gcm/us szfure B3: fw?neaf/ans Zo /4%9/5/@& &MM/{/’ ,][_[_
1) Deceicimd domains in 46%’}’0& jeomr/zfyg_
Z) %SS j}’ou/ps (n 4%%/&4}_ jeOMVf/Z,.

1) Dedetnd tomains in déjd’m jeomub‘;y_

As wes mentioned in Lectures 25 [ 76 f/m is an Zm/aorfmf
closs o/ 0/0)144,[,,5 fomin} ﬁ’m JGJ/K}QJC jeomyf/}: déwgm: o/
Jémﬂf lons on ["}’VMZ(W’«M) Sﬂma’fé djagm/’c cUrves. /l/e Jaéomfc on
whed this means in thy setion

11) Dimensions i 46@5}@& &om%‘fy.

Z&'L‘ )(Cﬂrh le an %%rmc Sufselt (a- k.. 4///’”': Mj@émic Vari-
C{J) Heve we discuss W/d: dne  means é fé dmension o/ £ z?
Sec 12 inlec 24 X =(,=()/ A e cmn o ineducible components.
s peturd 4o assyme Lot a//m)(wnfx adm X and so its
Eﬁmc(j/ Yo deald . iveducible X

Beell td intl O setbuy e diansion of @ monifold
o e moximed number of /74}1(75/0%2,5/&) c’no/c/oem/wlz ;éﬁml/ong
on M. W can 0f/7§ o some /c:j/c A %%V&‘c srtuat ion

.@e/z’ nition: For iyveducible /{f defne dm X as 4 Brenscendenc
7]



a/{j’}’a 07/ Frac F[X] RS a4 %o/o/ extension o/ [F

/A Iam'z‘d\f chece ~for N=IF e Sl Frac FIXT s Ho feld
o/ /H/Z(/am[ 7{/;402[/014; ﬂ-— &4 )(,,) 0/ f/Msceno/ﬁna o/eJ =/'L).

Tl ofsewation Hhat 2y ponconstant element in [FIX] con be
/nal;o/eo/ mto a flanj(em/encc p/asu /}’eca,ZZ ]7 1 A/j’ﬂ/{/w'ca% %jeo/)
= plus some wore ~ bozds £ L /WZ/OWMJ resulX.

9&79051%)01'); Z{/{ X {e oN c'ﬂ’fo/aa’/é 47%& Vw/o’t}, Ze/f /éf[)(]
be o ron- constant elewent. Tlow every infesluci6C fo/f;w/zaz‘ of the
sub va/iaf% a/ zvoes of £ in X has  cimension dom X1

[m%@;
a) a/im X=1

5) El/era, Nontero prime /'o/eazf (n F[X 1 /hrzxc'ma/-

v invedudibte X TFAE:

Sretch of proot- (a)>(8): Lt peFIX] f#iS be @ prme ideed £ feplto®.
Lt I/[/A’)CV//)CX b ‘fé sets 07/—27."/0(5 a//é,fyf(n )( 7Zw e)/ey}
/m:oéwi {é [ﬂ/ﬂ/?mzﬂ'é o/ V[/ ) /«S a/MMS/M 0 /e is 2 /ﬂo/}?f. Sma
U }5 ) is meduiible | it is contained in ate of ez Components, So s
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a /Domf. But T V() guves & {l/eﬂ[/oh beApreon o vedicad ieets
i FIXT g %{’/g/@lﬁ subsets of X s Allows fom (orellars, in
Sec 22 of Loc 23). Henee if Vip)- 33 f@ﬁ:[jeﬁ:[)(][j(x)w}.
/s} [oz/o%/} m Sec 12 of Lec 23 %lj maximad.

6) = (a): J;m,/?jwsé 4o £l /o}'ew'ous aﬁummf) we See Lhet
el/erg /))’olger veduiible xjjagruc 50/587{ o/ X is a /amﬁ NMow
ow X-1 fw//ows yg’am ﬂ’7005l¥/on. J

ﬂ/ course, fA vanetes of a(m 1 are clled Cuyves.

