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e 1 BGG category 0
Notation Base field C
G connected reductive

group g Lie G

HCBCG Cartan Bevel N Hom H E

Def Pick te5 view J as elementof 6 via5 6

is the full subcategory in Ulog modpg consisting
of all 14 s t the action of 6 on 14given by
x.mil m iixsm integrates to a B action

Standard consequences
Weightdecomposition MED M M w
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71M 0 is boundedfromabove withrespect to the

usual order list it did Span positiveroots

Can form Vermamodule Δ A Ug neg Ext its

simplequotient X so that A Irr 0 X X

Forguen have 0 Om w X Lma Xp

0.2 and its siblings
is a finitetype category is controlled by the Hecke

category associated to a subgroupofWtheWeylgroupofG
It also has affine andpotentially doubleaffine analogs

to be briefly mentioned new and hopefully elaborated later

Affine world is inhabited by

Categories over affineLie algebras thatexhibit
3possible behaviors negative positive and critical level

Modular quantum at a rootof 1 categories 0
Most of these except thecriticalaffinecategory are

directly controlled by theaffine Hecke category
I



There are also variousgeometric relatives oftheabove

categories

Doubleaffineworld we haven'tseenmanycategories living
here but one ofthe families shouldbe

quantum at a rectof 1 rational levelaffine categories
and theirmodular counterparts

Likely there are manymore but all ofthem find

quantumaffine ones are very complicated

c 3 Goals tools

Category D its siblings splitintodirectsums of
blocks Ourgoal is to establish derived equivalences
between blocks of different categories 0 Themostbasic
crucial tool here is highest weight structures to be

discussedin the main part of the lecture
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1 Highestweightstructures

1.1 General andabstract definition

Let F be a field C be an F linearabeliancategory

Definition Thestructureof a highestweight category w
finiteposet on E is a finiteposet J and a collectionof
standard objects Δ t EE TET satisfying the following
HWA LimgHome oct M so TEI MEE

HW2 Home Δ t 06 to I t

HW3 IF Endecott TEJ

HW4 MEE M 0 TEJ s t Home oldMl 0

HW5 TEJ projective P.ee P 067 s t

Ker P Δ t admits a finite filtration by Ole s w

I t

Exercises

A End P is finite Home e A modes
2 Each Oct hasunique simple quotient Llel and I e is

a bijection I Irr e
To



12 Example infinitesimal blocksof
itself is not highest wt in the sense ofSec 1.1 but

is the infinite direct sum ofsuch
Recall the Harish Chandra isomorphism

HC E Ulog I 5 1 wit whip p
so that ZUg acts on 0,141 by HC 7 7
Consider the equivalence relation on A 7,94 if
t.tt w hit
Weget the decomposition 0 where I

runs over the equivalence classes for
Exercise Each is a highest weight categorywith

standardobjects 0,111 heEoandorder restrictedfrom

1 3 Deformation

Let R be a Noetherian ring and erbe an R linear
abelian category Note that for MEer weget a right
exact functor Mop Rmodpg Er we saythat M is
R flat if this functor is exact
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One can generalize the definition of a highestweight
category to Er we requirethat Δft are flat over R
modify HWA HW5 as follows

HWY Homer oft M isfingeneratedover R
AWS Ker P 0kt is filteredbyobjectsof theform

at ROft for t't 2 Lt fingen'dprojective Rmodule

Exercise End
er Pt is fingenidprojective Rmodule

Main example R C5 completion at 0 Let cbe
the composition be 5151 6151 R
D p is the full subcategory in Ug R modpg

consisting of all 14 s t the action of 6 on 14given by
m ni W m integrates to a B action

Wehave the same properties as for eg weight
decomposition M M w fingenid R modulesMx
weights boundedfrom above We can form Vermamodules
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Dtr X U9 EgRx where Rx R w BAR by
Lat Ctt 7

Exercise D is identifiedw thefull subcategory in A r
consisting of all objectsM where R acts via R C

Remark One can informally view R asthealgebra of
functions on a tinyneighborhoodaround t Then O r is a family
of categories over this neighborhoodwhosefiber at apoint t in
the neighborhood is 0 note that strictly speaking Spec R

only has one Cpoint

We can extend the infinitesimalblock decomposition for

f to do r Let meR denote themaximal ideal

Set A R MED rl MM'M isfilteredbyobjects in 9 r

Exercise 1 Do r R

QR is highestweight w standards Δ ph he



14 Category of standardly filtered objects
Def An object in er is calledstandardly filtered
if it admits a finite filtration by AOporto t'eJ
where It is finitelygeneratedprojective Rmodule
The full subcategory of stand filtered objects will
be denoted by Cr

Eg Orle P from HW5 are in CR

The following claims require introducing costandardobjects
thereaders familiarwith the notion couldtry toprove
them

Facts 1 Everyprojective in er is in CR
2 If MNEER y M N then keryee.pe

Theproofof the following corollary of these fact is left
as an exercise
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Corollary For MeER TFAE
a M isprojective
6 Extier M N o Neep
c Exter MOrtell o te J

The importance of this corollary is as follows We
note that Epi is an exact category an additive

category with a goodnotion of shortexact sequences
Fact 1 shows that theadditive categoryofprojectives
G prog is contained in Cpt Corollaryallows to recover

G prog inside ER Andonce we know Gprey we can
recover theabelian category er

15 What's next

Here's the lazy approach to understand the categories
the most interesting case is 8 0 We will construct

a nice right exact functor O R Er whereER is

easy category that very roughly depends on combina



tories of A R We will see that I is acyclic on the

standardobjects is fullyfaithful on Air So we need

to describe DlDir It turns out that since I is nice
it suffices to only describe the localizations of the categories
the functor at ht 1prime ideals whichmorallyamounts to

understanding the cases when t is generic on a roothyperplane
The resulting description ofAir andhence indirectly

is very implicit yet it allows toprove equivalences
between different such categories

Finally what makes this approach lazy is that oneneeds

to know relatively little to get equivalences essentially one
needs to have a nice functor to a combinatorial category

to understand its localizations to neighborhoods ofgenericpoints
on hyperplanes
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