Bonas Lecture B1: Lonnections 2o 4 fjog/’cu'c feomm‘}’} /8
7) Afjm/m /omomar/a/zsms vs /aaé,namzd M50
2) /@Z[fjorg of atfme varieties/schemes
3) More jem’mf I/W;Vfles/ schemes
Befs: [v] Sec. 96 [E] Sec 19

7) 4{7 hva. fomomorphisns v ety nomel msps
Led [F 4 g,%m{/aja% choses, /d/ Let X fe an %pgfw’c
subset of [F” (He st of sobutons £ a _&rfw e /oognwwd
ffmﬂflon;). Lecall et © X e assion Hy ideel  T(X)=
- [fe Fl, 53] £l =05 & e alypebra [lxT- Fly,..t,] /()
Whose Maﬂmfs Gan fe /hv,‘fzf/m{eo/ as /oagmmd Hnctions o X
The neturel /}/ﬁ‘w’t‘/o;’ Flr,..x,] —>FIX] is e sestrictoon
b X Set X=X, note Hot X%, genconte £he ﬂ,gggmf[xl

f/) /g?/m/wd /1705.

Defmtion:  Let ™~ NCE| YeF" b abpebiaic subets

/4”1?0 (jﬂ/i/—?y 5 CW/JoémM/«Z i 3 Ji.-f;élﬁ-[)(] st
?[o() = [7//6(),_,_75, () Vel (in /oa/flc«/a/; F)., £ «)e V)

/eem: Po&;wmzzf /117 A= - /0?40#//&/[ ;5/1@1/0/7 on X

__l § z[/)/e co/upo,v/z‘/on 4 /poénmwd Meps 11 /ﬁogﬂoﬂf/ﬂ[
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_Z;’l/ﬁﬂrz‘[cu/w; &t 7 A=) 6be a/agnom/ﬂj mp /fjé Flv], e
j~' S — (E Llonsnder He cm/mafco/ /0/5”0/4//2[ mep. 4° P: X—=F

WMon viewed as oy element a/ f[x]) ja}a m b /mﬂ‘ea/;/y,
70*@) ond cellod He /&u/féact Hom y (andler ?o)

Lemme: 1) % FLYT—=FIX] & aljebra fomomophom
2) b generators C%ﬁjd‘ly), 50’*%777-

oot
7) s , compare To FPoflem 5 in HiW3
* = q. = < ®/™ ) 2 .
2):4,0%)(&)-%/70(&)%5()@rf(j) 75 I

EXM/@ '/) The inchess (N esF el
on S/po%//a ,
(> /jj[)g X, —» HX 1 is Z vestriction mep. More jWﬂ«%,
[/ /{/ c/<ff " are ﬂ/éa]e bratc Su {;&Z‘J, Lhen Hhe enclySion z%
LX<y /)'/00%#/0/!4/1% 4@ (* [FLy]l— [Flx7 i jf—?dqfx

2 N=F Y= V@,Z-dq;)cﬂ?i N =Y kP (Kx) isa
/Oolgﬂomiel "ap. The ideet [(7,2—(7;?) u prime (Boblem 3 in Hw'§)
hence /a,alfcef, So [F[V]’ [F/},,jz]/{y, Z"jzj). @ Z) of Zemma,
Lf’*g,) =X ?”*{7:)’)(2; “hs oletermnes fﬂ’k (/}f//ma/ﬁ because
j'—’j: jmawta e a/ja/m Fly]

1.2) A/Mn result
72& /oﬂOWM} Is ‘LZ[L main %em% 0/ ‘fﬂ/fl Seiflo}z
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Theovem: ?ﬂ (g CK* de gy a {(//'eo‘éon betieen:
(1) {polynomed maps il — b3
(Z) fal:je,ém %ma/uo?aﬂ//fm Flv7 HF[X]}.

ﬁ’oo][] 2 fwen = [,j;{ ), * s ’64 (/////ﬂag zéefm_ /amomof//w
Flv] —Flx] st 70*(/75):75 We'll wuse ths observeition
%o construct Hthe inverse Map () — (1)

ﬁVeM an a/{ﬁe{m\ édmamd;’aﬂ/;fm z: [F[Vj — ZF//}] 6\/(74/!5
[ — " ,9 ;uz.f(f({%),.../ T[J;)). We claim m <
[Se Hat ¢, con bo viewed as é/o»?/flow/d map N —=Y) W
have imy, ¥ <> Gliny)=0 ¥ Celly) <

G(zl). 7(7,) =0 €

Note thot 4’ &7},) =0 {/c ( e1(r) & T peserves /Joénomd

velatipns & /s an ﬁ/%p/fm /ozmmoW/LW. 4 /GZ/GWJ‘.

