
filtrin By induction M a

Suppose we've constrid MicM NeedMin
Note MMi is Artinian therefore A nonempty set of
submodules has a min edit AssumeMi M Consider

the set of all nonzerg submodules of MMi It's d so
has a mini l element N This Nmustbe simple Now
takeMi to be thepreimage of N under M MMi
So Mi Mit N simple

We'vegot is an AC Me4M4M G it mustterminate
ble M is Nothin By constrin it can only terminate at
Mi M So we'vegot a JHfiltration s

gyExerase
We can classify simplemodules asfollows amap



M Alm defines a bijection between the set ofmaximalideals
in A andthe set ofsimple Amodules up to isomorphism

4 What's next classificationquestions
Motivation for a field I we can completely classify

finite dimensional F vectorspaces A such V I k et sit
V2 F this k is uniquely recoveredfrom V k LimV

h Can we classify finitelygen'dmodules over a ring

A Yes but only in very rare yet important cases We
can do so for domainssuch as TL F x but not formanymore
complicateddomains forexample Tax is already hopeless

Here's the class ofringsthat weneed

Definition Aring A is aprincipal idealdomain PID if it's
a domain ne tere divisors every ideal isprincipal f a forsome
heA
Examples TL FEx F isfield are PID's D Euclidean
domain Is candividew remainder are PID's e.g Ili

Nonexamples I 55 Thx F xy are not PID

2,1 55 2Yx
ay netprincipal

I


