
 Bonus lecture B3 Connections to Algebraic Geometry III
1 Dedekind domains in Algebraicgeometry
2 Classgroups in Algebraic geometry

1 Dedekind domains in Algebraicgeometry
As was mentioned in Lectures 25226 there is an important
classof domains comingfromAlgebraicgeometry algebrasof
functions on irreducible smooth algebraic curves Weelaborate on

what this means in thissection

1 1 Dimensions in Algebraic Geometry

Let CF be an algebraicsubset a.k.a affinealgebraic

varietyHere we discuss what one means by thedimensionofX By
Sec 1.2 inLec26 Xi the union ofirreducible components
It's natural to assume that dim maydim andso it's
enough to deal w irreducible X
Recall that inthe C setting the dimensionof amanifoldM

is the maximal number of functionally independentfunctions
on 14 We can apply the same logic in thealgebraicsituation

finition For irreducible X define dimX as the transcendence



degree of Frac F as a fieldextensionof F

A sanitycheck for X F thefieldFracFIX is thefield
ofrationalfunctions F x Xn of transcendencedeg n

The observation thatanynonconstant element in F x canbe
included into a transcendence basis recall isalgebraicallyclosed

plus some work leads to thefollowing result

Proposition Let Xbe an irreducibleaffine variety Let fetlx
be a non constant element Thenevery

irreducible componentofthe
subvariety ofzeroes of f in X has dimension dimX 1

Corollary for irreducible TFAE
a dim p

6 Everynonteroprime ideal in F x ismaximal

Sketchofproof a 161 LetpcFX to be a primeideal fepke
Let Vp CV f CXbethesets ofzeroes ofpff in X Thenevery
irreducible component of Vf hasdimension 0 i e is apoint Since

is irreducible it is contained in one ofthese components so is



apoint But I VII gives a bijectionbetweentheradical ideals

in F X algebraicsubsets of thisfollowsfrom Corollary in
Sec 2.2ofLec23 Hence if Vp α thenp geF x ga e

By Corollary in Sec1.2 of Les23 p is maximal

6 a Analogously to theprevious argument we seethat

everyproper irreduciblealgebraic subsetof X is apointNow
dim X P fellowsfrom Proposition

Ofcourse the varieties ofdim 1 are called curves

12 Normality smoothness

Now our question is when for an irreducibleaffine curve X
the domain FIX is normal Forthis weneed to discussthetangent

spaces in Algebraic geometry
Let's first recall onedefinition of thetangent space in theCsetting

Let M be a C manifold meM Then the tangentspace TM
s identifiedwith the space of B linearmaps 2 4 R

satisfying the followingversion of theLeibniz identity
1 24g af g m flu 2g
The same construction makes sense in thealgebraic setup Take



an affine variety X LEX Thenthetangentspace TX isdefined
as the space of F linearmaps satisfying thedirectanalog of61

Exercise Let in bethemaximal ideal FEFIX 767 0 Then
any

JETXsends 12m to 0givingrise to amap TX mm Show

thatthismap is an isomorphism

One canshowthat dim IX dimX for all αeX Anexample
when dimTX isprovidedby X x

y y
3 0 the cusp 2 1901

Here m x ̅g where x ̅g are the images of xy in FIX
F xy y

3 a m x ̅ xj̅ y Weclaim that xg̅ are linearly
independentmodule m equivalently theimages of xy in
F xy J

where I x xyy x
y x xy y are linearlyindependentwhich is manifest Fromhere we deduce dim I 2

while X is a curve so dim 1

Definition Wesay that LEX is
smooth if dim IX dimX

and singular otherwise Wesaythat irreducible is smooth

and F X is regular if all points of are smooth

hisgeneralizes to reducible one needs to be a bit careful



with thedefinition when there are componentsofdifferentdimension

Anypoint lying in morethan one componentturnsout to besingular

For F C thesmoothpoints are those where a neighborhood

of Le looks like a small disc aroundOEC So the loinsof
smoothpoints in X is a complexmanifold
In particular we can talk about smooth irreduciblecurves

Fact F X is aDedekinddomain iff is a smoothirreducible curve

In general regular impliesnormal but not vice versa thefirst
example is FIX where xy z I y z 0

2 Classgroups in Algebraic geometry
Let X be a smooth irreducible algebraic curve Wewantto

better understand theclassgroup Cl X Cl F x In fact we'll
see that toget ameaningfulandnice answer we needto replace
with its projective closure

2 1 Projective closure

gyet
CF be an algebraic subset Let x tndenotethe



standard coordinates on F Weembed F as thecoordinate char

x.to in theprojective space P see Sec3.2 in LecB2 Wedefine

x ̅ theprojective closure of X to betheminimalalgebraicsubsetof P
containing X Equivalently x ̅ is the common locusofzeroes ofthe
homogeneous polynomials f x x Xn s t f t x X.IE I X
Now assume that X is a smoothprojectivecurve Thevariety
I canbe singular However for a suitable choice ofgenerators of
F x thatgives rise to an embedding ofX into Fmas analgebraicsubset x ̅ is smooth Thevariety x ̅up to an isomorphism

depends only on Frac F x Note that FracFIX is naturally
dentifiedwithFlu foreveryZariskiopenaffine UCI This field
s calledthefieldofrationalfunctions on x ̅ isdenotedby
F X

