
 
Lecture 8 modules over PID I

1 Continuation ofprooffrom last lecture
2 Localization of rings
See refsfor Lect t AM Intro to See 3

11 Proof of existence
Reminder A is PID M is a finitelygeneratedA module

Thm Sec2 Lee F 1 F KER primespainPeeA da death
s t

Me A e Apti
2 K pt pete are uniquely determinedby M

In Sec3.1 Lect wehave reduced a of the theorem to

Claim Let NCA be A submodule Then F basised en EA
re n f fr eAke s t N Span Ife frej

Pick me A 163 We'redefined GCDm eAke st if m EGie
for a basis ed en then GCDm GCDlb Gn ie GCDm is

independent of the choiceof a basis We've seen

I basis eden s t Msde w D GCDm
This is Sec 3.2 of Lect

H



Proofof Claim Weargueby
induction on n suppose we know

the claim for submodule of A Take meMle st GCDm
is maximalamong all GCDmi m en it existsble A
is Noetherian and hence every nonempty set of ideals contains
a maxi l element Sec 1.2 ofLee 5
Take a basis e ene A s.t m dei d GCDm We

dam that
A everyelement of N is of theform E get w a L
Let m'sE are N Let Lo GCDda A xyeA w

dexd ya
Consider

xmtym doe t E.zyaiei.CN
Then GCDlxmy.mil

lil ofLemme in Sec 2.3 GCDdoya yan
divides d

By the choice of M K d do L So g dproving
Set No NA Spangle en Weclaim that

1 N NeeAde as submodules in A
Indeed NonAde So and x implies N NotAde
Nowapply inductive assumption to NocSpangle en s At

Weget a basis ed en eSpangles en't fat wNosSpangled frei
Then take fi d e e a implies the claim a

12 Proofofpart2 of Thm uniqueness
Fix a prime ideal p CA se Th
Consider psly p M an A submoduleof M a special

gase
of taking products of ideal andsubmodule Sec2.2 inLec4



Wehave psMcp Ma quotient pMlp M The ideal p
annihilates the quotient so it can be viewed as A plmodule
Sec2.3 of Lee41 By Sect of Lect p ismaximal ideal
se ACp is a field Also psm is fingend over A phelps'M
is finitelygenerated so

dp.IM dimplyPsMpsM c o

Proposition For Me At e A pti we have
Lps M Kt il pi p di s

Once we know the numbers on the right 2 of thm isproved
the number of occurrences of A ps is dps m dps M
and K Lps M for all s s t s di ti

Proofof Prepn
Stepp explain howdps behaves on direct sums

Claim Lps M Mz LpsMi t Lps Ma
Proofof the claim

PsMOM p'MAp'M as submodules in MOM w

PSYM Me s painpain p MicpsMi

PsMeme p M Me tpsmp M psm1psMr

gland the claimfollows
the dimension ofthedirectsum of



vector spaces is the sum of dimensions ofsummands

Step2 Need to compute Lpsofpossible summandsofM
A A pt A qt q p

i A
A IspsA is a module isomorphism

Yp PA psalpsaA ÉAlp as vectorspaces
over thefield A p Lps A 1
it A pt M if s t psm a dps mi so

if set ps a pt so

p'MIpsM Ipsa p A as Allpl modules
so dps M P by i

iii M A qt but gp are coprime so gt pi A
psM s

p m M psmps M so

Summing the contributionsfromthesummand together we
arrive at the claimof thetheorem 5

Example A F x F isdg closedfield M finitedime F
k o p x 7 he F X is theoperatorgivenbyx

PSM Im X XI Lp M re X AI rk X XI

A



Corollaryof Prepn Twomatrices XDEMatn E are

conjugate r X XI rk XXI t left se 740
bc conjugate matrices a isomorphic FEA modules

2 Localization We've seen a bunchof constructions ofrings
directproducts

ringsofpolynomials
quotientrings
completions AWA

New we discuss another construction w rings localization It
generalizes the construction of A fromTL Thegeneralconstructiontakes a commutative ring A and a suitable subsetofA

Definition Asubset SCA is multiplicative if
YES
s te S Ste S

Now we proceed to definingthe localization A 57

Consider A XS productofsets equip it w equivalence
relation definedby def

get a s 16,6 Fue SI ut as us6



Exercise Check that is indeedan equivalence relation

Let A S be the set of equivalence classes Theclass of
as will bedenotedby G

Addition multiplication in ALS are introducedby

hi 59553 I I 95s

Proposition Theseoperations are well defined theresult
depends only on G E not en la si la sa equip ACS
w structure of a commutative ring w unit f Moreover

L A ALS at G is a ringhomomorphism

Proof omitted in order not to make everybody verybored

Defin The ringALS iscalledthe localization ofA Currt S

Examples 1 Let A 716TL 5 112,4 Every equivalenceclass in
Axs contains a uniqueelement of the form a 2 w 9 92,4The

homomorphism L A ALS is surjective e.g 1 2 and the
kernel is 3 So A 513 72372 Details are exercise

q2
Ss all invertible elements in A is multiplicative Every



equivalence class in Axs contains a uniqueelement oftheform
ap and C is a ring isomorphism Details are also an exercise

Exercise ALS is the zeroring o e S