So we howe Maps l—a?ﬂ’*: (1) =(T): Z’—’}Uz‘ We have
}Ur*g‘-) =[ i cowdmate m al 7:(/77) = V?:Z & 7 jf/fﬁ/qif!f.
On e obler /Mp{ fU?* =(c/ﬂ’7‘/j),..- ?0"9’,,7)) ‘(7, %)= . So Blese
meps. ave mm‘adg overse /m/»} A /ayoay’f 0

2) /ﬂ/ffjw/} of atfme varieties/schemes
2.1) Abone. varities:
Smitarty o Poblem 5 in HW 3, we see ht:
. for 44?&4/%(: subsets N<lF ¥ <F" Z <F* Zﬁoﬁﬁoﬂf@/

meps pr XY, w7 =2 we hate (oY= s
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b (/o/x >*= /- 0_—[)'(]

. /oke ‘ﬁ/d , w ‘Ll/e ﬂOZza/f/on 0/ Zz/c //00/ a/ 7Zm
Voo = }ur’juf & }”,'a/z‘.”l

So o we have discusseo! b{jafmjc Subsets as subsets of [F
A nerturad ;ufsf/on (moteted for example, § a imler issue
with  manifolils: embedded ints P vs getmed 40/ffrm!§) is:
Con e a/m//m: %&4’&{2 s bsets ('/’1/4_’504301[/1/6 of mé/a/mj ’ & k. a.
_fF e verieties
Loy Hrst observation is that on e buel of alypebras He
inclusion (X< [F " 60//2,700140/5 ‘o e aativel ;uyleﬂ‘/yg
Map F/},,._./,,j —>> [F [K], n othey words ) ‘o z‘/f HenliBcation
Flx]= ffn,..,an/I(X) (whdd 15 how Lhe ﬂ/ﬁ%/fa [Flx] wes
o/@énen/ o stat wit) ) So % ”/470{ P o inclusin Should
meen o /arjd o cdontitocation F&]=f&,..x,]/f(().
The %‘”j"“ ge of C a;feyak;, f/eoi} ellows ‘o db Chi
Lonsider ca/f?ones:
/) C: JéE)= [75” Ju;eru‘a/ 0-——2[;.:5)’4; A W/p Hohtero /?/éo/l[(mlzj:
= /4, 2"=0 fr some # but 2 #05.
/%/;o//sm: /omam;a//sm of Aldt,’f/tgm;,

2) C: JUE)= [ alyebras of CUe fom FL, 4, I/T fr soe 1§
radicad ideald ICF[A;,...,X,,]}
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So ofjects of € we tihelled 4 pois (1), Mophsms i
(_%v Are A’/Zjd}"a / omomonp ﬂ//f/n:.

3) ‘QS" ﬂ[[ﬁ) = [ﬂ/;ie{/’ajc Subseds in some /j-—,'j
/%79//;»7: ; /0? ﬂﬂ/’ﬂﬂ/g /ﬂ?_r.

By wheit wes expleired (n 4o begiming of ths section
we have functors:

D7 X Flx,.,x1/I(), ?ﬁﬁﬁﬂ

e: EZsD: A= [Flx, x,/THWVI) ~ 2.

K/’”&/L%/ [mﬁorfawf : 5}/ Af C are /wn‘wz% Lhverse.

/%fe 'L‘ﬂ/q;[' fﬂ/ye LS an oBV104s %mﬂlor g — £, it s /u//

andf 555@/7?«‘/% Sw(//'emfn/ﬁ So (s a ca/f@o?, €7u£wzlwce, see
BOMS 'éa KZC ¢3

Debnition: The cdegag of affine venetes (we F) 5 D:=E

[he 0{/@(4‘5 in D lan be ‘L%ozfzjlf a/ 4s ﬂ/{?f’/{}’aic subsetls Yrves-
Peafl've Y 0/ ema/ea/%né into ﬂ'_ ” 72/'5 /5 ({fcw:a 1 f Colu/amp/ % E/