12) //oymdf%} £ smocthness
Novw ow 7uesf;on s A/[w, by an (veducible affme cunve /1//
f[L aémculn F[X 1 s stormel /L;V f'(is we neei 4o oliscuss 754 z‘wgwf
S/y/zczs n /4%%}&& jeomdf}/?_
les fost recoll o defuition of e toment poce in 2l Csetlny
LA M fe 2 CEmanitfld § me M Thea 4o z‘anjenz‘ space LM
/s identfed with e Space of (P-Unear Maps 9: C" (M) —[R
set Sz%/né, Fe /a/f/aw[n} version of He Loibmz //mz‘/‘?:
(1) 9(79) (9/)3(m)+/[m) %
The same constrction moses sense (n 4 zz/y/t(/w'c J’f/’tlufl Tate
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an Q//’)m; VM%} X £ « el e 1% 'fwzjenf Sorce. 70:/ /s p/dmc/
as 'él( S/MCZ 0/ F“ﬁ”@ﬂf M@US 5a/€i57§,,7;/ 754 ﬂé}’fﬂf Mb/odt 07/)/71

Lot fy be 4L moximel jdeal [/éf[X]//G(FD}. 714«047,
d€ CX Sends 18 W4 0 glving fyse ) mep Z_X—-’ (/)™ Show

Yot 4hs Map Y /somoqw/;zrm,

Ohe can show Yot dom Z;XZO//mX tor ol e X An eA/m/aé
When A ZZX s /rouzo/co/ § X- f&g)/f—x%af (e ”cas/o”) £ <=(g0).
Hoe m=(% ')/ where )’(;(7‘ are e z:/nges 0/ )()g m Fix]-
F/x,ﬂ/@’-xf) & ' (% 5(_(7"}0471). We clnim Hhat /T,j are K/ﬂ:’u%’
/’nafwma&m‘ %Mg fnz, C7u/'w</mf%ﬂﬂ /mja of X ; m
ﬂ:&/j]/jz where = ﬁrij)gz)+(xfj3) - &)ZXJ, (7‘) are /Mmyéf /m/e-
p&/lo/@m‘ —whid s menifest. From fere we deduce oA 7;)( >4
whte X is o cane (5o cim X=17)

@57/;.}71‘12/0”' M Sa? 'é/q/f o(é/r /s )‘MDM‘Z // Q{m Z;X =a/lm/{/
/dwo/ S)njwfw of/cm/zje). ﬁ/e Sag ‘f/a?f Z/rﬁp/uu'é& X is S}Mopl%

/ﬂno/ F[)(J Is lfﬂuja/) 27/ W/aoz}nls of X on smoot],

Ths jmeﬂz/@zcs b wluiille X (ome noeds 4 be a ¥ caretnd
4|



wﬁ% ’L[Zz p/wpm}iélon L«//w ’Lébe e cam/pow‘fs o/ A&]%/@MZ a//mfmzbh)_
/fiy /ooi;n,Z @’”9 in Move Dhan one eom/pomz‘ ZGrns aut o be _Q)gm/a/_

for F=C , th smoot /00/)4fo are f/o:c/ where ﬁe/'j/o/a%aoa/
a]/ L€ X lors bee a small disc aramd O c’ o, Ao towus o/
Smodth /mhfs in X i a cozzf/ex /ﬂQﬁf/o// ).
In /Dwz‘mw/&/) we con Lok aboit smosth wreduible corves

Fact: [FIXT is 2 Dedermd domain X is 2 smostl ineolucid cumve.

In 5%0/21 ffj“/ o (mplles vormel, bt wt v vessa e prst

exempte /s FIX] , whese /(=/&,j,e)eﬂ’3/xif+e’=0§
2) [hss oS (n A%(QZVQ/;C jeomm‘/}_

[t X be a smosth inveduci 6 wfng}’w'c carve. We went %
better understand Ll cless grogp 0O CL(FIXT). T foct, sl
cer Yot o je/é A /Mfam'n(j/u[ and ne answer we neeld o /7écg
X with ifs ;0}’0(/;_” Awe’ closure.

2.7) ﬁ/(a/eﬂflv‘: osure
Lt )(Cﬂ-_” be an %Jrﬂ’c subset. LeX X, X, dewcte He

—
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stended coordinetes on [F" e embed [F" as Hle cordinete cheovt
x.#0 in th pjective spac P(see Sec 3.0 ip Lec B2). Wb dofe
47, Hhe /ﬁ}:o/'{yf/yc chosure of X 1o b 4l minimel zz,%w/gmfc subset of (P’
@nﬁzzm} X £7 Ul '/”‘/4”{”’;1 , X is f[c common Cocus o/ zewes o/ A
/omoanfaus /pofénomia/s /[xo,x4,,_)(,,) st. 7ﬂ[ Z)Q,..X,,)GI(X).

