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1 Something old
A concretegoal of this lecture is to establish a

derived equivalence between certain blocksofaffine quantum
categories 0

11 Affine category

Recall that C is a simplealgicgroup Let 5499
be normalized so that 12,27 2 short corset α

Form the affine ie algebra of usingthe form
Let ceg denote the unit element in the central ideal Let

5beCc be theaffine Cartan
Pick Je5 We write r for it es th where h isthe

gl Coxeter number so that k o corresponds to the critical



level We can define thecategory Of similarly to Lec 1
as a full subcategory in thecategory of Agradedofmodules
where A is theaffine root lattice

For x ̅ A we have the Verma module Δ X and
its simple quotient X

Rem Here we already see a bit of important difference from
both the usual quantum categories the labelling set

for simples is larger We also note that A 5 instead
Acsbe b for the extendedaffine Cartanbe feed
We can view J as an element of 5 by specifying in fact

any pairing w 2

Now set R 593 We can consider thedeformed
version 09r similarly to the above The categoriesOfa
Ofr are highest weight over over R respectively with

poset A that is intervalfinite see Sec2 ofpart IV for

the
discussion of such highest weight categories



12 Subgeneric behavior

Choose paebe w Cps27 1 for all simple corects α
so that pics h
Def
A real affine root β is integralfor J if I pusETL
attpapine
We
say that S is integralfor J if RF J pa a 0

The following is known but nontrivial ef thediscussion

in Sec 3.2 below

Fact 1 0 is ssimple there are no integralreets

2 If theonly integral roots for I are a pair ofopposite
red roots then 0 splits as thedirect sum of blocksof
category forSla

We will explain below in the New part whathappens
when the only integral root is S
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13 Whittaker coinvariants

We have the triangular decomposition of n 50h so

can consider the Whittaker coinvariant functor Let p h
be a character that is nonzero on therootspace g α
simple veets α Set Wh Cp upna g mod
This gives rise to functors Of Vect 0 Rmed

Semi conjecture Wh Of Vect is faithful on standard

ly filtered objects if Rto noncritical level

As a consequence Wh D r Rmod is fully faithful
on standardly filteredobjects for Rto We'lldiscusswhat
happens at the critical level in Sec2 speiler bigcenter

happens

Rem Let'sdiscuss the status of the semiconjecture I
don't know an algebraicpreet andwouldlike to have onehoping

will also work in thequantumeffinesetting A roughidea



ofproof in the negative level setting R Q is use the

KashiwaraTanisaki leialization to relate blocks ofOf to
Hecke category perverse sheaves on finite or thinaffineflag
variety and use an analogous statementforthat category
which is known I'll skipthe details here

14 Blocksandhighest weight order

Theaffine Weylgroup W WKA thecorset lattice
acts on 5 and henceon59 for a real root β thereflectionSpu acts by x spinp xegea

Exercise Write down how wtx weW XeA acts

Assumefor the rest of the section that Rte EmbedA
into 5 via I Itp 7 The image is stableunder Wes
giving an action of Wes on A The following is a theoremof
Kec
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Thm The blocks in 0 correspond to Wajorbits in A

for such an orbit we set 0 Servespan of D X
then 0 05

We note that the highestwt order on E is generated

by spu.MX if thedifference is of theformmlatnstlw.meand me or 270 An interesting case is when REQ
an integral real root so that Wes is an affineWeyl

group
One can deduce the following from Exerciseabove

1 If re Ohio contains a unique integrallyantidominant

element I Identifying Wei W whereWEStabwait
w E via WWtowin weget the usual Bruhatorder on
Was W

2 If ReOh e E contains a unique integrally dominant

element 7 Identifying Wes W whereWEStabwait
w E via wW.tw I weget the opposite Bruhatorder
on Way W
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Rem note that bothorders are different from theorder

for quantum category cf Rem in Sec 4 of Part IV
that order was invariant under txx while neitherthe

positive nor the negative level orders are So there's no

highest weight equivalence between these two categories

2 Something new

2.0 Discussion

It is easy to recover the quantum order on E Wo We

in the affine setup Assume Redco Set Δ an81
270 or 2 0 no This is a system ofpositive roots in
theaffine root system Δ We can consider the order 7 on

given by sprint if I p'sβ is apositivemultipleof a root in 0512 This is what we have in the quantum
case

Morally a chance of apositive rootsystem in 0 should

give rise to a highest weight t structure on suitably comple

2 D 0 Forexample



e Theusualpositive root system Δ givestheusual tstructurestandards Vermas

1 TheaffineHecke category Dean I Gl I acts on
D 0 1 thisyields theaction denotedby ofthe braid

group Brwa on D Of by equivalences The twist

of the usual t structure by T corresponds to Δ

2 Δ gives rise to the Ringeldual t structure onthe

indcompletion of D 05 This indcompletion is

equivalentto a suitable version of the derivedcategoryfor the

positive level category andthisequivalence is t exact for
the default positive level t structure

3 Dan gives rise to a t structure on D Of called
Frenkel Gaitsgory new stabilized semi infinite

t structure The standards are theWakimoto modules

2 1 New t structure
Assume for simplicity that I is integral therelevant

braidgroup is Br Then A Bra lifting 7 at x Let



JeBre denote the image of X

Facts FrenkelGaitsgery BetrakarnikovLin

1 autom unique new t structure on D 09 s t

0
new

FED 10 5 FED 05 is
for usual t structure

2 D 10 D heart of new t structure

Note that with the usualnormalizations I is costandard

for X dominant J is right t exact standard for 1
anti dominant One consequence is that J Δ t xx is indep

ofX for all X sufficiently dominant howdominant depends
on x These stabilized objects are denotedby Δˢᵗ x They
lie in 05

More facts 1 Archiper these are theWakimoto modules

as defined via the freefield realization

T



2 I L the heart of the new t structure is highest

weight w standards 0ˢᵗ x And the heart deforms over R

Using this andtechniques from Lec 3 one can now

establish a highestwt equiv between quantum cat

affine cat w new t structure morepreciselybetween

the blocks w matching combinatorics

22 Andwhat about the critical level
Ourgoal here is to understand the structure of 0

in the case when there are no integral real roots what

we want is a genericparameter at the critical level or a

parameter near such

We have the Wakimatization functor

Wak O b 0 log
where I is obtainedfrom Tby a shift independent of J
theonly important thing about this shift is that thecriti

level corresponds to the critical level



This functor can shown to be an equivalence when there

are no integral real roots of Remark in Sec3.2 ofPart IV
When r o Of5 is essentially the category ofgraded

modules wgrading boundedfromabove over thepolynomial

algebra in infinitelymany variables Notethat such a

category cannotadmit a functor to Vect faithful on

standardobjects


