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BONUS Finitedimensionalmodules overClay

1 Furtherdiscussion of PID's
Let A be a PID Take a an EA n ideal an anteA
F Le Al la ants 21 defineduniquely up to invertiblefactor
L divides a an ble a an E d
I divides a an ddivides dFEIXia for some xp theA

This d is the CCD of a an

Classical applicationofGCD PID UFD

Remarks in a PID everyprince idealthe ismaximal

f 3 p p f for p prime f p or f A
PID Noetherian

2 MainThm on meduly over PID's
2 1 Statement

T
Let A be PID Let M be afingen'd A module



Thm 1 I KEKa primesPa PeeA da de 74 s t

M A O IEA pti
2 k is uniquelydeterminedby M pt pete are uniquely
determined up topermutation

Example For ATL Thm classif n offingen'dabeliangrips

22 Case ofA F x F isalg closed
Assume dim M co se k o F is alg closed

primes in F x are X X XEF Cupto invertiblefactor

MainThm I die I die74 s t M ÉF x xTiti

Reminder Lec3 Sec2 2

Amoduleover F x F vectorspace an operator X
For a fixed F vectorspaceM operators Am X'm M Mgive
isomorphic F x module structures AmX'm are conjugate

y M M is a homomorphism between the 2module structures

iff yeXpthey se y is an isomorphism yAmy'sX'm So the
MainThm allows to classify linear operators up to conjugation

I



Choose an F basis in FL x Tiki x ti ja di p

X x hit x ex titty
til tdi x til ifjade e

Ti x tilt if j di t
So it acts as a Jordanblock

Jai ti fiti
MainThm inthis case is

JordanNormalForm thm

Let X be a linear operator on a fin dim F vectorspace
M let Fbealg closed Then in some basis X isrepresented
by a Jordanmatrix diag JaAi Jaeckel

Canrecover thepairs hi dede from X will discuss

in Lec8

3 Proofof the main Thm
3 1 Strategy of thepreetofexistence
Since M is finitelygenerated there's a surjective A linear

map it A M Let N kero this is a submodule in M
Themain part of theproof is to show that I basisedeh

get A r en andfo f eAllo s t N Span fed frei



Nownote that if Lohave A modules NicLi is1.2
are submodules then there is a natural isomorphism
H 4041 N Nz I 41N Linz
to construct it is an exercise

So A N EAei IEAfie EAeiAfia ErAei's
Atm itAllfit
Part I of the theorem will then follow from

Lemma for f ep pts e is invertible p p are distinct

primes d d o we have A f I E Apti
Proof

It's enough to show that for f teA w Haifa A le
GCDHaifa n we have A ft Allf A If an Amodule
isomorphism then we take fi Ep pit tips andargueby
induction on s
Consider the naturalprojection of A Iffat Allfi

at lf.fi to at fi it's A linear We claim that
last Alift I A f A Ifi

Since GCDfate 1 I amazeA a f tact 1
I is injective silat f fi o a effin fi

a leftat a gfatqfzaelf.fi bc aelf fzaelf.fi faelf.fr
So at frfr so
H is surjective A xp xpA Axe A s t x Xie fi Take

IfafYetactx So x xp hitlet em af ten af.lxexieff.ly



Rem Similarly one canprove a version of the Chinese
remainderThm for ideals I If Algeneralring w I Iz A
have I MIE I I A I I A I Al I as rings as

Amodules

32 Basis vectors and theirmultiples
Weproceed to proving the existencepart of Thm Westart

w the following question Notice that every nonzero vector in
a vector space can be included into a basis Even forfree
modules over rings thismay fail take A K M K m L EM
So we can ask a moregeneralquestion when is an element
in A a multipleof a basis element which is obviouslythe case
in our exampleabove We will see that the answer is YES
as long as A is a PID

Let m la anteA m e Set GCDm GCDfan an

Lemma The following claimshold
lil if m Ifbig for some basis e i en of A then

GCDb bn EGCD m w E invertible

lil there's a basis g en w m deifor deAllo automatically
equal to GCDm by lil
Proof Observe that two bases in A are related via an
invertiblematrix in particular in ii 6 bn'tXCa ant for
St



XEMatn A invertible This isfor the same reason as forfields
In particular bi GCDlag an Similarly a an't X but
a GCDb bn GCDfan a EGCD16 bn e invertible

This shows ii Theproof of it is in two steps
Step 1 lit for n 2 Weneed to find invertible XeMatzAl
w E X del w D GCDla al then gie are columns ofX
Let his Aid i P2 MieA Then GCD x xm is invertible

I YanXueAl Xuxa X2 in GCDxp Xyz can assume 9

Now take A Ita
Step2 ii forgeneral n Wewant to find invertible Y
EMatn A w Y la ants do et then d GCDa an by ii
We'llpresent Y as Yn tn Yn Z Y where

Y diag Y 1 1 w Y invertible in Mat A w Y t he

di CCDlama this Y exists by Step1 So y.f gl
Z diagla 8 1 1 multiplyingby Z swaps2nd 3rd

entries So Z YGiantf
E 11.9.1 M where Y t I so yayfa f
Z is permutationmatrixpermutingthe2nd 4thentries

I



Etc By the construction Yhasrequiredproperties Thened en
is the columns of Y s

GT



BONUS Finite dimensional modules ever Cxy
Fix ne ke lur question classify Glxy meduly that have

Limen In the language of Linearalgebra classifypairsof
commuting matrices XY up to simultaneousconjugation
For n large enough there'sno reasonable solution However

various geometric objects related to theproblem are ofgreat
importance and we'll discuss thembelow
Set C X4 EMatn e XY YX Consider the

subset Cage C C of all pairsfor whichthere is a
cyclic vector ve Q meaning that v is ageneratorof the
corresponding Q xy

module Thegroup Gln e acts

on C by simultaneous conjugation g XY lgxg1gg

Exercise Cage is stable under theaction Al the
stabilizers for the resulting Gln E action are trivial

Premium exercise the set of Gln Q orbits in Cayce is
identifiedwith the set of codim n ideals in Clay

It turns out thatthis set oforbits equivalently thesetof
ideals has a structure of an algebraic variety Thisvariety
is called the Hilbert scheme of npoints in K and is
denoted by Hilton E It is extremelynice averyimportant
Forexample it is smooth meaning it has no singularities
A


