
 
Bonus lecture B2 Connections to Algebraicgeometry
1 Vectorbundles on C manifolds

2 Modules algebrogeometrically

1 Vectorbundles on C manifolds

Vectorbundles are of crucial importanceforDifferential

geometryIn this section we sketchwhat they are
Let M be a C manifold e.g a submanifold in some 12

On themost basic level a vectorbundle is an assignment of a
vectorspace to eachpoint of M thevector space issupposedto depend smoothly on thepoint inparticular to havethe
same dimension if 14 is connected To make this into anactualdefinition we need to formalizethenotion offibersdependingon
a point in a C way To see how this should

be done consider

themostclassicalexample the tangentbundle It assigns the
tangent space TmM to each me14 If we have localcoordinatesx in on someneighborhoodUCSUofm then IMgets
a basis fx.lu is 1 n Thisallows us to trivialize the tangent
bundle over U Notethat a differentchoice of coordinatefunctionsXi Xi on Ugive a different basis lu the two bases are
related via the Jacobianmatrix 3
Now we are ready to define thenotion of a vectorbundle
Let E be anothermanifold w a C map H E 14 We

pay
that E or moreprecisely E x ̅ is a vector bundle of



rank n if cover Y U by open subsets and a
collectionof isomorphisms

1 4 4 UER
St 2PEI PapeGln C 141Up invertiblematrix s t
2 924ps a 4 Pap u x well AUp ER
Notethat thematrices 92ps satisfy thefollowing conditions
922 Id Ppa Pip 928 Pappy on Unplug
In factgiven such a collectionofmatriles called the

transition functions we can reconstruct the vectorbundle uniquely
bygluing the open subsets U D Up R aregluedalong
AUp R using 2

Inparticular we can equip TM m meM e TmM
with the structure of a vectorbundle by usingthe Jacobian
matrices for thetransitionfunctions
Thenext important construction is that ofmoduleofsections

By a section of IT E M we mean a C map 6 M E s t

stob idy It turnsout the set ofsuchmapshas a natural strive
of a module over M the algebra of C functions Forexamplelet's explain how to define 76for fee M and a section6
It's enough to define f lu s and show theyagree onintersectionsWeset

46714 92fly 6
Here yet is amap U UER oftheform a agalul
it's a section of theprojection 4 132 Us where g is a



Cmap U R So by fly 6 we mean themapUα UpR
givenby a lu fgaul Andthen f6 lu is indeeda section of

142

Important exercise
Show that 76 is welldefined the restrictions of f6 to

U andto Upagree on UAUp hint use 2

Define 6 6 for twosections6,6
Showthat these operations equip the set of sections w a

coM module structure This set will bedenotedby M E

In fact usingthe same construction we see that the set U E
ofsections of M U U is a C U module Themodule

structureson U E for various E are compatible in a suitablesense

making the collectionof UE into a sheaf an important
notionthat we are notgoing to define One canactually recover

Efromknowingthe sheaf but we will skipthis as well Finally
notethat if E trivializes everU U UxD then UE
is a free rank n module over u

Example Forthe tangent bundle TM its sections on U
UTM is nothingelse but the vectorfields on U

Remark Notethat S4E may fail to befree over CMI



An example is provided by 14 the 2sphere E TM The
claim that MTM is not free over CTM canbededucedfrom

the heggehog theorem everyvectorfield on vanishes at some

point

Tofinish let's explainwhy we care about vectorbundlesand
their sections

Vectorfields are fundamentally important in the studyof
manifolds

So are differentialforms sections ofexteriorpowers AT14
forexample they are crucial forthegeneral Stokes theorem
Sections of 5 1 4 symmetricforms areimportant forthe

pseudo Riemmaniangeometry Relativitytheory while certain
sections of ATM symplecticforms are important forSymplecticgeometry Classical Mechanics