we.  ho /aﬁjzr View our @ijyg}’as as given 67, ﬂ-—/;q, 03/,
The mﬂ;ﬂﬂ/lsms n D an stel /oﬁﬂo/md Mips,
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EXM/ﬂé: ZOf )(4:[}’_ zf /{gz VA&—X,Z)CFZ 77? /ax/e /Jo/m;aﬂ//c déy{m:
of Sonctions : 0 ?Wlmdj in one vl but diffevent em Jea/a/mj:.
(ntoe ﬂ_ h’.S. F)-’DM ‘L%_ /po/k'f 0/ view o/ 4,/(%0//&56 j(o/ﬂﬁf‘y ’f/{? {Jm
Vi ‘L‘& Seme WQ% So cy o/e V/Weo/ af e Same VM/{%J_

A///é f//! o/g//m‘f/(»; 0/ an an Vﬂ’/%} looks ke o/eul//g,)
we cen ‘alx ,  amons ﬂ%n/w 7,4/:1]5, aBout:

+ Alyebm of /ogmmj fancions [FIX] of an affine mmé X
(X vawed as au 0960{ of Z)

< Bonts of X - ﬂ{ie/m /om@may//fm Fly] — [F /mt;wmv w
Corollary in Sec 1.2 of Lec 13)
- TL Zor)sk fo/o%(joul on /{/
Ete.

Ef/%a/’/c: We con jeﬂc/@liée f& o/e//c'mi‘lon a/ 2 zz;%u Vmwy
b (nclade more jwe/d ﬁ/{jogms 6/emam;, e conditions Bat
Ouy a{iag)’u Nove Nto HNomeers N ?ernz‘ elements [ are #wize? jenea
/R/‘gfo( ) pr/ even jeﬂapf Commutative Nugs: we can p/e//u “h
c;z/‘fcjo//es of b Schewss os o qpposite c'a;/fjoo? of
CQ/éCJOVJ, a/ 4/551& /’/14j.¢, 7]/3 /s aﬂ%ﬂwf 7’?)/ vy ous /aw o (€S,
h/é)aﬁ a1t S’lzbfo(m( ¢y COUVses on SJ&Mc-ﬂeow}f/c a[;f/gVRJc
jéa/hﬂf}’g, and 9o {?ono( e Puppose of s introduction
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3) More jem’mf I/W/(Vfles/ schemes,
34) Wiet s an %y&m’c ym/d} i

Werve ﬁé‘}wﬂa/ @4///% /«,%ec{m/éc) Vasihies, Mow we ave s %
adlslress He 7%(1%;; m e “itth.

4 common %p/oaw/ Zo mﬂn‘//uafm;, jeo/u%l s oé'evzfr 5 G
:'f&e " Lem Fom S/M/Kw oé'w{;, For emﬂfﬁ) L= manifolds are
jﬁ«o/ Jrom b lls 1y Laclidron paces. M= oCU:DoC ,u//m D SN
{vek"/ /S /f, T2 conditim 23 /’ac/j/g, Yot fr all ogf
in B index selt | A imagpt of 12(/73% noler B Y W ey

Subsets /VéZE"/ Wl <15 and * Vau/ﬁﬂé{ é’ﬂWd.\‘/ZZ/M

- i e,
W B0 R0 = 09

js C% [(Whdh mares seuse 4 z%: (s ” m7a betoveon 9en
Subsets m [E '7) Thanes s hs defmtion & moacces 7 peak
Wbt Viwipus Cfoaiwﬁr) £ (j:&mﬁm M —N

Sm//a/?) 1 makes Sose T J/‘nm bt 50174&( Mﬂéf/c
/mw//afa(j C we we fells o € andd Reguire Gt ﬁoﬁ-//f
(’0/70&;( am,gf/c /ch /mj/f Jove sTudhgd et Sr =1 —
(n LM/M cast 'C/Zc /@Iu/&‘/?_ oé_{'“'!: WW WA« (/oa Jﬁ/a?
Mwé,i‘(c continuation of 40/0/1701/’0//5 /mﬂ‘/m:).

