
 Lazy approach to categories 0 I
e Recap

1 Subgeneric behavior

2 Whittaker coinvariants

e Recap Je5 R C5 completion at 0 Let cbe
the composition be 5151 6151 R
D p is the full subcategory in Uloy R modpg

consisting of all 14 s t the action of 6 on 14given by
x.mil m Qixs ck1 m integrates to a B action

Remark Let S be an R algebra Similarly to G r
we can consider the category Ops the full subcategory
in U g S med w the same integrability condition
where we replace c with the composition R 5

I



Recall theequivalence on A root lattice 7,94 if
X the W Hp Then

r f G r where

9R Serve span Δ r Allhe E
Later we'll see that O r may decompose further

Recall also that O r is highestweightwithposet
and standards Δ ru Xe

Goal Describe the categoryDir ofstandardlyfiltered
objects

1 Subgeneric behavior

Exercise 1 1 If 0 is not semisimple then root α with

21,24ETL

2 Let K Frac R Then 0 is semisimple

Next consider a verygeneric
element t on thehyperplane

Ct 27 n for neTL we require that eachequivalence
I



class for has at most 2 elements the corresponding

locus is the complement ofcountablymany hyperplanes

If I 1 1 then 0 Vect

Let 151 2 then I 1 7

Fact Ch4 in Humphreys dim Hom 0,171,0 4 1 1

Observation BGGreciprocityholds indecprojective P X
fits into SES a 0,4 PA ON 0

Premium exercise 2 Use Fact Observation to establish

an equivalence of highest weight categories between A
andtheprincipal block of the category for312

Remark A similar but more technical statement is
true in a deformedsetup Very informally near apoint a

generic w 4,2 s n as above category looks like the

category for 31 near 0
31



2 Whittaker coinvariants

2 1 Construction ofthefunctor
Let a denotethe oppositemax nilpotentsubalgebra

4 hi y x e x a nondegenerate character

For MEUCglmed consider its Whittakercoinvariants

WhM M x y x eh M

Note that thecenterElg ofUlg acts on WhM so we

get a right exact functor Wh Ulogmed Zlogmed

For ME yr
have commuting Ractions leading to

Wh O Zg R
med

Exerciseexample

1 Wh 0,1 1 IC as vector space hint Δ d U h

w action of Zg ICHI givenby evaluation at 7 7
2 Wh onRAH R as right Rmodule w Z g g
acting via 6191 515 oR 5151 w

e Cx 47 7 ER

j
Wh is acyclic on Δ d 0s p X
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2 2 Faithfulness

Ourgoal in this section is toprove thefollowing

Thm 1 Wh 0 Vect is faithful on f injective
on Hems between standardly filtered objects
2 Wh Dir Z g Rmed is fullyfaithful on
fbijective on Hems between standardlyfilteredobjects

There are two ways toprove 1 geometric rep
theoretic

We'll use the formerThe latter requires a connection
between category Whittakermodules

Proofof 1 Consider thealgebra

Ufg T g th xoyyox hlx.pl
equivalently the Reesalgebra of Ulg under thePBW
filtration It's agraded flat t algebra w
Unlog 14 Slog
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Consider the category Qt ofgraded finitely
generatedUploy modules14 that are equipped w rational

B action s t
Unloy 14 M is B equivariant
For EG we write XueEnd 4 fortheelement

given by the differential of the B action Then we
have tix m m helix xeb.me Y
In particular 14 4 15469 while54time

CohB
g 6

We still have a functor Wh Oh Eth med
as above Moreover we observe that WhS4 is

naturallygradedNamely let g 29 i be theprincipal
grading Define the modified grading on Ulg
byputting egli in degree ito while t is still in
Legt Then x y x eh is homogeneous We can

modify thegrading on
any T equivariantgraded

Unlog module N to make it graded for themodified

grading on Uplog namely Tx Gm acts on N and
G



we consider the Gmactiongivenby Pid Gm
Tx Gm This upgrades Wh to a functor

At Eth grmed
Consider the full subcategory in Ost consistingof

all objects where t acts by 0 it's identifiedwith
Coh m

g 6 The restriction of Wh to this

subcategoryis Wh N Ny Here we view y as apoint
of g 6 via identification 916 n Here's the

crucial property of ye g 6

Exercise 1 1 Showthat By is dense in 1967
2 Deduce that the functor M My is fully faithful
on the full subcategory of Coh Kg16 consisting

of torsionfreemodules

Now for TEA me TL we can consider theVermamodule
Δ Xm On with highestweight vector ofweight
in degree m The followingexercise finishes theproof



Exercise2 1 Use 2 ofExercise 1 to show thatWh is
faithful on the full subcategory ofDst whoseobjects
are Δ f Xm

2 Deduce that Wh is faithful on the full

subcategoryof 0 w objects Δ t hint use the Rees

construction and hence of 0,9

Sketch ofproofof 2 Let K Frac R According

to Seco we can consider the K linearcategoryG
It's semisimple by Exercise 1 in Sect
Next it is easy to show that
Wh O Zlog K mod is fully faithful

The next veryformal exercise finishes thepreet

Premium exercise 3 Deduce that
Wh 0 Z g Rmed is fully faithfulfrom

Wh Of Vet is faithful
Wh 0 21g K med is fully faithful



Hint Prove that Wh 0 s Zlog S med

is faithful for S being any localization ofany
quotient ofR

Rem The category oh m
g 6 that appeared

in theproofof 1 is an example of a categoryfromthe
affineworld

Premium exercise 4 Show that Wh O Vet isexact
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