2 Modules algebrogeometrically
F is alg closedfield X is an algic subset in F i.e

an affinealgic variety A FIX
Q How to thinkabout A modulesgeometrically

Quick A Generalmodulesgive some singularversion ofvector
bundles singular refers to fibers of differentdimensionsbasi
ally Locally freemodulesgive a completealgebraicanalogof



vectorbundles Well elaborate onthis below

21 Fibers
Given an AmoduleMandapoint αeX wewant to assign a

vectorspace MW Recall Sec 12 ofLec23 that
max ideals in A

MY feA false Amy F

Definition For an Amodule M its fiber at α is
M a M M M an F vector space

Rem if M is fingenid dim Mk α

So from 14 we get a collectionofvectorspacesindexedbyptsofX
aprecursorof the definition of a vectorbundle However these
fibers

may
havedifferent dimensions fordifferentpoints α

Examples 1 M A M x F

2 M A I where I CA is an ideal
MG A I Ma ALI A Itm
If MPI It him M a F

LEV I
If ma I I meA M α e



22 Localization of modules vsfibers
CF alg subset A FIX fe A a Thenthe

localizationA f is the algebra F Xp where

Xp LEX f x 0 Section 2.1 ofLecture24

Let M be Amodule theACF module Mlf Now
to α eXp we can assign two fibers Mk MLF 2 Mlf Mffmy
whereMICEXp is themaximal ideal corresponding to α

Preposition de Xp have natural isomorphism Mkt MA α

Proof Notethat my fitg21 0 We can view MIF as an A
module via the homomorphism c A Alf g Sinceclinic
mi theidealmyacts by 0 on MEF 61 So the homomorphism
M M f descends to

3 M a MCF1 2 MtMM 4 MLM f
Weneed to show 3 is injective surjective

Injectivity we need to show that GeMLMIf meMM
The inclusion of M M f is equivalent to

f m Égimi o for some lie giemy miEM
From f flalem we get f flattery So
767m f f a e m gimieMM Since frito we are done

I



Surjectivity Weneed to showthat MEM le74 MeM
st He hisMff Just take me far em

An informalway to thinkabout theclaim of theproposition
the collection of fibers of MLF is just the restriction of
thecollection of fibers ofM from X toXp

2 3 Projective modules as vectorbundles

Let X be an affinevariety Set A F X and let Mbe
a finitelygeneratedprojective equiv locallyfree module By
Problem 4 in HW3 f fi A w f fi A s t M fi is
a free Alfi module Thecondition f f A geometrically
means that X Xp Preposition in Sec 2.2 suggests that
M fi can be viewed as the restriction of M to Xp This

gives
anotherexplanation to the term locally free module

We view M as an algebraic analog of the module ofsectionsof a vector bundle Forexample the corresponding affine
variety E is recovered as follows

Exercise Prove that M Hema MAl is also a finitely
generatedprojective Amodule

We can form the symmetric algebra Sa M

A



Exercise 1 Prove that SaM fi Say M Fi hence

isomorphic to the algebra ofpolynomials w coefficients in Alf

2 Prove that Sa M contains no nonzeronilpotentelements

Let E denote theaffine variety corresponding to Sa M
The natural homomorphism A SALMIgives rise to a morphism
of varieties JT E X Then IT Xp is theaffine variety
corresponding to SaM f as this isprecisely the locus in
E where the function first is nonzero
Assume now for simplicity that MLF Alf where n is

the same for all i true forexample when Xis irreducible or more
generally connected in Zariski topology Thenby 1 of thepreviousexercise JT Xp Xp Dt in fact intertwiningthe
maps to Xp This is an analog of 8 fromSection 1 One
can also get the direct analog of 2 there it comesfrom
the natural isomorphisms MCF f M fit MA f
the identifications M fill Alf M fj A fj

We finish withthe followingnicefact whoseproofbasedonthe
Nakayama lemma weskip

Thm Suppose X is irreducible or moregenerally connected Let
M be a finitely generatedA F x module If dimMk is
he same αeX thenM is locally free