2 2 Thedivisor of a function
To nonzero fe F X αex ̅ we can assign the order

of f at α to bedenotedby orda f This isdone as follows
Let Ube a Transkiopen affineneighborhoodofα in x ̅

so that x ̅ U is finite if Ic P for U we can take the
intersection of x ̅ with a standardcoordinate chart contai
g α

Then U is a smooth affine curve FLU is a



Dedekind domain Recall that themaximal ideals in FLU
are in bijection w U α MI see Covellary in Sect2 of
Lec23 The uniquefactorization theorem from Sec2 ofdec
25 see also Sec 1.0 ofLec26 extends to nonzerofractional
ideals every such ideal in F a uniquely factorizes intothe

product of integerpowers ofmaximal ideals Forord f we
take thepower of m in thedecomposition ofFlu f equal
to 0 in M doesn't

appear Forexample if fe F U then
end f 30 ord f no means that flat 0 In fact orhalf
is interpreted as the order of zeropole of f at α
To make this interpretation more explicit considerthe

case of F C Here x ̅ is a compact 1 dimensionalcomplex
manifold inparticular every αEX has a neighborhood in
the usual topology that can be identified w zeal12kt
where αex ̅ corresponds to 0 The restriction of f to this
neighborhood is meromorphic andorda f is the orderofzero
pole of f at 2 0

Exercise α ord f to is finite

gpef.in
The divisor divift off is ordalf α e I



Facts 1 divif e f is constant in thecomplexanalytic
setting this follows from themaximumprinciple

2 erk If 0

2 3 Structure of Cl X
Note that for an openaffinesubset U wehave FI F u
I exercise So theanalog of FI for x ̅ is I x ̅Andthe

analog of PFI is Liv f I feFrac u 0 thefields
Frac F a are naturally identifiedfordifferentchoices ofU
We set
1 U X TL div f
With thisdefinition for an openaffine UCI wehave

2 Cl F u TL diff I tu

Let's explain a fewbasic things about thestructureof
A X First of all considerthe degreemap 72 472 thegroup
homomorphism sending Lex a basiselement in to 1 By
Fact 2 in Section 2.2 this homomorphism descends to agroup
homomorphism Leg U X I This homomorphism admits a right
inverse depending on the choice of apoint αex ̅ it sends nek
the class of nd in U X1 So U X Zaker deg



Wewrite Q X for ker Leg It remains to describe the

structure of Clo X Thedescription is easier andmore classi
al when F IC which is what we aregoing to assumefrom now on
Note that I can be viewed as a 2 dimensional Cmanifold

It comesfrom a complexmanifold hence is orientable It's
projectivehence compact Compactorientable surfaces are classified

up to homeomorphism or diffeomorphism by thenumberofhand
les known as the genus Here's a cartoonfor agenus 3 surface

Example Consider a curve x ̅ in B zeroes of a homogeneous
polynomial F xy z ofdegree d The condition that x ̅ is
smooth is equivalent to the claim that 13 3g3 Deala
go for a 6c 90,01 Then thegenus of x ̅ is d1 2 2

Forexample
2 1 this isjust P given by a linearequation in B
2 2 this is the smooth quadric in P It is classically

known to be isomorphic to P via theprojection from apoint
in thequadric Butmore is true everygenus 0 curve is
morphic to D



2 3 upto a linear change ofvariables everypolynomialF whosezeroes in P is a smooth curve isgivenby
get itpxZqz o pgee 4ps27940

The latter inequalitymeans that thepolynomial xtpX q
has no repeated roots

The curves ofthis form are known as elliptic curves In
fact all genus 1 curves are of thisform

Now wegetback to thegeneralsituation

Fact Let g denotethegenusof x ̅ As agroup Cl X is
isomorphic to thequotient of 8 thegroupw.net addition by
a rank 2g lattice i.e thesubgroupgeneratedby some B vector

space basis

Aproof is roughly as follows one shows that 09 1 is
a compact connectedcomplex Liegroup and then shows that
the dimension isg Any suchgroup is isomorphic to a quotient of
68 by a lattice as explained in the fact

Exercise Prove theclaim ofFactfor x ̅ P



Example Weget back to the example of xg̅ivenby
y't x pxz't923 0 There's an elementary construction of a

product on x ̅ w o 103being 0 for αβVEX we declare 2apr0
if αβ8 are the intersectionpoints countedw multiplicity of
a projective line in P w x ̅ Then we have a homomorphism
α α o x ̅ Cl X and one can show that it is agroup
isomorphism