— Now  aSsume anJf Xic a smooth /ly’eafn/c curve. 71 Ve//ﬂ?
K can be S/quw{ //owmg ;@r 2 swtable choc of jmc/dmr of
Fix] /f/a)f gives /s 2o an eméaa/a/)% o X o [F"as an a,éve/{—
Yauc Iu{wf) 5 X is Smwﬂ. 7L Va//d‘} j(—a/g Yo an /fom?g I
a/goena(r 0/1/9 on [Frac (1}—5/]) Note thet Frac FiX] is /Mjfam,@
/'a/en‘éif/en/ [«//Z% f[ M] /Br e#erdy_ 2Nk open 4/74@ U C}—(—. 7]/.r 744"/6/
ic called ‘f[c Sl o/ yeiione . Funions on X K is Aensteod @/
F(x)

2.2) The ivisor of -2 fumcHion
To nonzerp 7[61]7(}(—) £ 0(67 We Cau aSS"/jh ‘f/c oro/er
0//;@[ «, £ be denotedo {} Oroé [7/)) T is @émj as Mpwg_
S U b o Zanski gpen 2f e /Le(jo/p/or/oo/ o X
(o that X\U i fute; if XelP’ for U e can tare Yo
intersection of X with a stewdavd coordimate chat contai.

jﬁlng . Then U is 4 S/ﬂoﬂ% M%/u curve { [F[Z/] 5 a
A



Drepleind domain, Focall ‘het . maximed ikeads in [Flu]
#e {g'\eu‘f/on w U (a2 hy,), ser /m»ffwy in Sec 12 of
Lec 73 774 aﬂ/c/JuL f{aﬂfdrifajf/on ’f/eo/ém f}eo;u $or 7 o/ Loc
25 [see also Sec 10 of Lec X)) extends 4o nomen ]&wfmﬂd
/Z/fnv/s L every Such ideal i Flu] um'?wé 74/50/’/565 into e
p/polwf of Zn‘fije)' powers of mavimeld ideate. for 0/’04 (f) we
Loke ‘f[e /owe/ 0/ ﬁ4°< i {A péCDM/OI/:f/Oﬁ 0/ Hlﬂf /{faa//
/A M, 0/08519’21 ﬂ%/ﬂeﬁr) For exw/é) it /6 f[M]) Hou
m{( £)z0 X oroé[f)w means that /&)ra _Z}a;éyf, w{[f)
/s z}ﬂéf/’p/e fco/ RS {A 0//047 a/ -&’6)’040% 0/ / A

To mere Bhs /hfek/wefafzon more explic consider 2o
ase of F=C. Here X is x cm/oa%[ 7- domensione ! ca/z;ﬂ%éx
/msza//o( ,[n /garzz/w/a;; %’C‘]L o E )—(— /zz; R m%(’jﬁwlgoo/ ﬁh
4, wsyad” ‘fc}w/ojz/) Yt can b ideatibed w {z2eC| /z}«ff]
where v Cor/cslmno(s to 0 Tl rstnidion 0/ / 4o 4hys
ﬁcﬁ/ﬁor%oop/ /s Me//p/Mo;;n/)c} and ond, (f) is e ovder of zenw/
pote of £ ot 20

: /o(/arpé(ﬁ#of is fnte.

j)@//n,: TZL pdwsor) aév(/)l 0/7[,3 ,,(Z— 0700/( {7/'70(6 7[@)?
E] €x



Fa&lls 3 7) d/ﬂ/{/)=0<——$ / /s constent [[n %4 Colzf//?x Ma.%{lc
Soff)ﬂj ) 7{/)': Follpws ﬂom ‘LZZe MAXI M /0//17&//'0&)
2) er)? afoo/( =0

ZB) Széfw/fu/e 0/ %/)7)

Nite Hhet for an dpen 2Hme sudset U we fae F_Z_[[F[UY)’—‘—’
7% e So th amehss of FT foy X s 2% And 2o
aneog of PFT is {dv )l f€ Pac(FLuI)|{o3f [Hhe frelits
Frec(lFlu]) ar m/{amZ{} dentited fov diffevert chows of U)

We set _
() wr)-z%/ th (%

W/ﬂ 7,%5 /H[lh/'f/on, /?w @ opes /(;g//m UcX we fave
(@) HF])= 2% b3+ 2°7)

[ s ex//ajn o few frsc z//mjs ot ﬁ/u. stucture a/

—

/Z{X—) First of /4 CO/?:/Z/cV 7{4 ’/é{fjl/e& /m/p" 7/@#(—974 f/e(ij/o
Aommo}?oéc'sm, SMQ/)MZ ¥ JeX (2 basis eloment i 7_/@7) 4 1 %
Fact 1 n Section 2.2 £hys Aomomwy///um descnds % 2 o