Somﬁf/mg, ﬁ/ce, His 4"70/4071 %f %yfﬂu’c vaneties 4oo.
The m/q//y Wocks ave affine ﬂ{?%/mc vanieties and 1‘% wre
j&eoz {ijyf/&r am;} /oﬁn omink /ywaym//f/n; 4 A V“"””{o‘l o/
nteest 15 reasonahbe (* 37owa;éta/" i & sutalbl Sense) £l mter-
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Section z)/ Zzh/o /é}am 47;%2 Subyarieties (s fjw'n a/%m So We Caum
J’Mf% wse whet we e m Gis Loctwe.

e o a/q[/u A sotion of a /OO?ﬁolﬂ/ﬂ'/Z msp [2.k.0.. /740704//rm):
jﬂ:/"‘)y s 4/1//07&//:»1 (}/We oen Cotey X= UL(L, }/:[/lj Mﬁom
4//)& vanieties st Vi :—7J/ y/%)clj &qu —>% (5 &
/Jognommﬂ ey of veyities.

32) g?/‘éﬂlll/ﬂ vaneties and jmo/eo/ ﬂ«%e/g/’a,_f,

/%Vc Comes ONe a/ 7% maff /}4790%{@7.‘ &w/oﬁ o/ {4 Constrnection
swetihed aBpye: /pry'eaf/ua veriefies.

We stort with [ Mﬂ’/&wzo/ a5 2 vedor spoce ). 7 /Ofa/%uﬁz/e/
Sfeca th[-’ ZP[FM)) #s e s consicts ﬂ/ 7-dimensiond fa/lspacc:
in [F " In oLy p./o/fa/:, i consisits o/ {;ww/&ncc clesses
5@ x1 w (kox)e F”H\JOL pheve qwm,&nf means D1yppr-
z‘)om[. Zf/z( us 5;0&4,»4 ﬂ/ow jé/lh} Woyks.

Let U = [[xo X,,j/i’ﬁbaf/ E W) Then e mep
U _Zi_,[]-"” Jr:.: X1 = /}’Z_"l L)((LL_.’/ %ﬂ/ %) u a {7:&7,‘/0/4 Yot
witl be used 7 /;Zm’Ll/7§; U w [F7 Nite that ﬁ[é{/%}
(s j/Ven é //(,vm/zsz/mdzP of & fmj/& Cookdlinete So & an Q////u
VMM‘J (a /Oi’mcipaj opes subsel in [F"). Ao one can show ot
G g =g 40
(s R Y. 0’%//0/11/&2 /So/ﬂo7o/um.
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&cwl/ﬁ* 4t N2 Lt cﬁ’ =)% Kj) =:g—°- e coovdinates
on Gliy)=IF & ¢ l)=F. TG (404 i gmen by
ji #0 L{ ﬁo%~/ Sendls (ﬂ) {0(7;") w/w/ s a/p,?m/md /:o/ﬂo;dn//f»y
as we Joute C)?V&rlzeﬂ/(ﬂ).

So [P " is gn %M/}fu’c Va//%? in the sense of Sec 31

Lhe  can ijZ{Zc “hs construdton. L £ /;:GFA-:,.-X”J
be /olw?/qefyeoa)’ Ve nomieks of o/{jm 20. I E venshes ol
A tomeess pont i F™ Ly it akso venshes on 4 ne

berseen s /ﬁo/hf Z 0. <o K maxes Sense o 7@{@/: aboet
Ho 200 bocus of /6—/;1 [P [note et ’Ez—‘ i MoT 476/17{/0/7

62)”,_9/]:) 7Z/Sj1'1/&j V1472 Zzo ‘%, Ztro éwf V/gvg) M/:ZMCL
‘Léo ’fZL /70750/7 o/ én a,%%/’w)c j'L{a/I%/ o/ﬁp,)’

V[/g,/:,:)/)//{l (5 en Wﬂu’c subset m /,/ —:?F”
50 {// 6 /—: ) (5 an %M{VMC Vaviehs y Varieties 0/ ‘%/AZZ k/”o/
are alled /}’y'eyﬁ'ye_

Hove's 2 reeson why we cove abod Clow LA [F-C. So L
4&& fé usual. ’fo/vo OJJ“ 44/ So o/oer P W/‘L‘/ M'I z{e/;g gper
Sa{r&’t‘s.
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c Pl Coh?mmf — i e wsued ’ﬁv/wff](y,

S wey VE..E) i Compact. In ffmﬂ‘g g 70”/0::/6‘7},
we Are Ca/;waaf yﬂm&g Hove %ﬂ /70/7(0/70&(% as 1‘/:;1 Mzu/e
better m many  Weys. dud whte nt oW compact (mte wuel
‘Ifo/bo faJIO,L) d,{?%/’ajc Vanielhies are /l/lzy.eu’éw/ {4 /d}’,o/ec/tllz/c ones
are meest.