éomoma;%/sm ﬂ/t(‘_’j (K] — 7 Ths ﬂ/ommoy//w admits & /f/ ¢
Lnverse o@pwa/mé on Z(ZL Aoice o z /ainzz dé)z it sends ne?

b th tless of pa in COIX). So CO(X)= 7@ ker (o/ej/
2



We wite [/ 0[)7 ) /oy ke [”/Cj] T£ remans to 0/@56//’59. ﬁ
Sf/uyfme 0/ 4 D( X ) The a/escr/)of/on ;s easier and more class-
cd wlen F-C, which /s whet we are jac'naeL %o assume fyom how on,

Nite Fhet )? can e Vieweod as o Z- dmensinel Smeni ol
T comes ]Lgom 2 COﬂ%&x menifol Jence is orienta bl Tt /0)3/«_
Aive, hene compe . fo/ﬂ/wf wienta ¥l surfaces ave ctacsiteol

up ‘Llo /omeomp/f//ﬂfn @V 0(«//60/%0//%//5»4) éd\l '54 /ﬂ/mér a/ 4%/

les known as e geons. Heres a rartoon for 2 gentis 3 surface:

(=)~ )L
Ve

E)m,mpfe: [onsz'a/cr a  cuwve )7 w ﬂ%zzemes 0/ o Aomogencous
/Jzy%nommf F&J,%) of o/f(jra o TL condition that X is
smodth js efu}vm/mf b e cLoin Bt [9—9{/ g—'—:/ Q%’C)/(@[)C)
#040) For (a6c)#(000) Then He gerus of X s i—/[o/—z)/o/-zl
For exam/aé:

d=1: s s /usf (P 'jn/en by a tineer €7uuf/on in [P

d=1: f/j; s Al smooth ?uaoZ/'/c i [P° s %sm%
£1own to be /:omoy/ i to [79 ’ ﬂ//a ’é[e, /)’(cy‘eﬁéon jg/om 2 /o/mf
in e 7uqo/)'/c). But more s fku:ew/} genus J cuwe i

/so/m;nﬁu 4 (P’
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0/=3-’ Up fg a /mea/ &/m e 0/ /M@%’J Ever oxgﬁo-
J 37
mirf /E w‘ase 2erpes (L f s R S}Mooﬂ aune /Jj/Ven p}
_ji,z+ x3+/0x2’+7z’=0 (p7€C, 4/&2777»’;&0)
77& /aiffef Zn€7ua/@;'7,[} means +thot the poﬂo,nwma/f XJ}/O)G%
has o /’epfu‘ea/ Voo'ts.
7"& CuUnes 0/ 1%1 %ym e Elown  4as %{m cHyyves . L
/ZV'L[) a/ZZ ﬂenus / cunes  are 0/ ‘f/)} %ym.

%w we jm,[ /aa( —fo ‘f[c jmemj S/%H@i/on.

Pzzuf: vaazz 0/eﬂo7fe ‘féjeﬂus o/z ,45 L’-ji’ow/o &/0/)7) )
/50/%017/)6 o ’f[c 7’01075/6‘72‘ o C o (‘lfé Jrou/o w it addition) /J/
A renx Z} lottie, [ie. 4. Juéfrau/o jene/deo/ ? some [P~ vector
Space fasis).

A /orao/ is /’ZWJ/%L as follows: one shows Tt COUX) is
2 [’am/jayf conpectes Cowlofex Lie ji’ou/n and Hon shows et

‘ﬂe Mrﬂeﬁjloﬁ /S ; /417, S’uyA ;i’ou/o (S /So/fm//’&//c ) Q f&/ﬂf@ﬂ‘f 07[
it o} 2 tattice as exlafamco( o0 e §7% 4

- Pove te choin of Fotd o X-1P°
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EXM/OZ(L: /té jd /qct 7,[0 fé e)ram/m,/a 0/ /F(ﬁ)vm /%

- C({z%+ Cr /?521723=0‘ 7761/5'5 an o/emwfa/;, construction o/ a
Plfoo(aaf on X w. [o:1:0] !cfnac J- /o; %8 Xé)’(_ We aéc(wc p/»?ngzg
hf of B { o 4. intersection /o[nfs (cousited w /ﬂz(,%;v[fo/lé[) of
2 /)’y'ez}f/nfgm in PPw X Thw we howe a Aomamoy/ézsm
A+ od-0: X ﬁffa()’(—) and one can S/ow f/a/f 75 aj/au/o

/SD/’WO//&A/)’W}.