/aw we ofswﬁ 2 CommeHion /f/fh/een /)’(a/'eaﬁz/e, Vawietres 4
(jrﬂo/w/ @{f%/a:. /A t/mu/f;;[ bocus of W/ foo E) oéOaw/: 0»«? on
[/,,C, K >/ 2 n/amcyweom /.A/fR/Z.

It T< Fl..x,1 is /o/hajmzou /‘Aéd, Hen 5o (s
s /ea/fca/-

_Zi.%wij VIE K ) dﬂ{; o@eho/x on ”/mﬁm/ﬁugz %
e atfme case. This s s % & o’/wt‘m beA ween
’ 4&3%}%& subsets of [P
c and mobeal /a/ﬂajmcm: seed m FI%,.. 1,7 nat Cam‘zz/nm} 7

: W /aéd Co%_c'/aano/.c %o P/ 7

So Szzaﬂ’m) %/o/h an é{?’ﬁ{}’ajc sufset f " e jyf _ gm jen'o/
Z/Qo/co/ ”/{7-00’}% h//o ﬂ/éﬂzflzzé &Zemehlzs/ % /&a’f/aﬂz a/ F/;’o, (n]

___? g/ Lo (301%700/7 q/m < idecl.  Mite Het #, eluents of s a/{%af}’&
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are. 1ot znﬂ[/oﬂf on 2(4 ’l;m{'/d ﬂ/‘{f%/tu‘c SubseH 0/ AD ”

ﬁnmyyvg, tt A =‘,5$)4[ be a /ﬂ. gen //m/co/ ﬁa{ﬁ%}’a w/o
ﬁ/’épafarfs s.t. /40 =[F o/;% Zhs %Mm we can construdt a
/yyec/’flw_ VM/V?_ /%wu/?/ i A jwdeo/ ? /41 (= A s
Q (7/’20(60( f&fo?f/efq'z‘ a/ /‘—/,{:o,{i,]) S me we (a/f,w/w 74
Mj%ﬂb& 5&/{&%‘ o/ Ph ﬁ/q//uo/é ‘LZA l:f’/lfﬂ/z o/ [A;,{’,,]——WA,
h/ﬁa/ (52 /amajelreow /Zl/t’x[.

In jaw/a»( —///4 1sn't jma/dt/ ? /_{,~ we e B /»Z(oh///y :
. oy st /4(,,/): = é@od/d /Sj&ca/ﬂ;feo/é/d/_

4 fffh }év—f ; -L[ZL /Orﬂ'cdl/vc variety we jﬁ/’f (s /méam&%
0/ 'f[a D/m‘c& o/ o/ 4}0 4 an /fﬂ/ﬂofiﬂ/lfﬂf.

é’/—Y@M/O& 76;6(’_ /4‘ [/:{;,X,j (w. K/IMMJVIZ”/MJ,). _Z:LZlecJ' Nje
fo ’f/c fry‘eofll/c 5}&_ ﬂ) ! //ow Coﬂfloér /4(1). I{’J’ jWafeo/ @
(7‘7.':/‘25]: 1,1;,5/‘71: =x % The  relitions between the eloments Yo

) We genopeted 6 14 - y ? 7Z contesigondding aleebric
o I DA A S )
Subset s L[7°ji7‘]/‘/”°ﬁ=j'2fcp . Denote n‘g X

//: are jomé % construd Two /mn‘uw% Nerse /o?na/md

maps between [P LN A/‘L!jﬂ:,ﬂy’%* »éj/z/en p}
[Xo.‘)(,] 4 [on-'/ﬁ}é-'sz]. S we /@414& ;u: X/ﬂlpl
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| ) Z},:J],[/ﬁ #0
y/[([];j':jﬂ)— {ijﬂ,i{j‘,#a

: ﬂeck ;ﬂ,/ﬂ we well “o/&//ua/flmﬂzaa/% mvesse
haps. Furlomore check Hedt ;ﬂ e Moyphisms [/)7 e sense
7 / 7
&r/a/czinc/ in e enod of Seckion 3 /).

4 conne A ion A//Z‘4 /V(c/ed(/l/c vaneties 5 one of e W& 505
o core abput j)’qo/ﬂo/ 4/&%/22:,



